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Abstract

In this work, we present analytical studies of standing waves in three NLS models.
We first consider the spectral stability of ground states of fourth order semi-linear
Schrédinger and Klein-Gordon equations and semi-linear Schrédinger and Klein-Gordon
equations with fractional dispersion. We use Hamiltonian index counting theory, to-
gether with the information from a variational construction to develop sharp conditions
for spectral stability for these waves. The second case is about the existence and the
stability of the vortices for the NLS in higher dimensions. We extend the existence
and stability results of Mizumachi from two-space dimensions to n space dimensions.
Finally, the third equation we consider is a nonlocal NLS which comes from model-
ing nonlinear waves in Parity-time symmetric systems. Here again, we investigate the

spectral stability of standing waves of its P77 symmetric solutions.
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Chapter 1

Introduction

1.1 Basic Sobolev Spaces

For functions u : R — C, we define the LP -norm for any p > 1,

el = ( [ 1o ax) "

The L™ -norm is realized as the p — oo limit of the L” -norm, and is given for smooth functions

by

4] oo = sup fu(x)]-

xeR

For any p > 1 the Bananch space LP(R) is given by
LP(R) := {u: [Jull ) < oo}

For differentiable functions we define the W*P-norm

1
p
)

k
ullwer = (Z Ha){uHZ)
Jj=0

and the associated space

WEP(R) == {u: ||u|yrp < oo}



The Hilbert spaces H* := W*? are used frequently throughout the text. We introduce the inner

product

(f.g) == /R F0E0) dx,

where the overbar denote complext conjugation. The spaces H*(IR) are Hilbert spaces, since their

norm is induced by the inner product

k
||u||12,j{,< = Z <8){u,8){u>.
Jj=0
Introducing the Fourier transform of u,
~ 1 —inx
am):=— [ e "Mu(x) dx,
2w Jr

and its inverse,

1 inxn
u(x) ::E/Re” a(n) dn,

we have Plancherel’s equality

el = all2,

and one particularly useful property of the Fourier transform:
Ol = (iK'
Moreover, for each k > 0 the following norm is equivalent to the usual norm on H*(R),

2 2k '\ 1A 2
u = 1+ /] an.
H HHk /R< W >| (TI)\ n



1.2 The Point Spectrum: Sturm-Liouville Theory

1.2.1 Sturm-Liouville Operators on a Bounded Domain

A Sturm-Liouville operator L takes the form
Lp:=9}p+ai(x)dp+ao(x)p,

and will also be called a Sturmian operator.

Consider L to be defined on the bounded interval [—1, 1], subject to boundary conditions
by p(—1)+b5 0p(—1) =0, bi p(+1)+b3 dep(+1) =0. (1.2.1)

Assume that (b7)% + (b3)? > 0, and the coefficients a; (x) and ag(x) in L are C' and real-valued.

The spectral problem is naturally posed on ch[— 1,+1], where

HE[-1,+1] = {u € H*[-1,+1] : bu(£1) + b5 duu(+1) = 0}.

The operator L is self-adoint in the weighted inner product (u,v) , := fjl u(x)v(x)p(x) dx, with

associated norm || - ||, where the weighted function is
p(x):= eloar) ds 5 o,

The associated eigenvalue problem is

Lp=Ap, (1.2.2)

Theorem 1.2.1. Consider the Sturmian eigenvalue problem 1.2.2 with separated boundary condi-

tions 1.2.1 on the space ch([—1,+1]). All of the eigenvalues are real-valued and simple, and can



be enumerated in a strictly descending order

AM>M>A >, limA, = —o.

n—oo

The eigenfunctions pj(x) associated with the eigenvalue A; for j =0,1,2,---, can be normalized

so that
(a) pj has j simple zeros in the open interval (—1,+1).

(b) The eigenfunctions are orthonormal in the p-weighted inner product,

<Pj,Pk>p =dj,

where 0 is the Kronecker delta.

(c¢) The eigenfunctions form a complete orthnormal basis of L2[—1, 1] in the p-weighted inner

product. That is , any u € L*[—1.1] can be expressed as
u = Z I/tjpj,
=0

where the sum on the right-hand side converges in || -||p and uj := (u,p;) p and
2 V2
leellp = ) s,
j=0

(d) The ground-state eigenvalue can be characterized as the supremum of the bilinear form

associated to L,

Ao = sup (Lu,u)p,
Jullp=1

moreover the supremum is achieved at u = po, which has no zeros on (—1,1).



1.2.2 Sturm-Liouville Operators on the Real Line

Consider the Sturmian operator L acting on H?(IR) with smooth coefficients ag(x) and a; (x), which

decay exponentially to constants at x = *£oo, i.€.,

. Vx| L : Vx| —arl =
xgrgwe lai(x) —aj’| =0, xgrilwe lao(x) —agy | =0, (1.2.3)

for some v > 0 and constants af a(jf € R. The operator L is self-adjoint in the p-weighted inner

product, and the weight has the finite asymptotic values

pi = Jim e Tp(x).

Moreover, the following theorem holds.

Theorem 1.2.2. Consider the eigenvalue problem 1.2.2 on the space H*(R), where the coefficients
satisfy 1.2.3. The point spectrum, ©,(L), consists of a finite number, possibly zero, of simple

eigenvalues, which can be enumerated in a strictly descending order
Ao > A > o> Ay > bi=max{ay ,a] }.
For j=0,--- N the eigenfunction p(x) associated with the eigenvalue A; can be normalized so
that:
(a) pjhas j simple zeros.
(b) The eigenfunctions are orthonormal in the p-weighted inner product.

(c¢) The ground-state eigenvalue, if it exists, can be characiterized as the supremum of the bi-

linear form associated to L, Ay = sup (Lu,u)
el p=1

0’ and the supremum is acheived at u = p,

which has no zeros.



1.3 Total positivity theory

In this section, we present some basic results from John Albert’s positivity theory, [23]

Let 7 be the operator defined on a dense subspace of L2 (R) by

Tg(x) = Mg(x) + 0g(x) — ¢ (x)g(x),
where p > 1 is an integer, @ is a real parameter, ¢ is real-valued solution of

1
M = — "
(M+w)p p+1<p

having a suitable decay at infinity, and M is defined as a Fourier multiplier operator by

Mg(&) = m(£)8(8)-

Here circumflexes denotes the Fourier transform, m(&) is a measurable, locally bounded, even

function on R satisfying
(1) AL|§]H <m(&) < As|G|H for [E] = Eo;
(2) m(§) = b;

where A| and A, are positive real constants, (£ > 1, and &y and b are real numbers. Throughout, it

is assumed that @ > —b. Under the above assumptions, we have the following.

Lemma 1.3.1. The operator T is a closed, unbounded, self-adjoint operator on L*(R) whose
spectrum consists of the interval [®,0) together with a finite number of discrete eigenvalues in
the interval (—eo, @], in which all of them have finite algebraic multiplicity. In addition, zero is an

eigenvalue of T with eigenfunction ¢'.

Proof.



Proposition 1.3.2. The essential spectrum is conserved under a relatively compact perturbation.
More precisely, let T € L(x) and Let A be T — compact. Then T and T +A have the same essential
spectrum.

Consider 7 g(x) = Mg(x) + wg(x) — @”(x)g(x), first, note that the essential spectrum of the
operator M + o is the interval [@, e0), while the operator 7 is a perturbation of M + ® by a relatively
compact operator. Therefore, by the Proposition above, the essential spectrum of 7 is also [®, o).
We also know that the dimensions of the null space and deficiency of 7 — A are independent of A

if L ¢ [, ), with the possible exception if a set of isolated points {4, }.

Remark 1.3.3. Let T € L(X,Y), the graph G(T) of T is the closed linear manifolds of X x Y
consisting of all elements {u,Tu} where u € D(T). Note that: N(T) =G(T)NX, R(T)+X =
G(T)+X.

null T =dim(G(T)NX) =null (G(T),X),

def T = codim(G(T)+X)=def (G(T),X).

Proposition 1.3.4. A closed symmetric operator T has deficiency index (0,0) if and only if T is

self-adjoint.

Since 7T is self-adjoint, then we have null (T —AI) =def (T —AI) =0for A ¢ {A,} U[w, ),
which means that A, are isolated eigenvalues of 7. Furthermore, to show that the set of all A, is
finite, it suffices to show that the spectrum of 7 is bounded below. Then it will be shown that if
K = (|¢|%) + o, then spec(T) does not intersect the interval (—eo, —K). Let A < —K, and consider
T—AL T—A=(M—AI+ (o — @P), since M — Al has symbol (o(k) —A) and A < 0, then

M — Al is invertible as an operator on L2. We can obtain

1 1
M—A0)~! 220 =8SUp|—F~—F | = 7
M A1) oo = sup| o= 7
Further,
1
w— @? <K<|Al= )



Hence, the Neumann series for the inverse of (M — AI) + (@ — @”) converges, so that (7 — AI)~!
exists and is bounded. Hence A ¢ spec(T ). Thus the spectrum of 7 is bounded below and this

completes the proof of the lemma. [

In order to obtain additional spectral properties of 7, let us introduce the family of operators

Sg, 8 > 0on L*(R).
1
@ (x)

Seg(x) = /R K(x—)s() dy,

where K (x) = @P(x) and wg(x) = m(x) + 6 + ®. These operators act on the Hilbert space

1/2
X = (g€ PR elo = [ letoPant ar) <o)

Proposition 1.3.5. (a) If g € L? is an eigenfunction of S¢ for a non-zero eigenvalue, then g € X.

(b) The restriction of Sg to X is a compact, self-adjoint operator on X with respect to the norm

I llx.6-

The following two corollaries are immediate consequence of the Proposition above and the

spectral theorem for self-adjoint compact operators on a Hilbert space.

Corollary 1.3.6. Suppose 6 > 0. Then —8 is an eigenvalue of T (as an operator on L* (R)) with
eigenfunction g if and only if , 1 is an eigenvalue of Sg (as an operator on X ) with eigenfunction g.

In particular, both eigenvalues have the same multiplicity.

Corollary 1.3.7. For every 6 > 0, Sg has a family of eigenvectors {y;(0)}7, forming an or-
thonormal basis of X with respect to the norm || - ||x o. Moreover, the corresponding eigenvalues

{2i(6)}32, are real and can be numbered in order of decreasing absolute value:

[A0(0)] > [A1(6)] > --- > 0.

We also have the third result which is a Krein-Rutman-type theorem.



Lemma 1.3.8. The eigenvalue Ay(0) of Sy is positive, simple, and has a strictly positive eigenfunc-

tion Wy o(x). Moreover, Ay(0) > |A1(0)|.
Recall that a function 4 : R — R is said to be in the class PF(2) if :
(1) h(x) >0 forall x € R;

(2) for any x1,x2,y1,y2 € R with x; < x; and y; < yy, there holds i(x; — y1)h(xo —y2) — h(x] —

y2)h(x2 —y1) > 0;
(3) strict inequality holds in (2) whenever the intervals (x;,x;) and (y;,y>) intersect.

Theorem 1.3.9. Suppose ¢ > 0 on R and & =:K € PF(2). Then T satisfies the following.

(1) T has a simple, negative eigenvalue K;
(2) T has no negative eigenvalue other than K;

(3) the eigenvalue 0 of T is simple.

Proof. The stated assumptions on ¢ and K imply that for all & > 0, the eigenvalues Ay(6) and
A1(0) of Sy are distinct, positive and simple. Moreover, by classical perturbation theory, Ay(6)
and A4, (0) depend differentiably on 0 in [0,); and corresponding eigenfunctions ¥y = yp(0) € X
and y; = y;(0) € X may be chosen which also depend differentiably on 6 in [0,0) and which
satisfy [[o(8) [0 = |1 (6)[lx,0 = 1 forall § > 0.

Then we claim that

d
%(ki(e)) <0 fori=0,1and 6 > 0.

Consider the following:

= ilwilxo) = g s [ () Pwol) k= 6 [ (Sowito)witomo(x)

ot (] K30 awto )

=[] K G owie +w g aay=2 [ GRS omate) i



=2 [ B wilwe(ar =20 155 [ (w)Pwe -3 [ (vita)? ax)

~2f0-5 [ (wi0Pdr) =2 [ (W) dx<o

limg_,, A9(0) = 0, furthermore, we have 4;(0) = 1. Hence A9(0) > 1. Then it follows that there
exists a unique 6y € (0,00) such that A9(6y) = 1. Set k = —6) and then —6j is an eigenvalue of
T. Also, fori > 1 and 6 > 0, one has 4;(6) < A;(6) < A;(0) = 1, showing that 1 can not be an
eigenvalue of Sy, besides 0 = 6. Furthermore, 0 is an eigenvalue of 7, which means that 1 is an

eigenvalue of Sp. Thus 0 is simple. [

1.4 Properties of Solitary Wave solutions

The equation

us +uPu, — (Mu), =0, (1.4.1)

where p > 0 is an integer, and M is defined as a Fourier multiplier operator by

Mg(&) = m(£)8(8)-

for all k inRR.
Here circumflexes denotes the Fourier transform, m(é) is a measurable, locally bounded, even

function on R satisfying
(1) AL|§]H <m(&) < As|G|H for [§] = Eo;
(2) m(§) > b;
where Ay and A, are positive real constants, g > 1, and &, and b are finite real numbers. Let

u(x,t) = @(x — Ct) be a travelling-wave solution of (1.4.1). Substituting the form of u(x,¢) into

10



(1.4.1) and integrating once (with zero boundary conditions imposed at infinity), one obtains

(M+C)p = (%)(p”“. (1.4.2)

p+

Any solution ¢ of (1.4.2) is an even function and lies in the space H H/2 Also assume C > —b,
hence M + C represents a positive operator. In studying the stability of the solitary wave ¢, it has
been found useful to consider the linear operator L : L> — L? defined by Lu = (M 4 C)u — ¢”u.

Similarly, let’s consider the solitary-wave solutions of equations of the form
up +uPuy — (My (1)), =0,

where M, , is differential operator of order 2n. The solitary waves in question are of the form
@©(x) = (sech(x))", where r = 27". The operator M, , will be defined by means of the following

Proposition.
Proposition 1.4.1. Let n be a given positive integer and p a given positive real number. Then there
exists a unique vector A = (ag,ay,--- ,a,) in R"" such that

n p+1
(%)=
i;)a( 0=

Proof. For each natural number i, one has 9% ¢ = 23:0 b;jsech’™ %I (x), where the b;; are non-zero
real numbers depending only on r. Define B to be the (n+ 1) x (n+ 1) matrix {b;;}; j—0,,, Where

b;; is set equal to zero for i < j. Since P! (x) = sech™2"(x), it holds if and only if AB = D; where

D =(0,0,---,0, lﬁ) € R"*!. But B is non-singular, as it is a lower-diagonal matrix with non-zero
elements on the diagonal. Hence there is a unique A in R"*! for which the above holds. O

Now, for given n and p, define the differential operator M, , by
n .
Mn,p = Zai(?z’;
i=1

11



where the a; are the constants . Also define C,, ;, = ag. Then one has

1

(M1 Cup)(0) =~ (9)"*".

Thus, for ¢(x) = (sech(x))", and L = (M,, ,+C, , — ¢”), where r = Zp—”, first we need to compute
the sign of I} := (L_l(p, ¢). We will compute by means of a spectral analysis of the operators Tj

and Sy introduced above in Section 1. The notation

_I(r+m) T(r4+2n+1)
M= T3 Torontm) 29

will be used later.

Lemma 1.4.2. For any integer m > 0, there exist constants ¢y, (0 < j <m— 1), depending only

on n and p, such that

(Pp—H

81’”
(p+l

m—1
)= 0" {()@"9)+ L ensf0'e)
m j=

Proof. The proof is by induction. It clearly holds for m = 0. Assume that it holds for m. Then for

any integer j > 0, there exist constant $;; (0 <[ < j) such that

(99)(070) = 9{(-)(0"""9) +l§ﬁﬂ<ahp>}.

Then by the inductive hypothesis,

m—1

_io enid (@7 (37 9))

J

m—1
= (i)[w”‘1 (09)(9™ @)+ ¢ (9" )] + ZO cmjlp@” 1 (09)(d @) + 9" (37T 9)]

J

(pp+1
p+1

prl
I () = gam(

e )= ()27 (@"9) +

m—1
= (Olpe" (90)(@"0) + 9@ )+ X cn (09" (90)(0) + 07('* )
m JZO

12



— (L erate >+<pf’mf{(pc””’+1) 0710+ Y. penmsBi(9'0))
A’ r+m AN l:Op mirt '

Since - L (2L 1) =( /lm1+1 ), it proves the statement of the Lemma for (m + 1). O

r+m

Lemma 1.4.3. For any integer m > 0, there exist constants Y,; (0 <i<m), depending only on n

and p, such that the function g, = Yo Yini(9' @) satisfies (My,p+ Cnp)(qm) = (/ll—m)q)pqm.

Proof. Define the matrix G = {g;;}o<i j<m by

Cij lf()S]Sl—l
gij=y 1 ifj=i (1.4.3)

0 ifi+1<j<m

If 0 <i<mthen

Since G is a lower- diagonal matrix with diagonal entries g;; = /% then % is an eigenvalue of G for
each 0 < i < m. Define (0, -, Ymm) to be a left eigenvector of G for the eigenvalue %, so that

Yo Ymi&ij = ()Ll—m)’ymj for each 0 < j < m. Since

(M +Cup)(9) =~ (0)7.
It follows that
m . m P! mo o m .
(Myp+Cup)(gm) = igoi/mﬂ?’(Mn,p +Cp)(@) = ; Vmia’(l%) = ((P”)i:ZO}'mi;)gij@’(P)
”)i Z%mgu )70 io —Wn)(279) z%qﬂ’qm-
Jj=0 =0 J= m

]

Theorem 1.4.4. If ¢(x) = (sech(x))", and L = (M, p+Cp p — @), where r = 27”, then the quantity
I = (L7, ) is given by the formula

13



ai( haj ) LQ2j+1)-Qj+nt+r—7) | [TG+nT(+n+r—7) ?
S\ 1 -2y L(2j+2n+2r—1) LG+0rG+r+d) |7

where a = <_2n;rl:(1’5(r) ) 2

Proof. Denote {Ty }9>0 by

Tog = (M+C+6)"' (9" -g).

Let’s consider the following statements.

Proposition 1.4.5. Suppose ker(Ty) = 0. Let {{;}7 ) be a complete orthonormal set of eigenfunc-
tions of Ty in Y, with TyC; = A;§; for i > 0. Then {\/Zfl}fzo is a complete orthonormal set of

eigenfunctions for Sg in X, with Sg (f,- = li@.

Lemma 1.4.6. Let p =r+n— 5. For each integer m > 0, the functions (x) = @(x)Ciy(tanhx)
is an eigenfunction of Ty for the eigenvalue A, Furthermore, {Cy}m>0 forms a complete set of
eigenfunctions for Ty in Y.

A

Then we begin our proof. First we define e; = \/Z(ﬁ) for i > 0. Then by lemma above

{ei}i>o is a complete orthonormal set of eigenfunctions for Sy in X. Define a function 1 by

vy by
n= l;()(l —)ui)<W()7€l>X7oel'

A

Since T2 o(12 )2 ex ol S ATZ 0 1L exol? = Al 213 0 =A [, 9 dx=Al o]}

the series for 1) converges in X, and so 1 € X C L2. We choose y € L? so that {y = 1. Then we

have

(Ly) = [(Myp+Cnp)¥—@'y] =wo(n—Ton)

oo (p R
=Wy —€i)x,06 =@
;)<W07 l> 1

14



Hence Ly = ¢ and so I = (y, @)¢. Applying the inverse Fourier transform to 1 gives

:
U

=, A
v=2(3
i=0
Then we note that the Gegenbauer polynomials {Ch}*_, are defined by

[m/2] m =S
ché) =Y <—1>Sszzfq—+zf>zr<;>

s=0

(25)m—2s.

where p > —1/2.And the expression for the coefficients of C}, is not defined if p = 0. Let
Ly, = L, ,([—1,1]) be the space of all measurable functions 4 on [—1,1] such that |||, , =
<fj1 |h(E)[>(1 — E2)P=1/2 dé) V2 < oo, Then L, ), is a Hilbert space with the inner product (g, /), , =
f_ll g(E)R(E)(1—E2)P~1/2 g&; and {Ch}_, forms a complete orthogonal set in L ,; with nor-

malizing constants given by

» m2'=2PT(m +2p) 12
1Call2p ={F753 N
[(p)*(m+p)m!
(Here I" denotes Euler’s Gamma function.) If {P,}',_ is any other set of orthogonal polynomials
in L, ,, such that deg(P,,) = m for all m > 0, then each P,, must be a constant multiple of Ch. Thus

for all p,c > —1/2 one has the identity as follows:

For m odd,
1

| an@a-e i ag o

—1
s, £, G0N0 871 S IR
Therefore
1= ) _Z( f ot i (/7 CP(tanhx)sech® (x) dx)?
R 1_’1 HQHY = 1—7L f (CP (tanhx))2sech® ™" (x) dx

(fh¢ )1 dz)?

—i:z‘6<1_l>

i f—l Czp z ) (1_22)n+r—1 dz
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1.5 Instability Index Count Theory
We consider the Hamiltonian system

oH

and impose the following conditions on J and H.

Hypothesis: Hamiltonian Framework

. . . 2
(a) H :Y — R has two continuous derivatives, 55—7: 1Y — Y* and 5677; :D C X — X generates a

continuous bilinear form on Y. In particular for each critical point ¢ of H, there exists C > 0

such that | <‘§T§‘((p)v,v> | < ¢||v||# and moreover

2
[#(0-+v) = H(0) ~ { Gr0v )| <l

for all ||v||y.

(b) J:Y — X is skew-symmetric and there exists M > 0 such that

ker(‘]> :Span{wla"' aWM}

with the y’s orthonormal in X.

(c) Both J and H possess an N— dimensional symmetry group T (y) : Y — Y satisfying

(OT(W)T(v;) = Ti(w)Ti(v)) (15.2)
(DT ) F () = FT (), F = 50

. Li(y) —T5(0)
(e)T] '_7}]_1510 J\{J y] J
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(¢) In particular

forallu €Y and y € RV,

(d) The symmetry T is an isometry on X; that is,

(T(Vu,T(y)v)x = (u,v)x

for all u,v € X and all y € RV,

(e) For each j =1,---,N, the symmetry generator T]/ 1Y C X — ker(J)* C X. Moreover for

each j the operator J~! Tj: X — Y™ is bounded.

(f) There is an open, connected set Q C R" such that for all ¢ € Q there is a ¢, that solves
OFE
51/1 ((PC)

N
where E(u;c) :=H(u) + ZCiQi(u), Qi(u) = % <J_1Tl~/u,u>, i=1,---,N.
i=1
(g) dimker(L) =N and Ker(L) = span{Tl1 Oe, - T}
(h) The dimension of the negative space of L is finite.

(i) There exists § > 0 such that b[v,v] > §||v||3, v € P(L), where P(L) is the largest subspace

K C Y C X over which the bilinear form b associated with L is positive, b[v,v] := (Lv,v).

(j) the essential spectrum of JL is a strict subset of the imaginary axis, that is, ther exists wy > 0

such that

Gess(JL) C (_i°°7 _iab] U I:ia)o,ioo).

We investigate the spectrum of the full linearization, JL of (1.5.1) about a critical point ¢, of E.

We have 6, (JL) satisfies as below.
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Proposition 1.5.1. Consider the linear operator JL associated with the linearization of the real
Hamiltonian system (1.5.1) about a critical point ¢.. The point spectrum ©p(JL) is symmetric
with respect to the real and imginary axes. That is, if A € 0 (JL), then the quartet {+A, +2A} C

Oy (JL).

Definition 1.5.2. (Negative Krein index) Let Hypothesis (a) — (j) hold with L = §°H /8u?. Let
A € iR\{0} be a purely imaginary nonzero eigenvalue with associated generalized eigenspace E A
and basis given by {v%, fe ,v,% }. For A € (iIR\{0}) N0y (JL), we introduce the negative Krein

index ki (A) := n(E*), and define the total negative Krein index k; = k; (JL) := Z ki (A). If
ReA=0

k7 (A) > 1, then the eigenvalue A is said to have a negative Krein signature; otherwise, it has a

positive Krein signature.

Then we introduce the instability indices counting formulas, which in many cases can be used
to determine accurately both stability and instability regimes for the waves under consideration.

For a Hamiltonian eigenvalue problem in the form

JLu = Au,

where J is skew symmetric and L is a self-adjoint linear differential operator with domain D(L) =

H*(R) for some s > 0. Assume the spectrum of L is such that

(1) there are n(L) = N < +oo negative eigenvalues (counting multiplicity), so that each of the

corresponding eigenvectors { f j}in: , belongs to HT1(R).
(2) there is a k > 0, such that o, (L) C [K2, +o0).
(3) dimlkerL] < oo.
Let us define various quantities that will appear in the index count.
e Let k, represent the number of positive real eigenvalues (counting multiplicities).

o k. is the number of complex eigenvalues with positive real part.

18



e k. is the number of pairs of purely imaginary eigenvalues with negative Krein signature.

e We will henceforth denote by n(M) the number of negative eigenvalues (counting multiplic-

ities) of a self-adjoint operator M. Again by symmetries, k; and k. are even.

e The total Hamilton-Krein index is then defined

Kram = kr + ke + k;.

Theorem 1.5.3. For the eigenvalue problem

JLu=Au uec L*(R),

where J is assumed to be bounded, invertible and skew-symmetric (J* = —J), while (L,D(L))
is self-adjoint(L* = L) and not necessarily bounded, with finite dimensional kernel Ker[L]. In
addition, we assume that J~' : Ker[L] — Ker[L]*. Here, the orthogonality is understood with
respect to the dot product of the underlying Hilbert space H : D(L) C H. Further L satisfies
D(L) = H*(R) for some s > 0, assume that conditions (1),(2) and (3) above hold. Introduce the

matrix D as follows. Let Ker|L] = {@1,...,0,}, then
Dij:= (LT 91,71 9;). (1.5.3)

Note that the last formula makes sense, since J~'¢; € Ker[L]*. Thus L~'[J ¢, is well-defined.

The index counting theorem, see Theorem 1, [25] states that if det(D) # 0, then

ke + 2ke +2k; = n(L) — n(D). (1.5.4)
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Chapter 2

Ground States of NLS and KG with fractional dispersion

In this chapter, we consider standing wave solutions of various dispersive models with non-standard
form of the dispersion terms. Using index count calculations, together with the information from

a variational construction, we develop sharp conditions for spectral stability of these waves.

2.1 Introduction and statement of the main results
For s € (0,1] and d > 1, we consider the focusing fractional Schrédinger equation
i, — (=AY u+|u|% =0, (t,x) € R, x R4 (2.1.1)
In addition, we shall be interested in the fractional Klein-Gordon equation
i+ (—A)u+u— |u|®*u=0,(t,x) € Rx R4 (2.12)

These nonlocal equations arise in a variety of models in mathematical physics, see many examples

in [1] and the references therein. Also, a similar model
itty + (—A)*u+ |u|%u =0, (2.1.3)

has been introduced by Laskin in quantum physics [20], and it is a fundamental equation of frac-
tional quantum mechanics, a generalization of the standard quantum mechanics extending the

Feynman path integral to Levy processes[20]. Further, in [13], Hong and Sire have discussed
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the local well-posedness and ill-posedness in Sobolev spaces, and in [12], Guo and Huo focused
on the global well-posedness for the Cauchy problem of the 1-D fractional nonlinear Schrodinger
equation with data in L?(R). Regarding well-posedness in the natural energy space, one has local
and hence global well-posedness for Cauchy data in H*(R¢), provided o < %, due to the conser-
vation law. Generally, some solutions will blow up for o > %S, [8].

Additionally, we will be interested in two higher order dispersion models, which are outside of
the scope of (3.1.1) and (2.1.2). Namely, we consider the fourth order cubic Schrodinger equation,
in one spatial dimension

ity + e — Uy + |1t ?u = 0 (2.1.4)

and the fourth order cubic Klein-Gordon equation
Upt + Uyxxx — Uy + U — |u|2u:O, (2.1.5)

The fourth order Schrodinger equation was introduced in [17] and [18], and it has an important
role in modeling the propagation of intense laser beams in a bulk medium with Kerr nonlinearity.
Moreover, the equation was also used in nonlinear fiber optics and the theory of optical solitons in
gyrotropic media. In this chapter, we are interested in the existence and linear stability of standing

wave solutions for these equations.

2.1.1 Standing wave solutions for fractional models

The existence of special solutions is an important feature of the fractional models. More pre-
cisely, we seek solutions of the fractional NLS equation (i.e. (3.1.1)) in the form ue(t,x) =

€' Qy(x), @ > 0, with Qg > 0. We obtain the following profile equation

000+ (—A)*Qp — 0% =0,x e RY (2.1.6)
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For the fractional Klein-Gordon equation, we have the profile equation
(1—®*)Rp+ (—A)°Ry —RET = 0,x € R?. 2.1.7)

where we require that |@| < 1, Ry > 0. Clearly (2.1.6) and (2.1.7) are closely related to each other.
Indeed, setting for each € (—1,1), y:=1— ®? > 0, whence Ry = Qy. Thus, we proceed to
describe the properties of Q, keeping in mind this relationship.

Note that the equation (2.1.6) enjoys a nice scaling property, which allows one to explicitly
describe the solutions Qg of (2.1.6) in terms of a single function. To this end, consider (2.1.6) with
o=1,

(~A)Q+0—- 0% =0,xeRY, (2.1.8)

where we henceforth adopt for brevity the notation Q = Q;. If one establishes that (2.1.8) has
a unique (modulo symmetries) solution Q, then all solutions of (2.1.6) (modulo symmetries) are
given by the formula Q4 = wéQ(w%x).

The equation (2.1.8) has been well-studied, at least in the classical case s = 1, in the last thirty
years. First, it is well-known that for s = 1,d = 1, > 0, such solutions are explicitly given in
terms of powers of the sech functions. Clearly, one cannot hope for such solutions to be explicit
outside of the cases mentioned above. In the case s = 1, d > 1, o > 0, it has been shown in the
classical paper [28] that such Q : Q > 0 is unique, modulo the translational symmetries. In the
fractional case, i.e. s € (0, 1), this difficult problem was resolved recently. It has been shown (in
[10] for the case d = 1 and subsequently in [11] for the case d > 2) that (2.1.8) possesses a unique

positive radial solution', provided

4s d
— s< 5
O<a<o(sd={ “* 2
o 5>4.

On the other hand, Pokhozaev type arguments for the elliptic equation (2.1.8) show that smooth

! which we refer to, with a slight abuse of notation, by Q(|x|)
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and localized solutions Q do not exist, when o > o, (s,d).

In addition to the uniqueness, a number of additional properties of Q were established, which
will be important for us as well and we discuss them below. The main tool in establishing all
these important results has been the heavy use of the fact that a variant of (2.1.8) is in fact the

Euler-Lagrange equation of a particular constrained minimization problem and Q is its minimizer.

2.1.2 Standing waves for fourth order models

It is clear that the fourth order case (which roughly corresponds to the case s =2,d = 1 of our
fractional family of equations) does not fit in the Frank-Lenzmann theory. Indeed, important in-
gredients of their proofs break down, such as maximum principle and positivity of the heat kernels
of the corresponding semigroups, to mention a few. Nevertheless, it is an interesting question
whether there exist any reasonable solutions of the profile equations and if so, what are their stabil-
ity properties. More precisely, we again consider solutions in the form u = e/* ¢ of (2.1.4), which
yields the profile equation

0" — "+ o — ¢3 —0. (2.1.9)

The ansatz ¢ (x) = asech? (bx) produces, for & = 7%, the solution

o(x) = \/lzosechz <¢%) . (2.1.10)

Here, the solution displayed in (3.3.1) serves as a standing wave to the fourth order Schrodinger
equation (2.1.4). A simple modification provides a solution to the fourth order Klein-Gordon

equation as well. Indeed, a direct verification shows that

o (x) (2.1.11)

is a solution to (2.1.5). One of the main difficulties associated with the stability analysis of (3.3.1) (

(2.1.11) respectively) is the fact that no explicit solution is available for values of o # 24—5. In other
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words, since we lack a one parameter family of solutions, the spectral computations become quite
delicate. In particular, the standard approach to computing certain quantities related to stability
depends on taking a derivative (in the explicit solution) in terms of . This is the usual presentation
of the Vakhitov-Kolokolov criteria, which in this case necessarily fails, due to the fact that such an
explicit formula in terms of « is simply unavailable. We overcome these issues by resorting to the
positivity theory as developed in [23], [5], [6].

In the next sections, we consider the linearized problems associated with the stability of these

solitary waves.

2.1.3 The eigenvalue problem for the fractional NLS model

We first linearize around the standing wave Q = Qg in (3.1.1). Using the ansatz

u=e" {0+ (p+iy)}, (2.1.12)

and taking real and imaginary parts leads us to

¢ = (-A)'yv+y—-0%

—v, = (-A°’o+o—(a+1)0%.

0 —1
Introduce the skew symmetric portion is J := and the self-adjoint portion of the
1 0
o Ly :
linearized operator L := with
0 L

L= (-8 +1-(a+1)0

Ly = (A)f+1-0%
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both acting on the domain H>*(R9). It is now clear that the eigenvalue problem is in the form

9 =JL (2.1.13)

Standard scaling argument shows that stability for Q; is equivalent to the stability for Qg,® > 0,

whence we henceforth concentrate on this particular case.

2.1.4 The eigenvalue problem for the fractional Klein-Gordon model

For the fractional KG model, (2.1.2), we linearize at the solution ™’ (1 — wz)éQ((l - wz)ix).

More precisely, we take the ansatz
= (1—w?)ae™{Q((1—w?)%x) +v((1 —w?)%x,1)},
Ignoring all second and higher order terms leads us to the eigenvalue problem

wv, + vy —wz(Q+v) +(1 —wz)(—A)SQ—l—

+ (1=w?)(=A)v+Q+v—(1—w?)(Q*" + Q%+ aQ*R(v)) =0,

Ry
Letting v = = ¢ allows us to rewrite the eigenvalue problem in the following
Sy v
matrix form
0 —w
L Y +(1—wA)L *1=0 (2.1.14)
y w0 y y

11 t
where £ is already defined in (2.1.13). Equivalently, writing @ — e* @, w — ¢* v, one can write

the last second order model as a first order system in the form
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(0 ¢
o v =JL v : (2.1.15)
@ O
Y Vi
where
0 0 1 0 (1-w?)L, 0 00
0 0 0 1 0 (1-w?)L, 0 0
J = L= (2.1.16)
-1 0 0 w 0 0 10
0 —1 —w 0 0 0 0 1

are a skew-symmetric and a self-adjoint operators respectively.

2.1.5 The eigenvalue problem of the fourth order models

We now derive the relevant eigenvalue problem for the fourth order Schrédinger model (2.1.4).
In order to consider the stability of the wave ¢/* ¢, with o = 24—5 and ¢ given by (3.3.1). We
take

u=e"%[p+v+iwl, (2.1.17)

for real-valued functions v,w and plug it into (2.1.4). Ignoring the contributions of terms in the

form O(v?), 0(w?) and some algebra leads us to the the eigenvalue problem

v 0 —1 0 — 92+ a—3¢? 0 v
o, = o ¢ (2.1.18)
w 1 0 0 ot — 92 +a— ¢? w
0 —1 Ly 0 .
As usual, we denote J = L= with
1 0 0 L,
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L= 9*—02>+a—3¢?, 2119

Ly = 8;‘—834—05—(])2.
Finally, we discuss the linearization (and subsequently the eigenvalue problem) associated with

the solution (2.1.11) to the fourth order cubic equation (2.1.5). To introduce proper notations, let

B = @, so that the wave is exactly ¢/¥' ¢ (x) = ¢P!, / 1%sechz(« / zl—ox). Setting
u=eP (9 +o+iy),

plugging this ansatz into (2.1.5), ignoring the contributions of the type O(¢?),0(y?) and taking
real and imaginary parts, we obtain

0 -2 Li 0
L g 1l ¢ =0, (2.1.20)

v 260 v 0 L v

tt t

where L1, L, are exactly the operators introduced in (2.1.19). We can also write a further equivalent

formula

[0) 0 0 1 0 [0) [0)
0 0 0 1
9 L v = H v (2.1.21)
(p[ - L 1 0 O 2 B (P[ (p[
Vi 0 —-L, -2 0 Vi Vi

We note that in addition

H=JL= (2.1.22)
L B 0 b
_ (L o 0 —28 10
L= B = L= . (2.1.23)
0 L, 286 0 0 1
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2.1.6 Main results
We are now ready to state our results, first for the fractional NLS.

Theorem 2.1.1. The standing waves €' Qg of the fractional NLS (3.1.1) are linearly and orbitally
stable for o0 < 4d—s. Moreover, they are linearly unstable for o0 > 2—5.
For the fractional Klein-Gordon model, the soliton ¢'® (1 — wz)éQ((l — wz)%x) is spectrally

stable if and only if

a<4s \/ dsa <lol <1
d’ \ dso+4s—od

Our next result concerns the stability of the waves for the fourth order Schrodinger and Klein-

Gordon equations.

Theorem 2.1.2. The wave e'* ¢ (with o = % and ¢ given by (3.3.1)) is spectrally stable solution
of (2.1.4). The wave et O, with B = @ is spectrally unstable as a solution to the fourth order

Klein-Gordon model (2.1.5).

2.1.7 Spectral information regarding the operators L;,L,

By the representations of the Hamiltonian in both (2.1.13) and (2.1.16), it is clear that the spectral

properties of the operators L, L, will play substantial role in our analysis.

Proposition 2.1.3. The operator L; defined in (2.1.13) has a unique negative eigenvalue, which is
simple. The eigenvalue zero is of multiplicity d, with Ker|L,] = span{0d,Q,...,04Q}. The operator
L satisfies Ly > 0, with an eigenvalue at zero, which corresponds to the eigenfunction Q. As such

the eigenvalue at zero is simple. Moreover, the essential spectrum for both operators is [1,).

Proof. For Ly, we refer to the paper [11], where it was shown that n(L;) = 1, while Ker[L|] =
{010,...,9,0}.

Next, we clearly have L,[Q] = 0, by construction of Q. We now show that L, has no negative
eigenvalues. Assume for a contradiction that L, has a negative eigenvalue, say we pick the smallest

such eigenvalue —c2. Then, there is an F # 0, so that I,[F] = —62F,||F|| = 1. According to
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the Rayleigh characterization of e-values, —62 = inf) = (L,G,G) and so F is a solution of this
problem. Rewrite this constrained minimization problem in the form
(126, G) = |(~A)*G}, + |G — fra O (x) G (x)dx — min
(2.1.24)
Jra G?*(x)dx =1
We now need to refer to recent results on the multi-dimensional Polya-Szego inequality, which
imply that the functional (L, G, G) is minimized by its decreasing rearrangement. More precisely,

for s € (0, 1), there is the generalized Polya-Szeg6 inequality
H(=8)2Gllp2 = | (~4)*G7| 2,

where G* is the decreasing rearrangement of the function G. Moreover, since Q% is radially de-

creasing, there is the simple inequality

Q% (x)G*(x)dx < / Q% (x)[G*]* (x)dx (2.1.25)
R4 R4

where the equality in (2.1.25) is achieved only if G = G*. This is a simple consequence of [ fg <
[ f*g*, see Theorem 3.4, [21]. In addition, an elementary property of the decreasing rearrangement
says that ||G||r» = ||G*||r» for p € (0,0) and in particular for p = 2. It follows that (L,G,G) >
(L,G*,G*), with equality possible only if G = G*, while clearly ||G|;2 = ||G*||;2. Thus, the
eigenfunction F, corresponding to the lowest eigenvalue —o? must necessarily be such that F = F*
( since it isa solution to the constrained minimization problem (2.1.24)). In particular F > 0. But
then (F, Q) = 0, since any two e-functions corresponding to two different eigenvalues of L, must
be orthogonal. This however leads to a contradiction, since F > 0, Q > 0. Thus, 0O is the lowest

eigenvalue for L,, whence L, > 0.
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2.2 On the stability of the standing waves for the fractional NLS and Klein-

Gordon equations: Proof of Theorem 2.1.1

We consider the cases of NLS and Klein-Gordon separately, although there is quite a few calcula-

tions that will appear in both.

2.2.1 Stability of fNLS waves

For the stability of the eigenvalue problem (2.1.13), we take the standard transformation
¢ — M
y 14
tor L satisfies n(£) = 1 and

. In addition, due to the results of Proposition 2.1.3, the self-adjoint opera-

0 2,0 240
Ker|L] = 1™ 0™ —:{00,01,...,04). 2.2.1)
0 0 0

In addition, it is clear that 7 ~! = —7 : Ker[L] — Ker[L]*, whence the matrix D € Ma+1)x(d+1)
may be defined as in (1.5.3). Obviously, for j > 1, Dg; = 0. Next, note that fori > 1,j > 1,i # j,
we have

Dij = (L,'9,0,9;0) =0, (2.2.2)

since 9;Q is odd in the i variable (and then so? is Ly ! [0;0]), while d;Q is odd in the j' variable.

On the other hand, fori =1, ...d,
Dy = (L;'9,0,9,0) >0,

due to the positivity of L, ' on Ker[L,]* and the fact that 3;Q L Ker[Ly] = span[Q]. Clearly now,
I’Z(D) = n(<£71\771Q0,\771Q0> = I’l(<L;1 [Q]a Q))

In order to compute this quantity, we use the standard scaling properties of the profile equation

ZNote that the space of functions which are odd in the j, j = 1,...,d variable, is an invariant subspace for Ly !
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(2.1.8). Namely, Oy, := ,uéQ(u%x) solves

HOu + (—A)'Qy — QaH

Taking derivative in u yields the relation L; [aa%] = —Qy, whence since Q,, L Ker|[L], we derive
Cou = %‘ whence
1 1/2
—1 2 2
(L7101, 0) = =5 ullQullu=1 = —5 <E - 2—) [relli (2.2.3)

The fact that n(£) = 1, the spectral stability of fNLS waves is equivalent to (L;'[Q],Q) < 0, or
% - > 0. This is easily seen to be equivalent to o < Y as stated. Due to the structure of Ker[L],

namely (2.2.1), all the elements of the Ker|L] are accounted for by invariances of the model, so by
the results of [37] (Theorem 5.2.11) and the well-posedness of the Cauchy problem in the energy

space H*(RY) established in [9], the waves are orbitally stable as well.

2.2.2 Stability of the fKG waves

The relevant eigenvalue problem for the stability of the fractional Klein-Gordon waves is J LX =
AX, where J, L are given by (2.1.16). By the form of £, we have that n(£) = n(L;) = 1, owing
to Proposition 2.1.3. The description of Ker[L] is again explicit, thanks again to Proposition 2.1.3.

More precisely, we have

2;0

Ker[L] = {0Q0,01,...,04},Q0 =

o o R o
o

31



0 o -1 0
- 0 -1
Since 7! = , we have by (1.5.3), that fori > 1,7 > 1,i # J,
1 0 0 O
0O 1 0 O
>
-1
Dij ==Ly 10:2],9;0) =0,

by (2.2.2). Similarly, Djy = Dy; = 0 by our previous arguments for the fNLS case. Thus, the matrix
D has only diagonal potentially non-zero entries. In fact, the entries D;;,i = 1,...,n are positive

due to the positivity of L, ' on Ker[Ly]*. Indeed,

D; = (£L'77'0,T7'0) =

lffa; 0 00 0 0
( 0 1L—2_al>2 00 —0J;Q0 —0;Q >
0 0 10 a0 || a0
0 0 01 0 0
o> )
= T g2'l2 90],9.0) +[8.0]" > 0.

Thus, as before, matters have been reduced to Dgg, more precisely, n(D) = n(Dgo). The stability

condition, according to (1.5.4) is exactly Dgg < 0. We have, according to (2.2.3)

602

Doy = (ﬁ_lj_]Q07J_1Q0>Zl_—wz<L1_][Q]7Q>+|IQ||2=

[ @ (a4 1 5
- |2 (5 5) +1] e

It is clear that the stability condition is satisfied only if o < % and then,

w*? . 4so
1—w? 4s—ad’
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Resolving this last inequality yields the condition

o> 4sa
dsor+4s—ad’
Since we have initially required |w| < 1 for the existence of the waves, we can finally formulate

the necessary and sufficient condition for stability as follows

dso

2
— < w <l
dso +4s — od

Note that this last inequality implicitly requires o < %, since otherwise the double inequality will

not have any solutions in @.

2.3 On the stability of the standing waves for the fourth order models

We start this section with a discussion about the spectral properties of the self-adjoint operators

Ly,L;, defined in (2.1.19). We have the following result.

Proposition 2.3.1. The operator Ly with domain H*(R) x H*(R) has a unique negative eigenvalue,
which is simple. The eigenvalue zero is of dimension exactly d = 1, with associated eigenfunctions
9j¢,j=1,...d. Ly has no negative eigenvalues, it has eigenvalue at zero, which is simple. More-

over the essential spectrum is the interval [, o).

2.3.1 Computing the Vakhitov-Kolokolov type quantities for sech” solutions

using Albert’s approach

For ¢(x) = (sech(x))",r = 27”, it was established that (see Lemma 4.7, [23]) there exist unique

(n+1) tuple ag, . .., ay,, so that

n p+1
; 821' _ o .
iga( )= 11
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Thus, upon introducing the differential operator M, , :== Y.\, 9%, and denoting Cu,p := ag, we see

that @ satisfies the profile equation

p+1
M, = : 2.3.1
(My,p+ao) @ P (2.3.1)
With this notations, Albert has shown (see Theorem 4.10 in [23]) the following formula
<(Mn7p+cn,p_(l’p)flfpa¢> :aij (2.3.2)

J=0

and

n+r— 2
on+ 11"(r)> >0, A, = I'(r+m) T'(r+2n+1)

where a = (T(n) T(r+1) T(r+2n+m)

b,:( Ao ) LQj+1)-2j+n+r—5\ [TG+mTG+n+r—H)"
/ 1— Ay C(2j+2n+2r—1) TG+ DCG+r+1) '

2.3.2 Stability of the wave of the fourth order Schrodinger equation (2.1.4)

Matters are reduced to the number of negative eigenvalues of D. As we have previously observed

on the related fractional NLS model,

(Ly'9.¢") 0
0 (Li'9,9)

D=

Y

which in view of the positivity of L, U on Ker[L,]"* reduces to the consideration of the quantity
<LII¢7¢>~ The stability is then characterized by the condition (Lf1¢,¢) < 0. Recalling that
L = 8;‘ — 8)62 + o — 3¢2, with ¢ given by (3.3.1), we apply the Albert’s theory for the quantity
(Lfl(]), ), see Section 2.3.1 and (2.3.2) below. More specifically, in the notations there, we take

n=72,r=2,p =2, which yields the formula

L FQi+2) T 6 (2j+1)!
YTUTE) T+ 2 (2j45)

(2.3.3)
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and hence
,_ 360(2j+7/2)(j +1)*(j +5/2)*(2))!
I ((2j+2)(2j+3)(2j+4)(2j+5) — 360) (2 + 6)!

(2.3.4)

Then we have> Zj-":] bj~0.0118141, by = —0.045573, whence

(Li'9,9)=a b; <0,
Jj=0

whence we conclude the stability of the wave (3.3.1).

2.3.3 On the instability of the wave (2.1.11) of the fourth order Klein-Gordon

model

We need to consider the eigenvalue problem (2.1.21), with £, 7 given in (2.1.23). Based on the
index counting theory and the fact that n(£) = 1 by proposition 2.3.1, we are interested in the

number of negative eigenvalues of the matrix

(LT, T ) (L' T 0L, T )
(LT, T 1) (LT 10,T 1 2)

D=

where the two elements of the kernel are given by

61 = (¢",0,0,0)", ¢, =(0,0,0,0)"

Since
0 28 -1 0
26 0 0 -1
J = p (2.3.5)
1 0 0 0

3Here we have used Mathematica for an approximation of the value of the series
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‘We have

Dy = (LT, T ) =

L' 0 00 0 0
B 0 Ly 00 —2B¢’ —2B¢’ B
- < 0 0 10 ¢’ ’ ¢’ >_
0 0 01 0 0

= 4L 900 + 1011 >0,
since L, l'is positive on Ker[L,]- = span[¢]*. A quick inspection shows D, = D,; = 0, while

Dy =4B%(L7 19, 0) + [|0]>.

Thus, we have reduced matters to the sign of Dyy, as usual. It turns out that D> > 0, which implies
a real instability, since then n(D) = 0, while n(L) = 1. Thus, it remains to show that Dy, > 0. We
apply again Albert’s theory.

We have in fact just evaluated the quantity (L]_] ¢, ¢) in our Schrodinger calculations. With the

same Ay and b; as in (2.3.3), (2.3.4) respectively, we find

oL [, 1 TN e,
(L; ¢,¢>—3(\/;) \/m(nr(z)) (Zz)b’)N 0.0979003,

However, for the function ¢ defined in (3.3.1), ||¢ > ~ 1.7888543... whence

Dy = 4B*(L7 ', 9) + || ¢]|* ~ 0.802019... > 0.
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Chapter 3

Spectral stability of vortices for the NLS in n dimensions

3.1 Introduction and statement of the main results

We consider the focusing nonlinear Schrédinger equation
i+ AuA[ulP'lu=0,(t,x) e R, xR" (3.1.1)

We will be particularly interested in the stability properties of its vortices in arbitrary spatial di-

mensions, 7 > 2. Clearly, a solution in the form e/®"¥(x) satisfies the standard profile equation

—AY + ¥ - PP ¥ =0,xcR" (3.1.2)

3.1.1 Vortices of NLS

We are interested in vortex type solutions for (3.1.2). In order to introduce the relevant form of
these special solutions, let us focus for the moment on the case of two spatial dimensions, n = 2.
In this case, we are looking for standing wave solutions in the form ¥ = ¢"™9¢(r), where ® > 0,
m € N and (r,0) are the polar coordinates in R?. In terms of the radial variable, ¢ satisfies the

ODE
2 1 m2 p—1
~[07+ 0100+ ( @+ 5 | 00— [90""'¢0 =0, r>0. (3.1.3)
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The general case of vortices in arbitrary spatial dimension is handled as follows. In even space

dimensions, n = 2/, standing wave solutions are sought in the form
.yl
Y= elzkzlmkek(pw(rlarZ; e ,1’1),

where (ry, 6;) are polar coordinates for (xp;_1,x2;), my € NU{0}, k =1,2,---,1. Clearly, the

profile equation for such a ¢ is as follows
l L2
=Y Ao+ (0+ ) ~F)90 — 90" 60 =0, (3.14)
k=1 k

where we have used the notation A, = 8,2 + %8, for the radial Laplacian in two spatial dimensions.

In odd spatial dimensions, say n = 2/ + 1,/ > 1, the waves are
Y= eizizlmkekq)w(rl,rz: e 7rl,Z),

where (ry,6) are in R?, m € NU{0}, k= 1,2,---,1— 1, and (r7,6},2),z = x, are cylindrical

coordinates in R3. The corresponding profile equation is

[ [ 2
[0+ Y Al (0+ Y. “E)d0 — 00l 90 =0 (3.L5)
k

k=1 k=1

Before we discuss the known results for the existence and uniqueness of such vortex solutions,
let us take the time to quickly review the classical ground states. These are solutions in the form
e'®"P(p) for the profile equation (3.1.2), which are well-understood in the literature. In fact,

its existence and uniqueness ( [26], [27],[28]) in all dimensions and appropriate values, namely
4o n=1,2
pe(L,ph), ph:= was shown in [28]. Further, the stability behavior of these
1+-4 n>3

(unique) solutions is also well-known, [29], this is in fact one of the main class of examples that
was worked out within the Grillakis-Shatah-Strauss formalism, [29], [30]. Concisely, these waves

are spectrally/orbitally/linearly stable for p € (1,1+ %) and unstable for p € (1+ %, py) [31]. Ttis
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worth mentioning however that the ground states conform to our setup only in the case of n = 2,
as p there is the global radial variable, whereas we are proposing here an ansatz with [5] pairs of
radial variables.

We now turn to the problem at hand, namely the existence and stability of solutions to (3.1.4)
and (3.1.5). In the two dimensional case, n = 2 and m = 0, these are the ground states, for which
we have a complete picture, including uniqueness and stability analysis. For the case n = 2,m # 0,
the existence of the solutions of (3.1.3) are also well-studied. In the work [32], the authors have
provided a detailed study of the elliptic problem (3.1.3) - in particular, they proved the existence
of smooth solutions to (3.1.3) with any prescribed number of zeros. If ¢, ,, 1s nonnegative, then
e!mow) ¢ (r) is a ground state in the class X, = {™®v(r)|v € HL ,(R?),v € L2 ,(R?)}, and
Mizumachi, [33, 34] proved that the standing wave solution ¢/"0+®) ¢ (1) is orbitally stable in
the class &, if 1 < p < 3.

Muzumachi showed the uniqueness of positive solutions to (3.1.3) with m # 0,using the classi-
fication theorem developed by Yanagida and Yotsutani [35]. He has also considered their stability,
when the perturbation is in the same form as the soliton, namely v = e/("®+®)p (s r). His results
can be summarized as follows - these solutions are unique for all p € (1,00) and they are orbitally
stable for p € (1,3) and unstable otherwise. Here, it is worth discussing the situation in more
details. Recall that this is indeed in line with the expectations and the case m = 0, which predicts
stability for two spatial dimensions exactly for p € (1,3). On the other hand, the perturbations for
the vortices are only in the special form described above, so it remained an open question whether
or not such stability holds for arbitrary perturbations. In addition, the ODE techniques in [33, 34]

seem to apply to the two dimensional case only.

3.1.2 Function spaces and harmonics

We will work with the Lebesgue spaces LP(R"),1 < p < o, defined through the norms ||f]|, =
(fgn |f(x)[Pdx) P More generally, LP (w(x)dx) for a positive weight w, is defined by the norm

1l 2r goyar) = (Sgo | £ () [Pw(x)dx) VP n addition, there are the corresponding Sobolev spaces,
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WHP(R™), defined through f(® € LP(R") : |at| < k, with their respective natural norms.
Next, we introduce the following decomposition of L?>(R?) - we can identify an arbitrary func-

tion f € L*>(R?) with a sequence {f,,}°°___. by

f= Z fm(p)eime

m=—oo

2 oo 2 .. . . ..
so that || f]7. R = Yone—oo || fnll72 (0.00).pdp)’ This is nothing but an instance of a decomposition
in spherical harmonics, valid in all dimensions, which takes this particularly simple form in two

spatial dimensions. We will denote the L? subspaces X;, := span{g(p)e™®|g € H' (R?),g €

rad

L2

rad

(R?)}. Clearly, in the standard dot product of L?>(R?), X; L X,,, as long as [ # m, so L>(R?) =
e — oot

Clearly, the Laplacian A on &), takes the form

im0 2 1 m? im6 m? im6
Alf(p)e™ ] =[d5f+ 53pf— pf]e =[Af — ?f(p)]e : (3.1.6)

Note that the evolution of the NLS (3.1.1) leaves the spaces &, invariant, in the sense that
whenever ug € &, the corresponding solution u(t,-) € A}, for any later time ¢ > 0. In view of this,
it is worth considering the Cauchy problem for (3.1.1) in the spaces &,,,,m =0, 1,.... In particular,
Mizumachi’s results state that the two dimensional solutions of (3.1.3), ¢, ,, are orbitally stable on
X

In the higher dimensional situations, n > 3, we can similarly consider spaces

&,

,7,,}712 (ml,...,ml),l:[ ]

NS

Xy := span{ f(py,...,pr)e ™M OO fo e B (R, fi € LEy(R)},
with the appropriate norm. In the case n = 2/, we can write

[}

f= Y falpr,...,pp)eltmbittmé)

mip,...,ijj=—o°
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with a norm ||f||iZ(R2) = Z;l,...,ml:—w ||f’7“|%2((0,oo)17p1...pldpl...dpl)'

In the odd dimensional case, n = 2/ 4 1, we simply take [21]

o5}

f: Z fﬁ’l(p]w--,pl’Zn>ei(m191+...+m]6[)

mij,...,mj—=—o

with a norm || f ||i2 (R2) = ) DS ||i2 ((00) For future reference, introduce

the subspace of L?(R")

Lpy.prdpy...dp)) 2"

L ={f=f(p1,--.o0) : If 72 =/0 £(pr,- - p)IPpr - pidpy .. .dpy}

in the case n = 2/, while in the odd dimensional case, n = 2/ + 1,

L= {f=f(pr,--.prxn) : | FI72 :/0 f(P1s-- - P1,xn)IP1 - pidpy ... dpydxy },

r

and the corresponding Sobolev spaces H> = {f € L2 : 83kf cLl2k=1,.,}, H ={feclL’:
o f 02 feli k=1,..,1}

We are now ready to give a precise formulation of the main results. As usual, the spectral
stability of a wave is determined by its linearized operator. It simply means that the linearized
operator around the wave lacks spectrum in the open right-half of the complex plane. Otherwise,

we refer to the wave as (spectrally) unstable.

3.1.3 Main results

We start with the two dimensional case. This case was considered by Mizumachi in [33, 34], but
we include our approach and results here in order to illustrate the variational method we use in the

higher dimensional cases. Our result states the following.

Theorem 3.1.1. Letn=2,1 < p <3, ® >0, m € Z. Then, the equation (3.1.3) has classical and

positive solutions Qg m, which are constructed as (multiples of ) the minimizers of the following
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constrained minimization problem

H(u) = 5 fpo |Vul* dx — 517 [ |u]P*! dx — min

(3.1.7)

K(u) = [polul* dx=2,u€ X,
Such solutions are spectrally stable, for p € (1,3), with respect to perturbations in X,

Remark: Mizumachi, [33] has shown the uniqueness, by ODE methods, for positive solutions
of (3.1.3). Thus the solutions produced by Theorem 3.1.1 are exactly the same as the ones in
[33]. Thus, the results of Theorem 3.1.1 are not really new, but the proof follows along a com-
pletely different line of argument. Basically, we do not need to study the spectral properties of
the linearized operators, arising out of the solutions of the ODE (3.1.3). Instead, we rely on the
variational construction, which yields the same properties in a more direct way.

On the other hand, it is worth noting that Mizumachi’s result is stronger, namely the orbital
stability in the case p € (1,3), while our results concern only the spectral stability. For the purposes
of the proof (see Theorem 7.1.5, [37]), orbital stability is the same as spectral stability plus it
requires in addition that the linearized operator L (see Proposition 3.2.4 below for a definition)
to satisfy Ker[L, | = span[V e ,|. We do not verify here this property, sometimes referred to as
non-degeneracy of Qg .

In the higher dimensional cases, the statement remains essentially unchanged, except with the
appropriate dependence of the index p on the dimension. The results here are new, but in fact they
follow along the ideas of the proof of Theorem 3.1.1. Again, orbital stability will follow, once

one can establish the non-degeneracy of the waves.

Theorem 3.1.2. Let n >3, i € 213, pe (1,14 %) and ® > 0. Then, the equation (3.1.3) has

classical and positive solutions ¢ i, constructed as multiples of the minimizers of the following
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constrained variational problem

H(u) =3 Jpn | Vu|* dx— ﬁfmn lu|P*! dx — min
(3.1.8)

K(u) = [galul* dx=2A,u € X

. 4 . . .
Such solutions are spectrally stable, when p € (1,14 1), with respect to perturbations in the space

X

3.2 The vortices in R? and their stability properties

We start with the variational construction. in addition to establishing the existence of these waves!,

this approach will give us helpful information regrading the spectral properties of the associated

linearized operators, which in turn will be helpful in our stability considerations.

3.2.1 Variational construction of the vortices in R?

We consider the minimization problem (3.1.7) and show that the minimizer exists and is a weak

solution of the associated Euler-Lagrange equation (3.1.3). We compute the action of the functional

1 ) 1
== |Vufdx— —— rtlg
=3 [ 9P dv=— [ as
on functions u € X;,, where u(x) = u(p,0) = ¢(p)e™® to get the following convenient form

) 2
o,

- B p+lya
p p+10\¢! pdp,

HWPﬂﬂMZ%AIWme+§ﬁA

where p = |x| is the radial variable in dimension two and u € H!(R?) is a radial function. Fix .
Let [y =inf,cx, =2 H(u) with A > 0. We will show that a minimizer u = ¢ (|x|) exists and is a

weak solution of (3.1.3) for some . To do this, we will use a concentration compactness argument

'which has already been established with other methods, e.g. [32], [33], [34]
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and a few preliminary lemmas.

Proposition 3.2.1. If 1 < p <3, and A > 0, then —o < I}, < 0. In addition, there exists a con-

strained minimizer in X,,.

Proof. Fix A >0, and u € X, with [[u[|;2z2) = A. Consider dilations uy (x) = pu(px), g > 0.

: p-1
Since ([up |2 = ||ull 2, |Vull2 = pllVull 2, lugllgp = weet{jul] p+1, we have that

2 p—1
:“—/ |Vu\2dx—“—/ P dx,
2 R2 p—|—1 R2

For p < 3, H(uyu) < 0 for u > 0 sufficiently small. Thus 7, < 0. We will also show I > —co.

By Gagliardo-Nirenberg-Sobolev Inequality,

(1/2—1 1-n(1/2—-1
lullze < CogllVally i " Nl zgent 3.2.1)

ifn>22<g<-2 andifn=2,2<g<eo

1 1
:—/ |Vul? dx——/ |u|PT1 dx
2 Jr2 2

> [T S 2

2 Cp+1 b
>3 [ v dx = 2V

where b= 3(1—-2(1/2—1/p+1))(p+1). Then H(u) > g(||Vul|,2), where
p+l

P+1 —2p_pbpr-1 for p < 3. Hence I), > gin > —oo. It follows that —eo < I; < 0.

Next, we will use a standard concentration compactness argument in order to establish the ex-

istence of u. We just indicate the main steps, as the argument mirrors a well-known construction.?
Since —eo < I; < 0, we can find a minimizing sequence {u};_; C &, such that ||uk||i2 =1

and H(ux) — I as k — oo. Since I < 0, thus H (uy) < oo for k large enough. Further, by Sobolev-

2 except at the final phase, when the tightness is established. There, one needs to show the non-trivial fact that the

translates guaranteed by tightness are actually bounded in R?, whence it easily follows that there is a minimizer in &,
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Garliardo-Nirenberg, for large &, g(||Vu|;2) < H(ux) < 0. Then it follows that ||Vu|| ;2 g2y < Ro

for k sufficiently large.

Without loss of generality, we can assume that || Vi||;2g2) < Ro for any k > 0. Thus {u}i,
is bounded in H'!(R?). By concentration compactness, we have either "convergence of translates",

"vanishing" or "splitting".

First let’s rule out vanishing. Since H (uy) < % < 0 for k sufficiently large,

— Vu|? dx — —— Pt gy <2 <.
Z/Rz’ |~ dx p+1/Rz\uk\ x_2<

for k sufficiently large. In particular, we obtain

1

I
—/ |ugge|PH1 dx>—-2>0.
p—f—l R2 2

for k sufficiently large. If vanishing occurred, by Gagliardo-Nirenberg-Soboleyv, there will exist a
subsequence {uy, }7_, such that uy; — 0 in L7 (R?), for any 2 < g < oo, a contradiction.
Then we rule out splitting. If splitting occurred, then there exists ¥ € (0,4 ) and a subsequence

{ur; 71, and bounded sequences {v;}%_; and {w;}7_; in X, with

il ey =7 il =3

dist(spt(v;j),spt(w;)) — oo

1im/ (Jug |71 = g7+ = [w|P 1) de=0
7 JR2

liminf/ (IVag, |2 — [Vv; 2~ [Vw;2) dx >0,
Rn

jeo

where spt(v;) = {x € R?|v;(x) # 0} and spt(w;) = {x € R?|w;(x) # 0}. Fix € > 0, we have that

for all sufficiently large j,

I +5€ > H(uy,) +4€ > H(v;)+H(w;) +e.
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Now there exist sequences {a;}7_,{b;}7.; :lim;a; =1lim;b; =1, so that ||ajvj||%2 =7, ||bjwj||%2 =

A —v. Thus H(a;v;) > Iyand H(bjw;) > I),_y, while for j large enough, we have
H(vj) > H(ajv;) —€/2, H(w;) > H(bjw;)—€/2,

since lim;[# (a;v;) —H(v;)] = 0. Thus for large j, I +5¢ > H(a;v;) +H(bjw;) > I, +1)_,,
whence

However, similar to the classical case, the map A — I, is strictly subadditive. In fact, we have the
following lemma to that effect. Once Lemma 3.2.2 is established, a contradiction is reached and

we will have shown that splitting cannot occur.

Lemma 3.2.2. The map A — I is strictly subadditive, i.e I < Iy, +1I,_,, Vy € (0,4).

Proof. Note for every 0 > 1,

02 gr+l1
H(Ou) = — [ |Vul|* dx— / u|PT! dx
2 R2 p-l—l R2

2 2 +1 2
P
=0 (2 2|Vu| dx 1/2|u| dx) < 0°H(u)

Thus g2, < 821, for all 8 > 1. Hence, for all y € (4, 1),

I =1 ’11 =1 ’1_71—1 ’l_yl L+1
P=lay <= Y"'(T)Y_ 7+T 20—y <ty

If y € (0, %], repeat the steps above with replacing y with A — 7. O

By concentration compactness, there is a subsequence {u, }%_; and a sequence {y;}7_ | C R?,
such that u;(- —y;) — up in L2, for some ug € H'(R?). We will show first that {y; Tiisa

bounded sequence. In fact, we have the following
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Lemma 3.2.3. The sequence {y;} C R? is bounded.

Proof. We argue by contradiction. Let {y;} be unbounded (and after picking a subsequence, de-

noted again by {y;}), so that lim;|y;| = o and % — (cos(6p),sin(6p)) € S!. Without loss of
J

generality, uy,(x) = ¢kj(|x|)eim9, for real-valued functions ¢y;. Let € > 0. Then, there is N and jo,

so that for all j > jo,

ol 2 (xj=n) < & llti; (- =) 22w 53) < €

We introduce the function 6;(x) : x —y; = (Jx—yj|cos 0;(x),|x —y;|sin 6;(x)) such that

tim [0y, (|- =" — o)) = 0.

Since |x| < N, we have

1 2 1 2
o) _ (MY i () e
x—y;l  [x—yjl il Iyl

Thus, lim; e~ ™% = (—1)"e=M0 —: ¢i%: 1t follows that

jli_f>£10||¢kj(| c=yil) = € uo ()l 2 <ny = O
Then there is jo, so that whenever j > jo,
191, (|- =j1) — " uo ()| < 3e.

We conclude that ¢!y is real-valued. Without loss of generality (namely, if we have picked
e 0m U, (-—yj)— e"%ny), we have reduced to the case where Uy (-—yj) = uo and uy is real-valued.

It follows that for uy; (x) = (/)kj(|x|)e"m6 (here ¢, is not necessarily real valued!), we have

tim g, (|- D™ —uo(- =372 = 0. (322)
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Letting ¢ (|x|) = p;(|x|) +iq;(|x|) and taking the imaginary part of the function in (3.2.2)
i (11) sin(m0) + 1) cos(m8) | 2 gy = 0.

But by the constraint,

) 27r
I3 sinon8) + 4, cos(m8) ey = [ [ 73 (p)sin*(m6) + a3(p) o (m6)d0pdp
°° A
= [ [P +3(p)lpdp = 5 190 e = 5
Thus, we have reached a contradiction with lim |y ;| = ce. O

Since y; is a bounded, after taking a subsequence (denoted the same), we have y; — yo € R2.
It now easily follows that lim [[uy; — uo(- — yo)[| 2 = 0. Clearly, since X}, is a closed subspace, we
have that uo(x — yo) =: vo = ¢o(|x|)e™® and |vo||* = lim; ||ukj||2 = A. By (3.2.1), it follows that
lim; [lug, — vol|e = 0,2 < g < oo, in particular for g = p + 1.

Clearly, ug, — vo weakly in H 1 (RZ), whence using lower-weak semicontinuity of u — fRZ \Vu\z dx,
we conclude

I, = hmmf?—[(uk ) > H|[vol,

J—re

while ||[vo||? = A. Thus, vy € A, is a minimizer of (3.1.7).

Proposition 3.2.4. A constrained minimizer of (3.1.7), ¢ satisfies the Euler-Lagrange equation

19170 ey — IVO 112
G @r0 09 =0, = L TR (323)
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Moreover, the following scaling identities hold

1 1 2 2 2(p—1
¢l:l3ip¢l<lz(§_’7)x>,I)L:)L3Ep11,J)L:HV(Ple:lﬁP (p 3)11
2 2 1 -1 4
K= [0 av= 2 2 o, 2ty
R2 p—3 p—3

Finally, the linearized operator

Ly :=—A+awy —plo[’~

is non-negative on the co-dimension one subspace {qlbe""le}L of the space X,,. That is,

(Lyh,h) >0, he{pe™ Y he X,Ndomain(L,).

(3.2.4)

(3.2.5)

Equivalently, the operator L' = —A, + % + @y — p|o|P~" acting on the subspace Hrza g N {¢}+

is non-negative.

Proof. §* = 229 (A%x) where ¢ = ¢! with [5, |§(x)|?> dx = 1. Set J; (%) = J1(¢*) +12(97),

where

noh)i= | 199*Pax= [ 10 9e(ane? dx =22 [ 900 dr=2"(0)

Further, we also have

A a
Jz(q))L) —m? 97 ()] dx — m222b 90 (A%)] dx:mzlzb/ 10(x) |2 dx = A% 15().
R2

R2 |)C|2 R2 |)C|2

K%)= [ 10 ar =220 [ ool s

_ /'Lb(p—l—l)—Za/R2 ‘(P(x)’p—kl dx:ﬂ,b(p+l)_2al(((])).
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So we have

A2 = P20 oy 2g = bp.

Further
A= / A%%1¢(A%%) > dx = Azb—Za/ 0(x))? dx=A%""%= 2b—2a=1.
R2 R2

-1
Clearly we obtain a = 2(”3—11[)) and b = ﬁ. Hence ¢* = lﬁq)] (7L2<p3*1’>x), H(P) = 3J(¢) —

2
ﬁK(d)) and H, = A*"H, = AT 7 H,. Let J :=J; and K := K;we obtain,

Thus it suffices to prove the results for the case A = 1. So fix A = 1. Let ¢ = ¢! be a minimizer.

For any 0 > 0, consider usg = ¢ + 6h. We have that

(2 ) > .
s =7
Note that
||u5||=\/||¢||2+25<¢,h>+0(52)=1+5<¢»h>+0(52)-
1’ Vug ||>_ 1|[Vo +5vh|?
20 Muslll 2 lusl?
_1[[Ve|P+28 (v, vh) +0(8%) _ 1][V|*>—28(A¢,h)+0(5%)
2 14268(¢,h)+0(82) 2 1428(9,h) +0(8?)
_1[VOIP(1+258(9,h) =28 (9, h) [|V|*(1+28 (¢, h) + O(8%)) —28 (A, h) +O(5%)
2 1+28(¢,h) +0(52)
= 1= 8 (20,8 +11 (9.1) +0(5)

Then we come to compute the p+ 1 order term as below,

X,

1 / jus|P*! 1 / ¢+ 8h|P*!
_ =
p+1Jre [Jus|[P*! p+1Jre (1+8(9,h)+0(8%))P+!
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Then we simplify,

pt
2

1 lug|P+! 1 (10 +8h)
_p+1/Rz Jug||P+! x:_p'f‘l/Rz (1+0(¢,h)+0(5%))P+! “
1 917 +8(p+1)[9]” "9+ 0(5?)
p+1 g2 1+ (p+1)8(p,h)+0(5?)
1 917 (14 (p+1)5(9,h)) —S(p+ D)o (9, 1) + 5(p+1)|¢]”~ 1<z>h+0(62)
p+1 g2 1+ (p+1)8(p,h)+0(5?)

— g [ lor ax s [ 1o (0. =6 (gl o.m) +0(8)

B ‘ﬁﬂé (K{9,h)— (|67 "9,h)) +0O(5?)

dx

For the term containing m?2, we also obtain,

1 5 Jus|® _ 15 9+ Sh)

2" /R Pl & = 2" /R P 126(0.m 1 067"

02(14+28(0.1)) — [92(25 (9.h) + O(8%)) + 260+ O(&Y) |
)

2" e X2(1+28 (¢,h) +O(82)
1 2 1
— §J2—125<¢,h>+5‘1:?<¢»h>+0(52) = 3h+8 "%«p hy — Jz<¢,h>) +0(8?)

1 1
Since J FEs]

%1—6((A¢,h>—W<¢,h>+J<¢,h>> SLK+8 (K (0,h) — (101771 9,1)) +0(8%) > L1 - LK

We conclude

——K="H, and?—[(” H)>’7’-[1,Weobta1n

2

< Do+ |2¢—¢p+<1<—f>¢,h>+0<62>zo

Since it is true for all 6 € R and for all test functions &, we conclude that ¢ satisfies

2

m -1 .
—A¢+W¢—|¢\P o+ (K—-J)¢=0

which is the Euler-Lagrange equation (3.1.3), with a scalar @ = K —J. Finally, there is the

Pokhozaev’s identity, which we derive in the following way.
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Set

zu(x) = o (ux).

Since [po zi (x) dx = [ ¢ dx =1, zy satisfies

2 p—1
u u
M) =50 K

Since the scalar valued function u — H(z) achieves its minimum at p = 1, we must have

%(;”) |u=1 = 0. This is the Pokhozaev’s identity
—1
JI-Pk—o.
p+1
Hence we obtain the formulas
2(p—1
y=2= Dy, (3.2.6)
p—3
2 1
k=2t Dy, (3.2.7)
p—3
4
0=——"H. (3.2.8)
p—3

We then establish the non-coercivity of L, on the codimension subspace {¢}*. Note that for

every test function /4, the function

0+ 8h

8(8) :H(M

)

has a minimum at 6 = 0, which means that we must have g’(0) = 0, and g"”(0) > 0.

We take /2 : (h,¢) =0, and ||| = 1. Note that under this restriction
19+ 8hlI> = |9||> +28 (¢, ) + 87| 1] = 1+ 6,

52
1o +8h|=(1+65)/2=1+ 7+0<53).
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Consider g(4) :

V(9 +8h) 1||Vo|>+28 (v, Vh) + 82| Vh|?
_E 1+82
1||v¢|| (148%) = 82||vo||>(1+82) =28 (A, h) (14 8%)+ 8% (—Ah,h) (1+8%)+0(8%)
2 1+62
1 1o, 52 3
:§J1—§6 Ji—8 (A, )+ 3 (=Ah,h) +0(8°)

Further, for the p + 1 order term, we can compute,

SIS AL G g+ B9 1 4 O(8)
p+1Jr2 9 +8A[PH " pi1 Jpe (1+82)4%
_ L[ et ) PRS0 4 B(p ot VIO okt PERS 02+ 0(87)
p+1 /e 1+ 25182 4+ 0(83)
1 52

=K K8l o) - L8 (|07 'hh) +0(8”)

In addition,

1 2
_mz/ ¢ + 6h] dx—
2 Jr

2 21,2 2,2
280h+ 8h L 8m
2 [ 1OF+200h+ 87, 1 5212+

: 3
SRl +on2 T 2" Je T PRI+ 69 572 A e +0(8)

Thus
2

52
g(8) =g(0) — > <(J—K)h+Ah x lzh—kp\(])\” h h> +0(8°)
Recall that @ = K — J. Since g(5) > g(0) for all small enough &, it follows that the operator L

defined by L, = —A, +®+ 5 — p|¢|P~! satisfies (L h,h) >0, which completes the proof. [J

\X\Z

Theorem 3.2.5. The vortex solution u = ¢'(m9+01 )(P(r) constructed through the variational proce-
dure above is positive. In addition, it is spectrally stable with respect to perturbations in the same

class X, when 1 < p < 3.

Proof. Linearize around the solution ¢, consider u = ¢/("9+®) (¢ 4+ @ +iy), where @, y are radial
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functions. This results in the following equations for the perturbation.

m2

—¢ = Arw—(w+|x|2>w+!¢lp‘lw

2
m _
Vv, = Ar‘P—((D‘i'W)Q”‘i‘flﬂ‘lﬂp Lo

This gives the system

0 1 Ly O
L i Y (3.2.9)
v -1 0 0 L_ v
t
where
g 1
Ly = —A+(o0+—)— P
L = -A +(w+m2) |7
_ ’ 2 .
Introducing
0 1 Ly O
J= L= + ,
-1 0 0 L_
we see that the eigenvalue problem (3.2.9) can be presented in the form
JL Y =2 ¢ (3.2.10)
v L4

We study this problem, using index counting theories. More precisely, by a corollary of the index

counting theorem (see Theorem 1, [25] or better yet, Theorem 7.1.5, [37])

nunstable(JL) < n(L) - I’Z(D), (3.2.11)
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where in our case
(L='¢",0") 0
0 (L3'9.9)
We proceed to establish that n(L) = 1 = n(D), which would imply the spectral stability, by (3.2.11).
Since

2

~A0+ @+ 2500 19170 =0,

wehavethat L_¢ =0and L ¢ = -\, ¢ + (0 + %)(l) —plo|P~to = —(p—1)|o|P 9.
It follows that

(L+9,¢9)=—(p— 1)/Ow|¢(r)\p“rdr< 0

We claim that L_ does not have negative spectrum and zero is a simple eigenvalue. Assume that y

is such that || y|| = land L_y = —c?y. Then, (v, ¢) = 0, and further

—o> =Ly, y) > (L y,y)

But this is a contradiction, since we have proved that L | (o} > 0. Thus, L_ doesn’t have negative
spectrum. Similar argument, with o = 0, shows that L_ does not have other eigenfunctions at
zero except ¢. Note that by Sturm-Liouville theory for the singular Schrodinger operator L_ =
—Ar+ (0 + ’%2) —|@|P~!, acting on L?(rdr), we have that ¢ > 0, as a ground state.

Next, observe that

m2

—Ap—(0+—)9+]0/" 19 =0

x|

. 1 I . . . :
has solutions ¢(r) = @»-1¢(w?2r). By differentiating the equation above with respect to @, we

have
L~ p)=9
which implies that
(176,0) = —3 7]
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‘We obtain

1 = 13— 4-2 oo
<L1‘¢,¢>=—5% i wfl|¢1(w5r)|2rdr:—§jr’fmf’ o) Prar

It follows that (L'¢,¢) <0, if 1 < p < 3. where n(L) = n(Ly) +n(L_) = 1 and n(D) =
n(<Ll_1¢,¢>) = 1, thus it is spectrally stable, if 1 < p < 3. O
3.3 The vortices in higher dimensions

The arguments proceed parallel to the two dimensional case, so we just indicate the main points.

First, consider the NLS equation in space dimension n = 2/
i+ Au+u)Plu=0, xeR*, >0
and study the existence and stability of standing wave solutions of the form
eiwteiii:]m@k(pw(,ﬁl,rz’... ,’”1)7

where (ry, 6)) are polar coordinates in R?, my € NU {0}, k=1,2,--- 1. Then @, satisfies (3.1.4).
The case of odd-dimensional space R?*! proceeds the same way by using solutions of the
form

. ol
el(melzk:l mkekq)a)(rl 312y rlaz)a
where (g, 6;) are polar coordinates in R?, m; € NU{0}, k=1,2,--- ,n—1, and (r;, 6;,z) are the

cylindrical coordinates in R3. The equation for ¢, is then (3.1.5).

3.3.1 Variational construction of the waves

The minimization problem remains the same for both even and odd cases: for A > 0 minimize the

functional
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1 ) 1
I P ax——— [ upia
H = [ 1o ds—— [+t ax

subject to the constraint

/]1@21 u|? dx = A,u € X,

Restricting this problem to the subspaces A, allows us to find a minimizer in Xj. Let [} =
inf,c . o(uy—a H(u).
Proposition 3.3.1. Let m € 23 and 1 < p<l+ %, and A > 0, then —oo < I, < 0. In addition,

there exists a constrained minimizer in Xj.

Proof. Assume that n > 3, since we have already considered the case n = 2.

By (3.2.1) and taking into account that Hu||i2 = A, we have

n(p—1)
)

1
Ml = 5 [ [Vufdx =Gy
Rn

we conclude that H[u] > g(||Vu||), with g(R) = %2 - C;L7p7an(p{ . , which is bounded from below, if

n(prl) < 2 or equivalently, if p < 1+ %. Thus, I, > —oo. A dilation argument, with uy, = wiu(p:):

H“u”%z = H”Hiz = A, we have

n(p=1)
1 por o 1
Hiuy) = w2 = || Vu|* — =————ju|l?
] = 205 1Vl )

which shows that for u << 1, we have H [”u] < 0, whence I), <O.

Since —oo < I; < 0, we can find a minimizing sequence {uy};> ; C H'(R"), such that HukHiZ =
A and H(ux) — I as k — . Since I; < 0, thus H(u) < o for k large enough. Further,
by Gagliardo-Nirenberg-Sobolev, for large k, g(|[Dug||;2) < H(ux) < 0. Then it follows that
| Dug || 2(rmy < Ro for k sufficently large. WLOG, we can assume that || Dug||;2gey < Ro for any
k> 0. Thus {ux};>_, is bounded in H (R™). By concentration Compactness. We have either "con-

vergence of translates", "vanishing" or "splitting".
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First let’s rule out "vanishing".

H(ug) < % < 0 for k sufficently large. Hence

(5]

1 2

—/ |Vu|2dx+/ S |u|2dx——/ Pt dx < 2 A <0
2 Jre R" =1 X 1+x2k

for k sufficently large. Thus we obtain Jgo [P dx > —% > 0 for k sufficently large. If

p—H
"vanishing" occurred, then there exists subsequence {uk.}"f’: | such that uy; — 0 in L4(R"), for any
2<g<2+= 2, n>3. Sincel <p< 1—|—— Thus here 2 < p+1 <2+ 2,and satisfying
ug, — 0 in LPT1(R"). Contradiction.
Then we rule out splitting.
If splitting occurred, then there exists subsequence {u;}7_; and bounded sequences {v;}%_; and
{w;}7, in H'(R") with

1971 ey = 7 < .

||Wj‘|[%2(Rn) —A-7,

dist(spt(vj),spt(w;)) — oo

and [g, (Jug,|7—|vj|7—|w;|9) dx — Oas j— oo forany 2 < g < ;2%,
and liminf;_ [ (|Dukj 12— |Dv;|* — |Dwj|?) dx >0 Then Ve > 0, for j sufficently large,
L+ (n+4)e> H(Vj) -|-7’[(Wj) + &€
Now 3 sequence {a;}7_,,{b;}7_ in R such that Hajij%2 =7, Hbjij%2 = A — yfor any j and

further aj,b; — 1, thus

H(ajvj) > Iy

and

H(bjwj) > 1,1,7,
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for any j. Further, for j large enough, we have
H(vj) = Hlajvj) —¢€/2,

H(w;) = H(bjw;) —¢€/2,

Thus V j sufficently large Iy + 5¢ > H(a;v;) +H(bjw;) > Iy +1;_, , taking € — 07, then we
obtain

for every ¥ € (0, 1), while Lemma 3.2.2 (just replacing R? by R") implies the opposite inequal-
ity. Hence, splitting is ruled out as well. It follows that tightness occurs. In other words, there is
a subsequence {uy, } and a sequence of {y;} C R", so that uy,(- —y;) — up in L?(R"). Again, we

show that {y;} must be a bounded sequence.

Lemma 3.3.2. In the even dimensional case, n = 2l, the sequence {y;} C R" is bounded. In the

odd dimensional case, n =2l +1, y; := (y}, e ,y?l) is a bounded in R* = R" 1,

Proof. We start with the case of even dimensions. The proof generally proceeds parallel to Lemma
3.2.3, with a few important technical differences that we outline below.

Assume that unboundedness of {y;}. After taking a subsequence (denoted the same), we may

and do assume lim; |y ;| = co. Note that y; = ((y},y?), ey (y?l_1 ,y?l)). We consider the variables in

pairs (yox—_1,y24),k=1,...1. Clearly, we may have a situation where some pairs (y?ki1 , y?k ), asele-

ments of R?, are unbounded, while some others are bounded. Up to a permutation of the variables,

it is clearly enough to consider the case where lim;|(y},y3)| = eo,...,lim; |(y§k°_l, y?ko)] = oo,
2%—1

while the rest of the coordinates {[(y;" ", y?k )|}, k> ko > 1 are bounded. After passing to another

subsequence, if necessary, we may assume that the bounded coordinates are actually convergent,

2k

Zko+1 . Defining §; = (y},...,¥7 ,0,...,0), we see that

say to (y )

Y

li]r,nHukj(x—ij) —uo (X1, -+, XKy, X2k +1 T V2kot+1s - - -, %2 + Y2) | 2 mry = 0.
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Recalling that u, € A%, it follows that without loss of generality, we may assume that uy, (x—yj)
has the following representation

-1

2k 2%
O, (|1 =y x2 =Yoo | oakg—1 =50 Xk =¥ ) | (oo 15 X2k 42) -+ -) X

. ¢
% el(zk(il mkef(x)+ZZ:ko+l mkek(x))

Thus, after some relabeling, we may without loss of generality assume that again

lim; [|ug; (x — ;) — to|| ;2(rey = O, Where y; = (y{,...,yékO,O,...,O) and

lim; |(y},y§)| =oo,...,lim; |(y§k0*1 ,y§k°)| = oo. Passing to a further subsequence, we may and do
%1 2k

assume that gék—liék; — (cos(6),sin(6;)) € S!.
i

Let € > 0, choose N and jj, so that for j > jo,

ol 2w >n) < &l (- =y )l 2 (jn) < €

(x2k— 1 2k—1

Now, for the polar angles 9;‘ (x), corresponding® to the pair —; x2k— y?k), we have

again

e J = +l

2k—1 2k—1 2k 2k
i0(x) _ Y Y s it
— — 9
O A e ) | (S e )]

whence lim; ¢ MO (X) = (_1yme=imk —; ¢i%  Asin Lemma 3.2.3, it follows that

2ko—1 2k
¢kj(|(X] _y}'7x2_y5)|7"'7|(x2k0—1 —)’] 0 » X2k —y] 0)|7 ’(x2k0+17x2k0+2)|7"')

converges in L?(|x| < N) to

. ko k
el(Zk:1 ak*ZZ:k0+1 m 0 (x))u().

The choice of N implies that this convergence is over L?(R") and hence

- vk0 n k
o — ) . . .
¢/ Timt BT 1 (x))uo is real-valued, as a limit of real-valued functions.

3Here, for k > ko + 1, we simply have that 6 is the polar angle for (xa;_1,%2)
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By a similar argument to Lemma 3.2.3, we may assume without loss of generality that uy; (x—
yj) — uo and uy is real-valued. Note that lim [|uy; (-) — uo(x —y;)[[;2 =0

Picking representative, ¢; (which is not necessarily real-valued anymore!), we conclude that
. -l
fim 6k, (1Ger,x2) - | (21, 207) | et MO 2k1520) — iy (x — ][ 2 ey = 0. (3.3.1)

Let ¢y, (|(x1,%2)],- -, | (x2—1,%2)[) = pj(r1,..., 1) +iq;(r1,...,r;) and taking imaginary parts in
(3.3.1), we obtain

l l

li]IIl ||pj sin(z mkek(X2k_1 ,XQk)) +q; COS(Z mkek(XZk_1 7x2k))HL2(R") =0. (3.3.2)
k=1 k=1

But,

l /

Ipjsin( Y mOk(xox—1,%21)) +qjcos( Y mkek(XZk—17x2k)>||i2(Rn) =
o =1

I !
= /[p?(rl,...,rl)sinz(z my.6y) +q§(r1, .. ,rl)cosz( m6)]do ry...rdr+
k=1 k=1

l l
+ 2/pj(rl,...7rl)qj(r1,..‘,rl)sin(kaGk)cos(Z m6)do ry...rdr.
k=1 k=1

But [ 2z sin(Y4_, mi6;) cos(Xh_, mi6;)d0; ...d6; = 0, while

(2m)!

/ /

-2 2

sim E mkek d91...d91=/ COos E mkek d91...d91: y
/[0727r]’ (k:1 ! [0,27]! (k:1 ) 2

whence

l
1 A
oo 00+ a5605( 3 0 sy = 196 = 5 0

This is a contradiction with (3.3.2), whence the proof of Lemma 3.3.2 in the even dimensional
case.
In the odd dimensional case, we proceed similarly. Note the last component may be unbounded.

Assuming the unboundedness of {y;} : ; = (y}, . ,y?_l,O), we take a subsequence (denoted the
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same) so that lim; |§/| = co. We have
g, (x = F7) — uo(x1, %2, -+, Xn—1,% — )12 = 0.

Take our initial sequence to be iy, (x) := [ug;(x1,. .., Xn—1,X, +). Clearly, it still belongs to A if
uy; does and for which || Hiz = ||, Hiz = A and H [, = H[uy,;]. Thus, we have reduced matters
to

itk (- = 37) = woll 2 = 0.

We rule out the potential unboundedness of the §; as in the argument for even dimensions, since
y; has even number of non-zero component, for which we apply the polar coordinates etc. Thus, it
follows that sup; || < o and the proof of Lemma 3.3.2 is complete.

O

We are now ready to finish the proof of Proposition 3.3.1. Since {y,} is bounded (or just {y;}
in the odd dimensional case), we may take a convergent subsequence (denoted the same), y; — yo
(or §; — Jo in the odd dimensions). We have lim; [|ug; — uo(- — yo) || .2(gny = 0 or limy [Jug; — uo (- —
(50,5) [l ;2(rmy = O in odd dimensions. From this, it follows that ug(- — yo) € A in the even
dimensional case and uo(- — (Jo,0)) € A in the odd dimensional case. Both of these serve as

constrained minimizers of (3.1.8) and Proposition 3.3.1 is established.

]

Next, we need a version of Proposition 3.2.4. We just state it as the proof proceeds in an

identical way as in the case n = 2.

Proposition 3.3.3. A constrained minimizer of (3.1.7), ¢ satisfies the Euler-Lagrange equation

||¢||pU7_t—ll (R") - ||V¢||i2(R”)
A

—Ap+ w0 — [0 '9 =0, o= (3.3.3)

Alternatively, ¢y satisfies either (3.1.4) in the even case or (3.1.5) in the odd case, with ® = ;.
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Moreover, the following scaling identities hold

¢’1=/l4—n(2p—1>¢1(7t4—g(; )x), Ix—lnzznp(n‘)z)h W), = 7L4 e 2n( —1)—4p+1)
4—n(p—1)

I (3.3.4)

The linearized operator

Li:=—A+w; —plo[’~!

5]
is non-negative on the co-dimension one subspace {(j)e’zkil m’ﬁk}L of the space X. That is,
. .
(Lyh,h) >0,h € XN {pe'Ti=1"™9 L N domain(L, ),

Equivalently, in the even dimensional case, the operator

+wy —plo|P!

n n
L’ﬁd:—; i

»N|>§I\J

acting on the subspace H> N {¢}* is non-negative, while in the odd dimensional case

+ay —plo|’!

n—1 n—1
de:—iA,k—a2 i
k=1 k=1

M|M,

is non-negative on the subspace H> N {¢}+

Proof. §* = 229 (A%) where ¢ = ¢! with [g, [@(x)[?> dx = 1. Set J; (¢*) = J1(¢*) +12(97),

where

Jl((z)l) — /Rn |V¢A‘2dx:/Rn‘A«a+bv¢(lax>2|dxz}142b+2ana/Rn |v¢(x)‘2dx:%2b+2afna‘]1(¢>.

(5]
/ Z |¢ |2d _AZb-ﬁ-Za naJ ((P)
S5 1+x2k

Ki(0") = [ 10M)! dx= A0k ),

63



So we have

) 2b+2a—na _ Ab(l’“)*”" = b+2a=bp.

Further

A= Azb\¢(l“x)|2dx:7tzb_”a/ |0(x)|* dx=A*"" = 2b—na=1.
RI‘L Rn

2 —1
Clearly we obtain a = 475(_1)171) and b = %. Hence ¢* = A% 1 ¢! (A 4*5<P*1)x), H(P) =
n+2—p(n—2)

%J(‘P) - ﬁK((P) and Hy = A “0-0 H,.

Thus it suffices to prove the results for the case A = 1. So fix A = 1. Let ¢ = ¢! be a minimizer.

For any 0 > 0, consider usg = ¢ + 6h. We have that

H(-0) > ;.
s |

Note that

lusl| = \/II¢||2+25 (0,h)+0(82) = 1+ (9,h) +0(8?).

In the odd dimensional case, (with the obvious modifications in the even case)

]| Vus > _ 1[[Vo+8VA|* _ 1]|99]2+28(V9,Vh) +0(8%) _ 1]|99|2 =28 (A9, h) +0(8%)
2\ lluslll 2 fusl> 2 1+28(p,m)+0(8%) 2 14+28(¢.h)+0(8?%)

_ L[VOIP(1+25(, k) —28(9,h) [|VQ|*(1+28 (. 1)) — 28 (A, h) + O(8?)

2 1+28(¢,h)+ 0(6?)

= 5D =8 (< 00,1 >+ (9,) + 0(8?)

1 .
— 3-8 <<(k

In addition,

ol

Ark +AZ)¢7h> +J1 <¢7h>) + 0(52)

1

2 " k=1 (x2k_1 +x%k)||”6||2 2

W o
l/RZ 5 mk|u6| 1‘]2_‘_5(2#@5,]’0]2((]),]’0) —|—0(52)



We can also compute the last term with p + 1 power,

1 Jus|P+! —1 |9+ 8h|PT!
_p‘|’1/R” Jus|[PH! x:p+1/n(1+5<¢,h>+0(62))’°+1 “
=1 [ el 8(p+1)[9]P9h+0(5°
p+1 Jpn 1+ (p+1)8(9,h) +0(82)
_ 1 917 1+ (p+1)8(9,h) = 8(p+1)|¢["T! (9,h) +5(p+1)]9]"~ 1¢h+0(52)
p+1 1+ (p+1)5(p,h) +0(82)

/|¢|P+’dx+6/ 0171 (0.1) — |07~ 9.1) + O(8)

)dx

p+1
1
=———K+8(K(¢,h)—{(|¢|"'9,h)) +0O(8*
K8 (K(9h) (0 0.1)) + 05
Since 1J — erlK Hi and?—l(‘ H)>H1,Weconclude
n=1 -1
2 2 m2
5<—(Z D+ D)0 Z—k —|¢|p_1¢+(K—J)¢,h>+0(52)20
k=1 =05+ 21<)

Since it is true for all 6 € R and for all test functions 4, we conclude that ¢ satisfies

sl el 2
~(Y B+ 80+ Y g — [0+ (K~ 0)p =0
k=1

k=1 (x2k t Zk)

which is the Euler-Lagrange equation (3.1.5), with a scalar @ = K —J. Finally, there is the

Pokhozaev’s identity, which we derive in the following way. Set

Since [ zi (x) dx = [ga ¢% dx =1, zy satisfies

H(zy) = —=J —

Since the scalar valued function u — H,(z) achieves its minimum at p = 1, we must have
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dH(zu) |u=1 = 0. This is the Pokhozaev’s identity

n(p—1)
2(p+1)

K =

Hence we obtain the formulas

j_20=2+42n 1)(p—1)H1 (3.3.5)
4—n(p—1)
_ 4+l
-l (3.3.6)
_ 2n(p—1)—4(p+1)
0= A0 1. (3.3.7)

We then establish the non-coercivity of L, on the codimension subspace {¢ }*. Note that for every

test function A, the function
O+ Oh

800) =M ]

)

has a minimum at 6 = 0, which means that we must have g’(0) =0, and g”(0) > 0.

We take i : (h,¢) =0, and ||| = 1. Note that under this restriction
19+ 8h|1> = 191> +28 (¢, ) + 8 ||]|* = 1+ 82,

52
|6 +8h)| = (1+6%)2 =1+ +0(8).

Consider g(9) :
V(¢ +h) 1Hv¢||2+26(v¢,vh>+62||vh||2
Ne+én || 2 1+ 062
L[|Vo[2(148%) = 82|V > (1 +8%) —28 (A¢,h) (14 82) + 8% (—Ah,h) (14 8%) 4+ 0(83)
—2 1462

2
:%Jl—%32J1—5<A¢,h) 52 (—=hyh) +0(8°)
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Thus it comes to

1

55—%6% <iA,k+A ¢h>+—< i A hh>+0(33)

V(¢ +8h)

One also has

—1

Jz——52.]2+ —_—
n = (g +23,) [0 + 82 "2 1;1 X +x2k

:

2 2 2
1/ mj 9 + O dx = =) (h,h) +0(5%).
R

2

Further we obtain

p+1
1 / |¢ + Oh| I

dx

" p+ L e [0+ SR[PFD
=1 et 2Ee?) — 2HL 82 gt 4 (p+ )89 g + 2B 82|97 i 1 0(8?)
Ptk 14251524 0(8%)
:—1K+6—2K 5<|¢\P—1¢,h>—362<\¢|P—1h,h>+0(53).
p+1 2 2

Hence it follows that

2 N it m2
8(8) =5(0) - 52<, Kt (X Bt 8= Y. bt plof lhh>+o<63>
k=1 =12k~

Recall that @ = K —J. Since g(8) > g(0) for all small enough 9, it follows that the operator L.

n—1

2
defined by Ly = —(¥, 2, A + A, )+w—i—):k 12 " — pl¢|P~! satisfies (L h,h) > 0. O
Xok—

)C

The next theorem gives the spectral stability of the vortices constructed in this section, with

respect to perturbations in A;.

3.3.2 Stability analysis of the waves

. : . iyl .
Theorem 3.3.4. In the even dimensional cases n = 21, the vortex soltion ¢z (r,. .. 7rl)e’zkzl MO g

spectrally stable with respect to perturbations in X, whenever 1 < p <1+ %.
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. . . iyl .
In the odd dimensional case, n = 2l + 1, the vortex soltion ¢z (ry, ..., rl,xn)e’zk:l O s spec-

trally stable with respect to perturbations in Xy, whenever 1 < p <1+ %.

Proof. The linearized problem that we obtain is exactly in the form (3.2.9). Passing to the radial

subspaces L%, the system is in the form

0 1 Ly O (0] (0}
-1 0 0 L_ 74 74

where now in the even case

: : m/% —1
Ly = =Y A +) —+o,—plo)f

k=1 k=1 Tk

: : ml% —1
Loo= =Y A +) S+o—[o]",

k=1 k=1 Tk

with the obvious modifications in the odd case. Recall that according to Proposition 3.3.3, we
have that n(L) = 1, while for L_, we establish in the similar fashion that L_ > 0, with an unique
eigenvalue at zero, spanned by ¢;. Thus, spectral stability will be established (see the index
counting formula (3.2.11)), once we verify that the quantity <L11¢ﬁ1, O7) < 0.

Similar to the two dimensional case, this computation is done by a scaling argument. Indeed,

taking a derivative in A in the Euler-Lagrange equation (3.3.3), we obtain

d
Lil0a] = = “2%0,

whence it follows that

(17160,0) = 2 (9191.01) = ~ -

i dr

From the scaling relation (3.3.4), we compute

daoy _ 2(p—1) et e n(p—1)—4(p+1)
dh.  4—-n(p—1) 4—n(p—1)

1.
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One can check that this last expression is positive, since I} <Oand p € (1,1+ %) Thus, <Ljr1 0,9) <

0 and the spectral stability is established.
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Chapter 4

Nonlocal NLS equation P77 symmetric systems

The first integrable nonlinear evolution equation solved by the method of inverse scattering trans-
form was the Korteweg-deVries (KdV) equation [38]. Remarkably, it was shown that solitons
corresponded to eigenvalues of the time independent linear Schrodingerequation. Soon thereafter,
the concept of Lax pair [39] was introduced and the KdV equation, and others, were expressed as a
compatibility condition of two linear equations. A few years later, Zakharov and Shabat [40] used

the idea of Lax pair to integrate the nonlinear Schrédinger equation.

iq(x,1) = qux(x,2) — ZGqZ(x,t)q*(—x,t), o==+l, (4.0.1)

where * is the complex conjugate, and obtain soliton solutions.

In 2013, a new nonlocal reduction of the AKNS scattering problem was found [3], which gave
rise to an integrable nonlocal NLS equation (4.0.1). Remarkably, it has a self-induced nonlinear
"potential”, thus, it is a P77 symmetric equation [7]. In other words, one can view (4.0.1) as a

linear Schrédinger equation

iq:(x,1) = qux(x,1) +V(q,x,1)q(x,1), (4.0.2)

with a self-induced potential V(q,x,1) = —20¢q(x,t)q*(—x,t) satisfying the P7T symmetry condi-

tion V(q,x,t) = V*(q,—x,t).
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4.1 Nonlocal NLS equation

In this section following the paper by Ablowitz and Musslimani [2], we first consider the following

nonlocal NLS equation

iq:(x,1) = qrx(x,1) +2q2(x,t)cj(—x,t), 4.1.1)

It is nonlocal in a simple way, since one of the nonlinear terms has to depend on —x. The equation

can be written as

iq:(x,1) = qux(x,1) + V (x,1)q(x,1),

where V (x,t) = 2q(x,1)g(—x,t).
The equation is NLS with a P77 symmetric potential V (x,t), since V (x,7) = V (—x,t). Consider

the standing waves in the form g(x,7) = e~ ¢ (x), where ¢ (x) = ¢(—x). We obtain
i(—iw)e ™ — e " g — 2792 P = 0
Thus ¢ satisfies the second order ODE
—¢"+wp —2¢>=0. (4.1.2)

Thus ¢ = w¢ — 2¢> can be multiplied on both sides by ¢’ to get ¢”¢' = wp ¢’ —2¢>¢’. Integrate

d
¢ ) 7 =+ / dx. We have obtained the

once to get ¢’ = +d(w— ¢2)%_ It follows that /—2
¢(w—¢

explicit form of the wave ¢ = \/wsech(y/wx).

-3-2-10‘ 123 x

To study the linear stability, we linearize around ¢, set ¢ = e~ (¢ (x) +u(x,t)) Then it follows

that
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we M (@ +u) +ie” M u — e M (" +uyy) — 2™ (% +2¢u) (¢ (x) +ii(—x,t)) = 0, and we obtain

the equation for a complex solution u(x,?),

WU+ iUy — Uy — 2¢)2ﬁ(—x,t) —4¢%u=0.

Take u = u1 + iup, and separate the real and imaginary parts,
w(uy 4 iup) +i(uy +iun); — (uy +ity) e — 202 (uy (—x,1) — iz (—x,1)) — 4¢% (uy +iup) = 0.

The resulting 2 x 2 system looks like:

wiy — (u2)r — (1) xx — 49%uy — 29%ur (—x,1) =0

wuy + (u1)r — (U2)xx — 4¢2u2 + 2¢2u2(—x,t) =0

We will introduce new variables in order to formally get rid of the nonlocality of this system.

Consider variables Uy, Vi, U, and V; as follows:

up(x,t) +uy(—x,1)

U= > , even in x,
t)— —X,1

Vv, = ul('x7 ) 2”1( X, )7 oddin x
t —X,t

U, = up(x,1) + up(—x, ), even in x

2

up(x,1) —up(—x,1)

Vo, = 2

, odd in x,

Further, u;(x,t) = Uy + Vi, up(x,t) = Uy + Vo, uj(—x,t) = Uy — Vi and up(—x,t) = Uy — V5. The

system becomes:

—~(Ua+V2) +w(Uy + Vi) = (Ur + V1) — 4902 (Uy + V1) —2¢%(U; — V1) =0

(U 4+ V)i +w(Uz +V2) — (Ua 4+ Va)xx — 402 (Uz + V) 4203 (Ur — V2) = 0

Since Uy, U, are even and V1, V, are odd, this can be written as a system of four equations:
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;

—(Up)s +wU; — (Uy)xx — 40Uy —20%U; =0
—(Vz), +wV) — (Vl)xx —4(])2‘/1 +2(])2V1 =0
(U1): +wUy — (Uz) o — 40%Up +2¢0%U, =0

(Vl); +wV, — (Vz)xx — 4(])2‘/2 — 2¢2V2 =0

\

or
(

(Uz), = —(Ul)xx+WU1 — 6¢2U1
(Vg)t =—-W )xx+WV1 — 2¢2V1
(Ul), = (UZ)xx —wlU, + 2¢2U2

V1) = (V2)ax —wV2 + 6¢2V2

\

for (U1,V1,Ua,V2) € L2 X L2434 X Lo X L244-

cven cven

Introduce the operators Ly = —dx, +w — 692, L_ = —dx, +w — 2¢* acting on H2, or H2,.
Then the system can be written in the form
U Ui
N S I
U U,
Vo Va
t
since
Ui —L_U, 00 -1 O Ly 0 0 O U
Vi | L2 B 00 0 -1 0 L. 0 O Vi
U> - L U, - 1 0 0 O 0 0 L- O U
Va L_V, 01 0 O 0 0 0 Ly Va
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00 -1 O L, 0 0 O

00 0 -1 0O L. 0 O
In here we use J = and L =

1 0 O 0 0O 0 L_ 0

01 O 0 0O 0 0 Ly

Since ¢ is a solution to (4.1.2), L_¢ = 0. Also ¢ = y/wsech(y/wx) does not have zeros. Using

Sturm-Liouville theory, we deduce that L_ > 0.

o5}

Again using (4.1.2) and differenting with respect to w on both sides, it follows that
2 dw

Li(=gy) =0 Thus (L3'9,0) = =35 0w]” = i

Further ¢” = w¢ —2¢>, by taking derivative on both sides, we have L, ¢’ =

wsech?(y/wx) dx = —T <0.

¢’ = —wtanh(y/wx)sech(y/wx), ¢’ =0 as x = 0, and ¢’ changes sign once. L. ¢ = —4¢3,
(L19.,9)

Using Sturm-Liouville theory again, L has a simple negative eigenvalue.

=—4[% ¢*dx<0.

L. 0 0 0 0 o’ 0 0

0O L. 0 O 0 0 0] 0
Ker(L) = Ker = ) ) )

0 0O L_ O 0 0 0 ()

0o 0 0 L, L\ o 0 0 0 /|

Then we have

(1) L, is defined on L?>(R) with domain H?(R), has a unique, simple negative eigenvalue whose
eigenfunction is even; zero is simple with associated eigenfunction ¢’, and the essential

spectrum is [w, o).

(2) L_ is defined on L*(R) with domain H?(R), has no negative eigenvalue ; zero is simple with

associated eigenfunction ¢, and the essential spectrum is [w, o).

(3) Jis bounded, invertible and skew-symmetric (J* = —J). In addition, J~! : Ker[L] — Ker|[L]*.

We will take advantage of a simple version of the index counting theorem:

Munstable (JL) +even number = n(L) — n(D).
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Then we need to compute n(D).

RS

Lfl

<L_1J_]¢17J_1¢1>
L*l]*l 7]71
Do ( $,J 1)
(L1 193,07 )
<L_1J_1¢47J_1¢1>
0
0
where ¢ =
0
¢/
L' o
o L~!
Dy =
0 0
0 0
L' o
0o L}
Dy, =
0 0
0 0
L' o
0o L~
D33 =
0 0
0 0
1
L' o
0 L~!
Dyy =
0 0
0 0

And D;j =0, where i # j,and i, j € {1,2,3,4}.

0

(L1 191,07 )
(L7 92,07 ¢2)
(L7137 3,07 1)
(L' 9,0 1)

(pl

0
0
0

S O

e~ e~
+L =) (e () +L

o o O

0

Ly

03 =

‘S;O

o O

o o o S

0

¢
0
0
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(LY e, 07s) (L1 1r,0 )
(L 0,07 03) (L7100, 0 )
(L77"¢3,07 9s) (L7 "63,07 u)
(L7114, 07 3) (L1 1y, 0 04)

0
0
NS
¢
0
0
q) >:<L:1¢,,¢/>>O
0
0
0
0
, >= (L~'¢',9") > 0.
_¢/
0
0
0
>:<L+1¢,¢> <0.
0
—¢

o o o S




Thus n(D) = 2 and n(L) = 2, nypsable (JL) = 0, thus the waves are spectrally stable.

We have the following result.

Theorem 4.1.1. The standing wave solutions e~™'\/wsech(\/wx) of the nonlocal NLS equation

(4.1.1) are spectrally stable.

4.2 Reverse time nonlocal NLS

In this section, we consider the following reverse time nonlocal NLS equation [2]
iqr (x,1) = quee(x,1) — 247 (x,0)q(x, —1), 4.2.1)
Consider the standing waves in the form g(x,t) = ™ ¢ (x), Thus ¢ satisfies the second order ODE
0" +wp—2¢>=0 (4.2.2)

Thus it can be multiplied on both sides by ¢’ to get ¢” ¢’ +w¢¢’ —2¢>¢’ = 0. Integrate once to
get 1(9/)2 + twe? — Lo* = 1A = ¢' = £1/9* — w2 + A, where A is a constant. In the special

case, by taking A = WTZ, we get the explicit form of the wave ¢ (x) = \/g tanh(\/gx).

y y=tanh x
________________ { j

To study the linear stability, we linearize around ¢. Set g = ™ (¢ (x) + u(x,t)).

Then it follows that —we™" (¢ 4-u) +ie™ u, — ™ (0" + ) +2e™ (¢ +20u) (¢ (x) +u(x, —t)) =0

and we obtain the equation for a complex solution u(x,?)

— WU+ U — Uyy + 2¢2u(x, —t)+ 4¢2u =0.

Let u = uy + iup and separate the real and imaginary parts,
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—w(uy +iup) +i(uy +iup)r — (g + iup)xx + 2¢2(u1(x, —t) +iuy(x,—t)) —|—4¢2(u1 +iup) =0.
The resulting 2 x 2 system looks like:

—wuy — (up); — (u1)xx +4¢0%u; +2¢0%u;(x,—1) =0

—wuy + (u); — (U2) xx +4¢)2u2 + 2¢2u2(x, —-1)=0

we introduce new variables to formally get rid of the nonlocality of the system, consider variables

Uy, Vi, Uy and V; as follows:

up(x,t) +uy(x,—t)

U = 5 , evenin ft,
t)— —t

Vi = (x,1) Zul(x’ ), odd in
t —t

U, = 2l )—|—2u2(x, ), even in ¢
t)— —t

y, = o) mwle =) g,

2

Further, u;(x,t) = Uy + Vi, up(x,t) = Uy + Vo, uy(x,—t) = Uy — V| and up(x,—t) = U — V5. The

system becomes

(Us +Va), +w(Uy + V1) + (U + V1) — 402Uy + V1) —20%(U; — V1) =0

(U + V1) —w(Ua + Vo) — (Uz + Va)xx + 492 (Us + V2) +2¢% (U, — V2) =0

Since Uy, U, are even and V7, V, are odd. This can be written as a system of four equations
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(Va)s +wVi + (V1) e — 402V +2¢0°V; =0

(Ul)t - WUZ - (U2)xx +4¢2U2 +2¢2U2 =0

(Vl )t —wV, — (VZ)xx +4¢2V2 — 2(])2‘/2 =0

which will become )

(U2)t = _(Ul)xx —wlU +6¢2U1
(V2)e = = (Vi)xx — V1 + 207V
(U1): = (U2)xx + WUz — 6¢2U2

V1) = (V2)x +wV2 — 202V,

\

cven

for (Uy,V1,Ua,V2) € L2 X L24q X Lien X L244-
Introduce the operators Ly = —dyx, — w+ 692, L_ = —dy, —w+ 2¢* acting on H2,, or H2,.

Then the system can be written in the form

U, —L. U, U U,

Vi —L_V, . Vi At Vi
= ,after transformations —e

U, L+ Uy U> U

%) L_V; Va Va

We have the eigenvalue problem

Vl 0 —L_ V2 V2 0 L_ Vl

or directly
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T U -2 0 U

Vi 0 -I? Vi

We obtain L%r U, = —A2U; and L%L Vi = —A2Vy, it follows that A is pure imaginary. So there are no
eigenvalues such that RA > 0. Hence the waves are stable in the sense that the eigenvalue is pure

imaginary.

Theorem 4.2.1. The standing wave solutions ™" \/g tanh( \/%x) of the reverse time nonlocal NLS

equation (4.2.1) are stable in the sense that the eigenvalue is pure imaginary.
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