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Abstract

This dissertation systematically considers the inference problem for stochastic differen-
tial equations (SDE) driven by fractional Brownian motion. For the volatility parame-
ter and Hurst parameter, the estimators are constructed using iterated power variations.
To prove the strong consistency and the central limit thoerems of the estimators, the
asymptotics of the power variatons are studied, which include the strong consistency,
central limit theorem, and the convergence rate for the iterated power variations of the
Skorohod integrals with respect to fractional Brownian motion. The iterated logarithm
law of the power variations of fractional Brownian motion is proved. The joint con-
vergence along different subsequence of power variations of Skorohod integrals is also
studied in order to derive the central limit theorem for the estimators.

Another important topic considered in this dissertation is the estimation of drift
parameters of the SDEs. A least squares estimator (LSE) is proposed and the strong
consistency is proved for the fractional Ornstein-Uhlenbeck process that is the solution
to the linear SDE. The fourth moment theorem is applied to obtain the central limit
theorems. Then the LSE is considered for the drift parameter of the multi-dimensional
nonlinear SDE. While proving the strong consistency of LSE, the regularity structure of
the SDE’s solution is explored and the maximal inequality for the Skorohod integrals is
derived. The main tools used in this research are Malliavin calculus and some Gaussian

analysis elements.
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Chapter 1

Introduction

Stochastic models have been widely used to describe various phenomena in many re-
search areas, such as physics, economics and finance etc. The important examples
include the semimartingale models that demonstrate the Markovian property. How-
ever, as the Hurst phenomena and the fractal property of financial market were discov-
ered, researchers began to widely investigate the non-Markovian models. The fractional
Brownian motion (fBm) and the stochastic processes driven by fBm are the essential

representatives. A typical model of great interest is
dX; = f(0,t,X,)dt + c,dB (0.1)

with initial condition X, € R, where B = {B t > 0} is a fractional Brownian (fBm)
motion of Hurst parameter H € (0,1). The volatility o; is a stochastic process with
B-Holder continuous trajectories, where § > 1 — H. Under this condition on o;, the
stochastic integral fé o,dB is well defined as a pathwise Riemann-Stieljes integral
(see, for instance, [41]).

There are different assumptions that are imposed on the drift funciton f such that

the above stochastic differential equation has a unique solution (see [32, [16] and the



reference therein). In the papaer [32], the drift function f is Lipschitz continuous and

satisfies a boundness condition, i.e.,

1f(0,t,x)— f(0,t,y)]| <Clx—y|,Vx, ye R, V¢t €[0,T]

and

f(0,t,x) <Clx|+ fo(t),vx e R,¥Yt €10,T].

In the paper [16], they consider the drift funciton f in the form of f(X;), and require
that f is one-sided dissipative Lipschitz and it has polynomial growth together with its

derivative, i.e.,

<x—y,f(x) _f(y)> < —L’X—y‘z, vxv Y
f[+[Df ()] < K(1+[x[7),

for some ¢ > 1 and a constant K > 0. In each chapter, we may clearly state the condi-
tions of f such that the stochastic differential equation has a unique solution.

Now we assume that one trajectory of the stochastic process X; has been obtained.
We are interested in the estimation of the parameters H, 6; and 0. It is worth mentioning
that the inference problem under multiple trajectories has been well established where
the law of large numbers could be applied. However, in real world usually there is only
one trajectory available, and this challenging problem is discussed in this thesis.

The statistical estimation of the integrated volatility has already been studied in
the recent decades. Barndorff-Nielsen et al ([4] - [S)]) studied estimation of volatility
for Brownian semimartingale and Brownian semi-stationary processes by using power,
bipower, or multipower variations. However, those results cannot be applied to the
fractional Ornstein-Uhlenbeck process due to its lack of the semimartingale property.

To tackle this difficulty, Berzin and Le6n use the regression models in the paper [7] to



estimate the volatility and the Hurst parameter. Some other researchers used quadratic
variations to estimate the Hurst parameter of the fBm. Interested readers are referred
to the papers [25, 23]. In this research work, we will apply general power variations
to estimate volatility and Hurst parameter. This will involve some research work on
the asymptotic behavior of power variations, which has been discussed by Nualart,
Corcuera and Woerner in the paper [15]. They studied the asymptotic behavior of the
power variation of the stochastic integral Z; = fé usdB? , which 1s defined as

[n1]

V2 = Y |Zijn = Zii—1yjul”
i=1

for any p > 0. They proved that if the process u = {u;, > 0} has finite g-variation on

any finite interval, for some ¢ < 1/(1 — H), then, as n — oo,
t
n_1+pHVI’,1(Z)t —>Cl,p/0 |us|Pds

uniformly in probability in any compact sets of 7, where ¢y, = E|B{I |P. The corre-
sponding central limit theorem was also obtained for H € (0, ?T] These results can be
applied to construct an estimator based on the power variation of fé oydB! to estimate
the integrated volatility | |os|Pds when H € (0, 3]. However, the condition H € (0, 3]
is critical in [15]. The first objective of this research is to remove this restriction. To

this end, we shall use higher order (or iterated) power variations defined as

k o k
ZZ)(_I) J(j)z(i—i-j—l)/n

j=

[nt]—k+1 p

Vi (Z) = ;

i=1

for any integer k > 1. In Section[3.1] we study the asymptotic behavior of these higher

order power variations of the general stochastic integral Z, = fot usdB! . The application



of these results to estimate the integrated volatility are presented in Section In

particular, when 6; = ¢ we can use

n_1+pHVkrfp(X)T

Ck’pT

67|" =

to estimate o, where ¢y, is a constant. The almost sure convergence and the central
limit theorems of the estimators for both the integrated volatility and the volatility itself
are established.

Another related problem of power variations is the convergence rate. We know that

as an immediate consequence of ergodic theory,

—Bia|P — E|By|?

i
n

[t}
—1+pH —1+pH
n”PIVI(B) =n7 TP Z{\B

1=

almost surely as n — co. The central limit theorem can be obtained by the Wiener
Chaos projection and Fourth moment theorem. However, it is unknown whether the
law of iterated logarithm exists, and the total variation distance between the power
variation sequence and its limit distribution is not known either. In this research, we
will investigate these problems thoroughly for the first time. We have discovered that, if
p > 3, the law of iterated logarithm is valid for all H € (0, 1) if iterated power variations
are used.

Based on the results on power variations, we develop the estimation method for the

Hurst parameter using change-of-frequency method. The estimator is proposed as

A 1 logV " (X); —log V" (X
B ,=—|1- 8Vip (X)r —log Ve, (X)r , t€][0,T],
Toop log A

where A > 1 is the scaling constant. We will prove the consistency and the central limit

theorem.



To estimate the drift parameter 8, We may assume that the Hurst parameter H and
the volatility o are known or have been estimated by the above methods. There have
been two popular types of estimators for this drift parameter. One is the maximum
likelihood estimator and the other one is the least square estimator. In the Brownian
motion case, they coincide, but for the fractional Ornstein-Uhlenbeck processes they
are different (see [20] and [24]).

For the linear SDE, also known as fractional Ornstein-Uhlenbeck processes, there
have been many results on this topic when H € [%, 1). Interested readers are referred
to the papers [[10} 20, 36, 21} 26, 22, 40, 9]. In the case of continuous observations,
Kleptsyna and Le Breton ([24]) studied the maximum likelihood estimator (MLE) and
proved the almost sure convergence. It is worth noting that Tudor and Viens ([38]]) have
also obtained the almost sure convergence of both the MLE and a version of the MLE
using discrete observations for all H € (0, 1). Bercu, Courtin and Savy proved in [6] the
central limit theorem for the MLE in the case of H > % They claimed without proof
that the above convergence is also valid for H € (0, 3).

On the other hand, Hu and Nualart ([20]) proposed the least square estimator and
another ergodic type estimator. They obtained almost sure convergence and the central
limit theorem for H € [1,2). Sottinen and Viitasaari derived a central limit theorem
and a Berry-Esseen bound for the ergodic type estimator when H € (0, 1) in a recently
published paper [36]]. However, they did not give an explicit expression for the limiting
variance.

Moreover, when H € (0,7) U[2, 1), the central limit theorems for the least square
estimator have not been known yet. One of the objectives in this thesis is to prove the
asymptotic consistency by using a new method, different from that in [20], which is

valid for all H € (0,1). This method involves the relationship between the divergence

and Stratonovich integrals and the integration by parts technique and it is based on the



pathwise properties of the fractional Ornstein-Uhlenbeck process established in a paper
[12] by Cheridito, Kawaguchi and Maejima. A central limit theorem for the least square
estimator will be established. We will make a comparison of the asymptotic variance for
these three estimators. We will use the ergodic-type estimator to construct a consistent
estimator for high frequency data (if only discrete observations are available). The
asymptotic behavior of this estimator in the discrete case is also studied.

For a general nonlinear SDE, let us first mention the paper [38] in which the maxi-
mum likelihood estimator is analyzed. The paper [2] is more related to our work, where
Neuenkirch and Tindel studied the discrete observation case and proved the strong con-

sistency of the following estimator

n—1 d
6, = argmin, ’%“%I;) Xt — X — f (X 0)0|* — ; |Gj’2a3H
- j=
when H > %, where o, =t —t;,_ satisfies that a,,n* converges to a constant as n — o
for some small & > 0. Their approach relies on Young’s inequality from the rough path
theory to handle Skorohod integrals, which cannot be applied for the case H € (0, %]
In this research, motivated by the parameter estimation, we contribute some stochas-
tic analysis results on the Skorohod integrals. Through Malliavin calculus and factor-
ization method, a maximum inequality for Skorohod integrals is developed. Moreover,
some useful results on the solution of stochastic differential equations with drift func-
tion in the form of —6 f(X;) are also derived, for example, the moment estimation and
the regularity analysis of the solution. These are important ingredients to prove the

strong consistency of the least squares estimator.



Chapter 2

Preliminary

2.1 Fractional Brownian motion

The fractional Brownian motion (fBm) B = {B¥ t ¢ R} with Hurst parameter H €
(0, 1) is a zero mean Gaussian process, defined on a complete probability space (Q,.Z, P),

with the following covariance function

1
E(B;'By") = Ru(t,5) = 2 (It + |s|*" — | —s"). (1.1)

This process is self-similar of order H > 0, that is, for any a > 0 the processes {Bg,t €

R} and {a"’BH ;¢ € R} are the same in law. From (I.T)), it is easy to see that
E|Bf —BH|)? = |r —s*!.

Then it follows from Kolmogorov’s continuity criterion that on any finite interval, al-

most surely all paths of fBm are o-Holder continuous with o < H. Denote by 17 the



a-Holder coefficient of fBm on the interval [0, 7], i.e

B — B
Nr= sup ————. (1.2)
t#s€[0,T) |t —s|

Clearly, E|n7|? = T4H~%)E|n,|4 for any g > 1, by the self-similarity property of fBm.

Let .# denote the o-field obtained from the completion of the o-field generated by
BH . Let & denote the space of all real valued step functions on R. The Hilbert space

is defined as the closure of & endowed with the inner product
<]l[a,b]7]l[c,d]>55 =E ((B{;] - BZI)(BSI - Bg)) :

Under the convention that 1y j = —1; g if £ <0, the mapping 11y — B can be ex-
tended to a linear isometry between $) and the Gaussian space .7 spanned by B. We

denote this isometry by $ > ¢ — B ().

If f,g € $ and g is a continuously differentiable function with compact support,
we can use step functions in & to approximate f and g and by a limiting argument we

deduce

(f.8 g—/ £(t) 8RH(t ORHE5) s (1.3)

(see [19]). We can also use Fourier transform to compute (f, g) s, namely,

85 = [ FrET@EI e, (1.4

CH

where cy = (W) (see [33]]). When H > 1/2, for any f,g € L'/H([0,T]),

if we extend f and g to be zero on RN [0, 7T]¢, then f, g € $ and we have the following



simple identity

Unsho=an [ 1)y dudy, (1.9

where oy = H(2H — 1).

Next we introduce the d-dimensional fBm B = {(B/,...,B%),t > 0} with Hurst
parameter H € (0, 1), which is a zero mean Gaussian process whose components are

independent and have the covariance function

. 1
mmmpmMmy:?mm+ww—mwmy (1.6)

fori=1,...,d.

Let &7 denote the set of R%-valued step functions on [0, ) with compact support.

The Hilbert space £ is defined as the closure of &¢ endowed with the inner product

(£7) (£#)

Then the mapping (ﬂ[om oo Loy d]) — Z?: 1 Bg ; can be extended to a linear isometry

d
((]1[0731],. . 1[075d])7 (]1[07“], e ]l[ovfd]»ﬁd =E = ZRH(S,',Z‘,') .
i=1

between $)¢ and the Gaussian space .7 spanned by B. We denote this isometry by
¢ € H? — B(9).

When H = 1, B is just a d-dimensional Brownian motion and $ = L*([0,0); RY).
When H € (3,1), let 1| be the linear space of R?-valued measurable functions @ on

[0,00) such that

d
101 = 0w Y. /[O SO0 s drds < e,
j=1710:



where oy = H(2H — 1). Then |$|? is a Banach space with the norm || - 157« and &4 is

dense in |$|“. Furthermore, for any ¢ € Lt ([0,00);RY), we have

ol < bu.all@|l (1.7)

LI ([002)RY)
for some constant by 4 > 0 (See [29]]). Thus, we have continuous embeddings

1

L ([0,00);R?) C |99]? C 67

for H > %

When H € (0, %), the covariance of the fBm B/ can be expressed as

SAt
MMQ:A Kot (s, u) Kyt (£, 1),

where Ky (2,s) is a square integrable kernel defined as

N

Kir(t,5) = di ((E)H" =9t -t [ vH3<v—s>H%dv) |

for 0 < s < t, with dy being a constant depending on H (see [29]). The kernel Ky

satisfies the following estimates

K (1,9)] < e (=)0 45773 (1.8)
and
‘%(r,s) <cy(t—s)13, (1.9)

10



for all s <t and for some constants ¢, c}l. Now we define a linear operator Ky from

&4 1o L2(]0,00); R?) as

Kn(@)6) = (Kn(T.9000)+ [ (00)-05) 52050t ) L), (110)

where the support of ¢ is included in [0, T]. One can show that this definition does not
depend on 7. Then the operator Ky can be extended to an isometry between the Hilbert
space ¢ and L2([0,0);RY) (see [29]), and if ¢ € $¢ has support in [0, T], then (1.10)

holds. For ¢ € $¢ with support in [0,T], we define

||¢Hi%, : / 10(r) )= I—HZH*I)dt

+/ </ 16(1) = 9(s)](t —5) —3dr)2ds.

By the estimates (1.8) and (1.9), there exists a constant C depending on H such that for

any ¢ € $¢ with support in [0, T],

19130 = 1K5 (0) 2 gty < CIO Ny (1.11)

2.2 Malliavin Calculus

We define two types of stochastic integrals: Stratonovich integral and divergence inte-
gral (Skorohod integral). Given a stochastic process {v(t), > 0} such that [j [v(s)|ds <
o a.s. for all > 0, the Stratonovich integral [jv(s)odB is defined as the following

limit in probability if it exists

t
lim [ v(s)B7%ds,

e—0.J0

11



<H.€ . . . . .
where BS 1S a Symmetnc approx1mat10n of Bg—l

BHe _ 1

- i(Bg—s _B?—8> .

Before we define the divergence integral, we present some background of Malliavin
calculus. For a smooth and cylindrical random variable F = f(B" (¢,),...,B"(¢,)),
with @; € $ and f € C;°(R") (f and all of its partial derivatives are bounded), we define

its Malliavin derivative as the §)-valued random variable given by

pr=Y L (). B (000
=1

By iteration, one can define the k-th derivative D*F as an element of L?(; ). For
any natural number k and any real number p > 1, we define the Sobolev space DX? as
the closure of the space of smooth and cylindrical random variables with respect to the

norm || - ||, defined by

k
IFII}, =E(F 1)+ Y E(ID'FIIL.)-
i=1

The divergence operator ¢ is defined as the adjoint of the derivative operator D in
the following manner. An element u € L2 (Q;$) belongs to the domain of §, denoted

by Dom 4, if there is a constant ¢, depending on u such that
[E(DF,u)5)| < cul[Fll2(q)

for any F € D', If u € Dom &, then the random variable & () is defined by the duality

relationship

E(F&(u)) = E((DF,u)5),

12



which holds for any F € D2 TIf u = {u,,t € [0, T]} is a stochastic process, whose trajec-
tories belong to $) almost surely (with the convention u, = 0if ¢ ¢ [0,7]) and u € Dom 6,
we make use of the notation [, u,dB” = &(u) and call §(u) the divergence integral of
u with respect to the fractional Brownian motion B on [0,T]. It is worth noting that
the divergence integral of fBm with respect to itself does not exist if H € (0, %) because
the paths of the fBm are too irregular (see [[13]). For this reason, in [13]] the authors in-
troduce an extended divergence integral 6* such that Dom 0* ﬂLZ(Q;f)) = Domé and
the extended divergence operator §* restricted to Dom § coincides with the divergence
operator. In a similar way we can introduce the iterated divergence operator 8* for each

integer k > 2, defined by the duality relationship
E(F&*(u)) = E (<DkF, 1) W) ,

for any F € Db2, where u € Dom 8% C LZ(Q;53®").

For any integer m > 1, we use " and $H®™ to denote the m-th tensor product
and the m-th symmetric tensor product of the Hilbert space §), respectively. We de-
note by .7, the closed linear subspace of L?(Q) generated by the random variables

{H, (B (¢)): ¢ € 9,||¢||ls = 1}, where H,, is the m-th Hermite polynomial defined

by

o

(=D" 2d” 2
Hy(x) = e gme m>1,

and Hy(x) = 1. The space /%, is called the Wiener chaos of order m. The m-th mul-
tiple integral of @ € H®™ is defined by the identity 7,,(¢) = 6™ (@), and in particular,
L,(¢®™) = H,,(B" (¢)) for any ¢ € $. The map I, provides a linear isometry between
$H™(equipped with the norm \/Lm—’H ||gem) and %, (equipped with L?(Q) norm) (see
[28], Theorem 2.7.7). By convention, .7 = R and Iy(x) = x.

13



The space L>(Q) can be decomposed into the infinite orthogonal sum of the spaces
Hym, which is known as the Wiener chaos expansion. Thus, any square integrable

random variable F € L?(Q) has the following expansion,

(o)

m=0

where fy = E(F), and f,,, € §™ are uniquely determined by F. We denote by J,, the
orthogonal projection onto the m-th Wiener chaos .77;,. This means that L, ( f,) = Ju(F)
for every m > 0.

For all # > 0 and F € L*(Q), we define the Ornstein-Uhlenbeck semigroup (P;);>0

as

P(F)= i e "I (F)eL}(Q).

m=0

Denote L = 4|,_oP, the infinitesimal generator of (P),;>9 on L*(u). Then we have

for any F € DomL (see [28]). We define the pseudo-inverse of L as

< ]
L'F=-Y —J,F.
m:lm

The following lemma establishes the relationship among P,,D,L~! (see [28])).

Lemma 2.2.1. Suppose F € D' and E(F) = 0. Then we have the identity

—DL7'F = / e 'P.DFdr .
0

14



Next, we define the derivative operator and its adjoint, the divergence with respect
to d-dimensional fractional Brownian motion. Consider a smooth and cylindrical ran-
dom variable of the form F = f(By,,...,B,,), where f € C;’(R?*") (f and its partial
derivatives are all bounded). We define its Malliavin derivative as the $9-valued ran-

dom variable given by DF = (D'F,...,D?F) whose jth component is given by
. " Jf
DSI,F — Z _j(Btl P 7B[n)]1[0,tj] (S).
i=1 axi

By iteration, one can define higher order derivatives D/1+/iF that take values on
(ﬁd )®i. For any natural number p and any real number ¢ > 1, we define the Sobolev
space D74 as the closure of the space of smooth and cylindrical random variables with

respect to the norm || - ||, 4 given by

q
2

D d ) )
IFIIf g =E(F|)+ ) E ( ) IID“""”’FII%W)@,)

i=1 jlv"'vjizl

Similarly, if W is a general Hilbert space, we can define the Sobolev space of W-valued
random variables D74(W).

For j =1,...,d, the adjoint of the Malliavin derivative operator D/, denoted as &8/,
is called the divergence operator or Skorohod integral (see [29]). A random element u
belongs to the domain of 8/, denoted as Dom(8/), if there exists a positive constant ¢,

depending only on u such that

[E(D'Fu)g)| < cul Fll2q)

15



for any F € D2, If u € Dom(§/), then the random variable &/(u) is defined by the
duality relationship

E <F6J(M)> = E(<DjF7u>fJ) )

for any F € D2, In a similar way, we can define the divergence operator on $3¢ and
we have 6 (u) = Z?:l 8/ (uj) foru= (uy,...,uy) € ﬂ?leom(Sj). We make use of the
notation & (u) = [, u;dB; and call &(u) the divergence integral of u with respect to the
fBm B.

For p > 1, as a consequence of Meyer’s inequality, the divergence operator 6 is

continuous from D!'?($?) into LP(Q), which means

E(I8(0)1?) < Cp (B(lull ) + E(1Dul250)) .

for some constant C,, depending on p.

2.3 Convergence results

Let {ex,k > 1} be a complete orthonormal system in the Hilbert space $). Given f €
HO" g e NP and p=1,...,nAm, the p-th contraction between f and g is the element

of HEM+1=2p) defined by

oo

f®]9g: Z <faei1®"'®eip>.6®p®<g7ei1®"'®eip>ﬁ®p'

if5ensip=1

The following result (known as the fourth moment theorem) provides necessary
and sufficient conditions for the convergence of some random variables to a normal

distribution (see [30, 31, 28]]).

16



Theorem 2.3.1. Let n > 2 be a fixed integer. Consider a collection of elements { fr,T >

0} such that fr € H°" for every T > 0. Assume further that

. 21 _ 1 | 2 g2
Jim B{, ()] = fim 1[5y = o

Then the following conditions are equivalent:
1. limy o E[L,(fr)* =302
2. Foreveryp=1,....n— 1, imr—e || f1 @p fT||5220-p) = O.

3. As T tends to infinity, the n-th multiple integrals {I,(fr),T > 0} converge in

distribution to a standard Gaussian random variable N(0,c?).

L*(Q)
4. |\ DU (fr))|l, =—— no™.

T—oo

Remark 2.3.2. The multidimensional version of the above theorem is also stated and

proved in [30, 28} 133]].
For the two real-valued random variables F and G, the total variation distance be-

tween the laws of F and G is defined by the quantity

dry(F,G) = sup |P(F cB)—P(GeB),
Be#A(R)

where the supremum is taken over Borel sets B of R. Then we have the following

bounds on normal approximation inside a Wiener chaos (see [28]).

Proposition 2.3.3. Let n > 2 be an integer, and Fr = I,,(f) be a multiple integral of or-

der n with IE(FTZ) = 1. Let N be arandom variable with the standard normal distribution.
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Then the total variation distance between Fr and N is bounded as follows.

1
drv(Fr,N) < 2\/Var (;||DFT||%) :

In the paper [30], Nualart and Ortiz-Lattore apply the fourth moment theorem to
establish the following weak convergence result for an arbitrary sequence of centered

square integrable random vectors.

Theorem 2.3.4. Let {Fi,k € N} be a sequence of d-dimensional centered square inte-

grable random vectors with the following Wiener chaos expansions:

Fe=Y JnFy.
m=1

Suppose that:
(i) limp—seo limsupy o Yoo ys E[[JnFi]?] = 0.
(ii) Foreverym>1,1<i,j <d, lim_,o E[(JF) (JuF)] = Cis.

(iii) Forall v e R, ) I vI Gy = v Cv, where C is a d x d symmetric nonnegative

definite matrix.

(iv) Forallm>1,1<i,j<d,

i J L*(Q) ij
(D(InFy), D(ImFy))s9 . mC, -

Then, Fj converges in distribution to the d-dimensional normal law N;(0,C) as k tends
to infinity.
Next let us recall the definition of the Rosenblatt process that will appear in the limit

theorems of the following chapters. Fix H > 3/4 and € [0, 1]. Consider the sequence

18



of functions of two variables

[2"1]
®2
5’”_2’121 (i—1)2-ni2-n] "

Through a direct computation using ((1.5)) one can show that this sequence is Cauchy in

$®2 and converges to distribution denoted by 0o, and defined by

(B0, f) /f s,8)d (3.1

for any test function f on R?. It turns out (see [27] for the proofs) that the sequence
12(5,,7;) converges in [? as n tends to infinity to the Rosenblatt random variable R, =
L(8,). For any f € L'/H(]0,1]?), we have the following formula, letting f equal to

zero on RZN10, 1]¢,

1
BR (1)) =2(800 Fg2 =26 [ dv [ fluni)lin =Pl
(3.2)
In the paper [3], the authors establish an explicit connection between Stein matrices

and the law of iterated logarithm, which is stated as the following proposition.

Proposition 2.3.5. Let X = {X,,,n > 1} be a sequence of centered random variables.

We assume that X satisfies the following conditions.

1. There exists a function & : N — R such that §(n) = &(n*L(n)) for some o €

(0, 1] where L satisfies limy_,o. L(ax)/L(x) = 1 for any a > 0, and for all n; < ny,

E(—an_X”l )2—1 < ¢
8(ny—ny) ~ 1+log(np —ny)’

where C > 0 is a constant independent of ny,n;.
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. . = N1
2. For every m € N, and every increasing sequence 7 = {n;}1<j<am = {[a®™)" ]}

where a > 1, > 0 and m, b € N, we define the vector R = (Ry,...,Ry) where

X,

X”Zi T AN

Rj= ot Tmai
" 8(ngi—noiy)

Then R admits a m x m Stein matrix T = (7).

3. There exists a > 1 such that for every a > 0, there exists a positive constant C

depending on a, & satisfying the following inequalities.

- C
Var(7;(R)) < , i=1,...,m,
( ! ( )) 1+10g(n2i—n2,-_1)

and
E(r(R)?) < ¢ it
: 1+ log(np; — noi—1)

4. There exist positive constants C, 0 such that for all r > 1, n < no,

1
_ v 0
(o (Jo ) ) €0
o(ny—ny) 1 +log(ny —np)

. . X}’l 7Xl’l
where 7 is the Stein factor of —2—=.
5(7[2 n])

Then
limsu z =1, a.s.
v \/262(n)loglogn
X,
liminf z =—1, as.

e /282(n)loglogn
We end this section by stating the following theorem proved in the paper [14] on
the asymptotic behavior of weighted random sums. It will be used in the next section

to prove the central limit theorem of the power variation of stochastic integrals.
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Theorem 2.3.6. Let (Q,.%,P) be a complete probability space. Fix a time interval
[0,T] and consider a double sequence of random variables & = {&; ,m € Z1,1 <i <
[mT|}. Assume the double sequence & satisfies the following hypotheses.

(H1) Denote g,(t) := Zz[fl] &im- The finite dimensional distributions of the sequence of
processes {gm(t),t € [0,T]} converges F -stably to those of {B(t),t € [0,T|} as m — oo,
where {B(t),t € [0,T]} is a standard Brownian motion independent of .7 .

(H2) & satisfies the tightness condition

4

k
Z gi,m

i=j+1

E

N
SC(E>
m

forany 1 < j <k <[mT].
If {f(t),t € [0,T]|} is an a—Holder continuous process with a > 1/2 and we set

Xn(t) := Zl[ztl} f(L)& . then we have the F-stable convergence

Xult) 2 [ £(s)dB(s),

m—yoo 0

in the Skorohod space 70, T).
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Chapter 3

Estimation for the volatility parameter and Hurst

parameter

3.1 Asymptotic behavior of power variations

We first recall the definition of p-variation. For any p > 0, the p-variation of a real-

valued function f on an interval [a, )] is defined as

17— s )

D=

var,(f;|a,b]) = sup,
p(filasb]) =sup (1

where the supremum runs over all partitions T ={a=1y <t; < --- <t, =b}. If fis
a-Holder continuous on the interval [a,b], o € (0, 1], then we set

1)~ F(s)]

Hf”oc ‘= SUPg<s<t<b |t _s|a

It is known that an o -Holder continuous function f on the interval [a, b] has finite 1/a-
variation on this interval. If f and g have finite p-variation and finite g-variation on the
interval [a,b| respectively and 1/p + 1/g > 1, the Riemann-Stieltjes integral fab fdg

exists (see Young [41]). By Young’s result, the stochastic integral fé ugdB is well
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defined as a pathwise Riemann-Stieltjes integral provided that the trajectories of the
process {u;,t > 0} have finite g-variation on any finite interval for some ¢ < 1/(1 —H).

Next we introduce high order power variations and prove some asymptotic results
for the high order power variations of stochastic integrals with respect to fBm. The
high order power variations will be used to construct estimators for Hurst parameter, the
volatility and the integrated volatility of some stochastic processes in the next sections.

Consider a sequence of random variables {X;_;,i > 1}. Denote the first order dif-
ference AX;_| = A1 X;_1 = X; — X;—1. Define the k-th order difference by induction as

follows ArX;—1 = A1 Xi — Ap_1X;—1 for k =2,3,..., namely,

k
_i(k
Ale',l = Z(—l)k J(j>Xi+jl-

Jj=0

Let BY = {BH t > 0} be a fBm with Hurst parameter H € (0,1). For any j > 0, we
can write down the covariance function of the k-th order difference of the sequences
{Bfl,n>0} and {B}, ;,n > 0} as follows

k
prnlh) =Bl e = 3 ¥ (-0 (2 =P

Since all the moments of a mean zero Gaussian can be expressed by its variance, we

see that the p-th moment of A;B is given by

2PPT((p+1)/2)

Ckp — E”AkBrI;”p] = F(l/Z)

[ow1(0)]P/2. (1.1)

Notice that the quantities py () and ¢ , are independent of n, due to the fact that the

fBm has stationary increments.
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From the fact that py g (j) = o(j*~2F) for j large it follows that
(
= oo whenk=1and 3 <H < 1,
i)PliH(j) < oo when k= 1 and when 0 < H < %,
=
< oo when k > 2.

Let p > 0 and let n > 1 be an integer. We define the k-th order p-variation of a

stochastic process Z = {Z;,r > 0} as

p
; (1.2)

[nt]—k+1 [nt]—k+1

Vi @i= ), IMZal = )

i=1 i=1

L0 (e

J=0

where we use the convention that the sum is zero if [nf] —k+1 < 1.
The following proposition shows the convergence of the k-th order p-variation for
stochastic integrals of fractional Brownian motion, extending a result in [[15] which is

valid when k = 1.

Theorem 3.1.1. Let k > 2 and let H € (0,1). Suppose that {u;,t € [0,T]} is a stochas-
tic process whose sample paths are Holder continuous with exponent a € (1 — H, 1.

Consider the pathwise Riemann-Stieltjes integral
!
z:/%wﬁ t €[0,T].
0
Then for any p > 0, as n — oo,
t
PRV (7)o /O lus|Pds (13)

almost surely, uniformly on [0,T], where c , is the constant introduced in .
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Proof. Denote by || - ||« the supremum norm on [0, T]. For any ¢ € [0,7] and any m >

n = 1, by the definition of V;" (Z);, we have

t
m*1+PHvkm (Z)— i /0 5| Pds

—k+1

p
— —]+pH Z ( AkZﬂ o

‘ wi ABY,
m m

)

[mt]karl » [nt]—k+1 p p
—|—m_1+pH< Z ML‘A]{B{L - Z Ui-1 Z AkBE >
i=1 " " i=1 " jen() "
—k+1 p [nt]—k+1 P
,1+pH Z Z AkBI_?—I‘ —ck,prfl Z Uit
JEL(i) " i=1 "
1[ } k+1
—i—c;w,( u,l /]us|pds
n
— A" 4B )+c§’ '+D", (1.4)

where I,(i) = {j: L1 e (CL I} 1 <i<[m]—k+1.
Because of the stationary property of the increments of B, the high order difference
sequence {AkB 1,J > 1} is stationary as well. Thus, for any fixed n € Nand 1 <i <

[nt] —k+ 1, we apply the ergodic theorem to obtain

P
m~ Py N ANBTL |~ — 0, (1.5)
JE() "
almost surely as m — oo. This implies
lim [|[C"™ .. =0 (1.6)

m—yoo

almost surely, for any fixed n > 1.
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In the following arguments, we will use the two elementary inequalities

ty+z? < 3<P—‘>*[|x|f’+ [P+ 127, (1.7)

5P =[y17] < (pV 1202 =yl ]3] 7D [ — | M) (1.8)

for any p > 0, and any x,y,z € R.

For the term B,("’m),
o < oty Y g =l | |suBcs
i=1jer,(i)’ "
nT] p
< —Z sup ’”ﬂlp_‘”s|p‘ ey Z ‘Akle
i= ISG(ZnI,#} " /eln
< C | ful? [l "),

where the last step we have used the result of (I.3) for the second factor for each fixed n,
and for the first factor, we have applied the inequlaity (1.8) and the the Hlder continuity
of u. Therefore,

lim lim |[B"™|.. =0, (1.9)

Nn—y00 M—» o0
almost surely.

The term Dt(") is the remainder of a Riemann sum approximation. For all p > 0, we

have

o] —k+1 | » i ¢
Dl = e e
i=1 " a =
1 ] k+1
S I O et [T
n: i—1 i n n
i=1 E( n’n
< O+ |l o) + C ]
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where in the last step we have used inequality (1.8)) and the Holder continuity of u.

Therefore,

lim [D™] =0, (1.10)
n—soo

almost surely.

It remains to deal with the term A, Using inequality 1} , We obtain

mt]+1—k
Y [z s A |
i:l m m m

[
|At(m)| < m—1+pH

[mt]+1—k

p
< (pV 1)2(P—2)+m—1+pH{ Z [AkZﬂ —ui A B,
=1 m m m
(p—1)" pAl
+ M%AkBgi AkZ%%——u%AkBgi }}
= (V2 [EL 0+ F 1), (1.1

First, we use mathematical induction on & to prove limy,; e HE,E";) ||« = 0, almost surely.

For k = 1, the result is true by the proof of Theorem 1 in [15]. Assume the convergence

holds true for k — 1. We can express E ,E"l? (¢) in the following way

[mt]+1—k P
B @ =m R el e e[

where

;111) = M1Zi —ui A B,
m m m

= A 1Zia —uiBY,
m m m
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and

q)l(3)—Ak 1BH( Ui+1 —U

m m

).

S~

Then, applying inequality (1.7) yields

[mt]+1—k

e Y (R )

IN

i=1

31 <2E() ()+m‘1+PH[mIHZIk|cI>(m)Ip>
k—1,p i,3 :

Choosing 0 < € < a+ H — 1, we can write

[mt]+1—k
m P Yo P < emPHopa =)y 2B
=1

for some constant C depending on 7', p, €, k and H. Using the induction hypothesis,
and taking into account that —a+ & < H — 1 < 0, we conclude that HE Hoo converges
to zero almost surely, as m tends to infinity.

Finally, the infinity norm of the term F") can be bounded by

_1\*+ _1
|F) o < Clla| &0 B =2 o= D = g

where again C is a constant depending on 7', p, m) ||l goes to 0

almost surely, as m — oo,
Thus, by (T.11)) we have ||[A")]|.. — O almost surely, as m — oo . The proposition
follows then from this convergence and the limits established in (I.6)), (I.9) and (1.10).
]
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Next we study the central limit theorem of (1.3). We will use the notation

S

[”Zi (pk,H(j)>m] 7 (1.12)

! =1\ (0)

3

=y
m=2

where ¢, = m!(pr,(0)) YE[H,,(N)|N|P] and N is a standard Gaussian random variable.
We shall first deal with the case of the fractional Brownian motion (Z; = Bfl ) and then

consider the general case of stochastic integrals.

Proposition 3.1.2. Fix a positive integer k > 2. Let H € (0,1), T > 0 and p > 0. Then

(B, v (n "8V (B), — iyt ) ) = (B viWh) (1.13)

in law in the space 2([0,T])? equipped with the Skorohod topology, where v; is defined
by (I1.12) and W = {W,,t € [0, T]} is a Brownian motion, independent of the fractional

Brownian motion B .

Proof. The proof will be completed in two steps.

Step 1: We show the convergence of the finite-dimensional distributions. Let the in-
tervals (a;,b;],l = 1,...,v, be pairwise disjoint in [0,T]. Define the random vectors
B=(BY —BY, ... B —BY)andX® = (x;",....x\"), where

ap e

_1 p
Xl(n):n 3+pH Z ‘AkBI;I;I —\/ﬁck’p|bl—al|,

jejnl

and ., = ([na;] —k+1,[nb;] —k+ 1], forI =1,...,v. We claim that

B,x") < (B,V), (1.14)

n—yoo
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where B,V are independent and V is a centered Gaussian vector, whose components
are independent and have variances v?|b; — a;|. Here v} is defined in (T.12).

Set §; = BY — B!’ | and h(x) = [x|" — ¢ . Then {§;, j > 1} is a stationary Gaussian
sequence. Introduce the random vectors B") = (Bgn)7 . 7Bg,")) and Y (") = (Yl(n), e Y\En)),
where

Bl(n) =nH Z i,

[na;) < j<[nb]

(n)
YW =— E h(Ac_1&)) 1<I<v.
l J/»
\/ﬁjeﬂnz

By the self-similarity property of fBm, the convergence of (1.14) will follow from the

convergence

B™, ") £, (B,V). (1.15)

n—oo

We are going to prove (I.15) by Theorem [2.3.4] Consider the normalized sequence

NG

>l (1.16)
Pr.#(0)

(n)

Since the function /(x) has Hermite rank 2, the term ¥, can be decomposed as

=Y 5" =Y Y HaN)),

m>2 m>2 \/ﬁ JEI

(n) (n)

where J,, ¥, is the projection of ¥, on the m-th Wiener chaos, and

e = MUE[Hy (V)1 /P (O)N)] = m!(py 11 (0)) ELHL (V) NT?)

with N being a standard Gaussian random variable. We have the following five state-

ments.
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@) lim,E[B)"B" | =E[(BY — B (Bl —BH)] forall 1 <h,I<v.

(ii) E(Bgln)JmYl(")) =0, for all 1 < h,l <v. This is clear because Bgln) € 74 and

JmYl(n) € I, withm > 2.

(iii) Forall 1 <[ <v, we have

o 2
limsup Y E[J,¥," %] = limsup Z S Y E[Hy(N:)Hon(N)]

n—eo Ml n—°  m—M+1 n L,jEI
bl — o [nb;]—[nay] N |m
< limsup [nb;] — [naj] Z 142 Z Pz (i) :
N300 n mete1 M Pi,r(0)

which equals the constant »; — a; multiplying the tail of v%, and it converges to 0

as M — oo,

(iv) Forall 1 <I[,h<v, we have

2
n n Cn
E(Wn?, "0t ) = Y Y E[Hu(N)Hu(N)].
jejnliejnh

As n — oo, this quantity converges to

Yin = Suc, (bl—al)ni [1+22<5,t520)> }

~—

(v) Foralll <I,h<v,wehave

2
(DI X" DYy g = Y Y Hyy (N Hy 1 (NE(NN;),

jejnl ietﬂnh
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which converges to mX;;, in L?(Q) as n goes to infinity. To show this, we explain

the details for / = h. The case [ # h can be treated in a similar way.

D53 = Z (N
lef,,l
2 [nby]—[na;]—1 .
c P ()
+2-1 H I(N)H 1(N‘+‘) ’ .
Denote §; = Y7 | Hy—1(Ni)Hpu—1(Ni+ J)g" E ; We can show that the sequence

¢; converges almost surely and in L?(Q) using the fact that
2
supE [‘Hmfl(Ni)Hmfl(Ni—ﬁ—j” ] < oo
J

and Y7 |Pr. ( 7)|? < . Meanwhile, since N; given by (T.T6) is stationary and

ergodic so is {{;,i > 1}. By the ergodic theorem, we have thus in L?(Q)

hm || DI Y ||)~j

= culbi—a) (E[H;iq(Nl)] +2;E[Hml(Nl)Hm1(N1+j)]gZ:ZE(J);> :

which equals mY;;, for [ = h.

These can be used to verify the conditions in Theorem [2.3.4]to obtain the convergence

(B™ y )y =~ f (B,V) and correspondingly the convergence (I.14)) stands true.
Step 2: Let
) [nt]—k+1
gn(t) =n" 2PN NGB P — ity - (1.17)
=1 "
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We need to show that the sequence of processes g, is tight in Z([0,T]). To this end we
want to prove E(|g,(r) — g.(5)|?|gn(t) — ga(r)|*) < C(t —5)? for any s < r < t. First,

let us compute E(|g, () — ga(s)|*) for s < ¢,

1 [ﬂl}—k 4
E(|gn(t) — gn(s)[*) = ;E< [ z]: h(ABT) + cx p([nt] — nt — [ns] +ns)> :
j=[ns]—k+1

Using the elementary inequality |a + b|* < 8(|a|* +|b|*), we can bound the right-hand

side of the above equation as follows

il ok nt] —nt — [ns] + ns)*
E(|ga(t) — ga(s)|) < %E(‘ HZ h(AkB?)r)—{—SCiPQ d tnz[ | +ns)
Jj=ns]—k+1
nt] = [ns])* 1 & nt] — nt — [ns] + ns)*
< KIW(ZO%H(J’))ZH%([ J fnz[ |+ ns)
iz
< cml=ls)® € (1.18)

I’l2 712 ’

where the second inequality follows from Proposition 4.2 in [37]. The constant K is
independent of n,t, s, but it may depend on the function 4 and the distribution of AkB? .

Now for s < r <t,ift —s > 1/n, applying the above inequality (I.18), we have

E(Ign(r) = gn($)[* +18n(t) — gn(r)*)
(1]~ ) €

I’l2 7’12 .

E(|gn(r) — gn(s)I*1gn(r) — u(r) )

IN

IN

C

Clearly, the right-hand side of the above inequality is at most C(¢ — s).

If 1 —s < 1/n, then either s and r or ¢ and r lie in the same subinterval ((j—1)/n, j/n]

for some j. It suffices to look at the former case. By (1.17)),

gn(r) = gn(s) = v/ncyp(s = r).
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Using this fact and applying Cauchy-Schwarz inequality, we obtain

E(gu(r) — 8a()lga(t) ~ga()?) = ncf,(r—5)Elgalr) — ga(r)
< nc (r—5)*\/Elgalt) — ga(r)|*

< C(r—s)?,

where in the last step we have used (T.18) for E|g,(t) — g,(r)|*. The desired tightness

property follows from Theorem 13.5 in [8]]. 0

Theorem 3.1.3. Let H € (0,1) and k > 2. Fix p > 0 and suppose u = {u;,t € [0,T]}
is a stochastic process with Holder continuous sample paths of order a > max(1 —
H, m) so that the pathwise Riemann-Stieltjes integral Z, = fot usdB is well-defined.

Then

1 t t
(B @) =i/ [ luslds) = (B2 [ ulraws),

in law in the space 9([0,T],R?) equipped with the Skorohod topology, where vy is de-
fined by (1.12), W = {W,,t € [0, T|} is a Brownian motion independent of the fractional

Brownian motion BY.

Proof. We start with the following decomposition of the concerned quantity

1
nf%JrPHanp(Z)t _Ck’p\/g/() |us|pdS
[nt]+1—k

+pH p P
= n:2 Z (AkZ@ —

H
n n

)

[nt]+1—k [nt]+1—k

p
(oot st -2 )
n ) j= n
1 [Vlt‘"l —k t
+ ¢k (— u —\/ﬁ/ |lu ]pds)
P \/— J; J 0 s
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— A" gy c. pC,(") :

Using the Holder continuity of u, we can show lim,, e ||| = 0 almost surely. The

fact that lim,,—c HA(”) ||.o = 0 almost surely can be proved by the same arguments as in

the proof of Theorem 3.1.1|under the condition a > 2( AT It remains to show that

———)vl/ |us|PdWs (1.19)

in the Skorohod topology of Z([0,T]). Denote

[nt]+1—k » [
H nt|
wi) = bR (At ] e,
+k—1 +k—2 1 P
Sjn = 8n<]T)—gn(]—)=n 2+”H’Ak8’}’nl ——\/’g,

Then B" = Z o H Flu uj/nP&jn. In order to finish the proof of (L.T9), we are going
to apply Theorem [2.3.6l We shall verify the hypotheses (H1) and (H2). By Propo-

sition [3.1.2 and its proof, (B, g,(t)) % (B, vW,), so the sequence of processes
n—roco

{gn(t),t € [0,T]} satisfies the hypothesis (H1). Using a similar argument as that for
(T.18)), namely by Proposition 4.2 in [37]] again, the family of random variables & sat-

isfies the tightness condition (H2). This concludes the proof of the theorem. [

Corollary 3.1.4. If a stochastic process {Y;,z € [0,T]} satisfies n=2+pH Vi,(¥)r =0
almost surely on [0,77] and if {Z;,r € [0,T]} satisfies the conditions of Theorem [3.1.3]

then

n—soo

_1 4 R t
(B, w3 PRV (Y 1 2), — ey p/n /0 lus|Pds) =2 (B v, /0 s |PAW,)
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in law in 2([0,T])? equipped with the Skorohod topology, where W = {W;,t € [0,T]}

is a Brownian motion independent of the fractional Brownian motion B

Remark 3.1.5. When k=1, Theorem[3.1.1] Proposition[3.1.2] Theorem[3.1.3]and Corol-
lary are proved in [14] and [15] for H € (0, %) We need to use higher order (k > 2)

power variations to estimate the volatility or integrated volatility for a general Hurst pa-

rameter case.

3.2 Convergence rate of power variations

Proposition 3.2.1. Let the intervals (a;,b;] be pairwise disjoint in [0,c), and denote
the intervals .%,; = ([na,], [nb;]], for j=1,...,v and v > 1. Define the random vector

y( = (Yl(”), .. ,Y\En)), where

m_ 1
"=—=3) h(N), 1<I<v, 2.1)
\/ﬁjefnl
where
V4
h(x) = (P, (0)) % [x]P — cx p, (2.2)
and
AyBY
Ny = L (2.3)
Pr.#(0)
Then we have the following results.
dry (Y, Z) < cptf=#+1y p=1/2 (2.4)
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where Z is multi-dimensional Gaussian with law N(0,X), and X is a v X v matrix with

components

Z,’j = V%|b,’ —a,-|5,-j = 61-25,']'.
In the following parts of this chapter, we will use the following notation.
p(j) =ENNjt1)
for the stationary sequence (N;) j>o. Clearly,

~ Pea() o
p(Jj) P (0) j :

Before we prove this proposition, we need the following two auxiliary lemmas.

Lemma 3.2.2. Let the sequence {Yj(n),n > 1} be defined by 2.1)). Then

E(r"Y{") = 807

as n — oo at the rate of n*¥1=*+1\/ n=1 where o; is defined in (2.3).
Proof. First we write

n n 1
B =~ ¥ ¥ E(hN)hN).
l]Efn,'benj

For i # j, we use Gebebein’s inequality,

(n)y,(n) 1 2 AH—4k+1 -1

E(Y. ) — — = .

(Y Y )< l E E p(lz ll) ﬁ(n Vn )
]Ezﬁ,,,'bG(ﬂnj
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E(r")?) = (ZE +2 Y E<h<Nh>h<Nb>>>

1€ Iy L<h€&Iy
2
= |bi—ai ( +2ZE (N1p)h sz))) = |bj —ai|vi,
at the rate of n=! v n*f=%+1 where N is standard Gaussian and (N1;,Ny;) is centered

Gaussian with covariance matrix

L p()
p(l) 1
0
Lemma 3.2.3. Denote
L= / / TR (N )R (N, PR (N )Pl (N )dsdt
and
L= / / TSR (N )W (N, PR (Ny, ) Psh” (N, )dsdt .
Then 1,1, € L"(Q) for any r > 0. Moreover,
BN < C(lp(lh = L)+ |p(h =) +[p(h — B)]), (2.7)
and
4
EL|<C Y p(li—1))]. (2.8)

i#j3i,j=1
Proof. Clearly I},I, € L"(Q) for any r > 0, because h”, i’ have finite moments. Since

P} (Ny,) is centered, using the identity Ph’'(N;,) = —8DL™ P’ (N,) and applying du-
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ality, we obtain

B = — /[0m)2e"_SIE(DL_lBh’(Nll),D(h”(le)h”(Nl4)Psh'(Nl3)>y3dsdt

=: I +hLix+1hs3,
where

Iy =— /[ . ™S (W' (Ny,) Pl (Ni, )" (Ny, ) (DL~ P, (N, ), DN, ) ) dsdit
0,00

Ip = — /[ . e "E (W' (Nyy) P (Niy )" Ny, )(DL™ ' P (N}, ),DNy,) ) dsdt ,
0,00 ]

s = — /[0 T (W (N (Ny) (DL R (Ny). DRI (N ) ) disr.

For the term [;, since P,i'(Ny,) is centered, we apply Lemma and use the semi-

group property of F; to obtain

I = / e ds
[0,0)
xE (h”(N,4)Psh’(Nl3)h’”(le) /[ . e_e_t(Png,Dh'(Nl]),DN12>5d0dt>
0,00

= p(li—bh) /[ m)Se*G*’E (K" (N, )P (N )R (N, ) Poh" (N,)) dsd@dt .

)

Using Cauchy-Swartz inequality and taking into account the fact that 4, 4", h"”" have

finite moments, we have

1| < Clp(h =)l

Similary, we deduce

12| < Clp(li —14)].
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For the term /13, we use the similar argument but also taking into account the relation-

ship DP; = e *PD. In this way,

I3=p( 1) /O Se’zs”’eE(h”(le)h”(N14)B+gh”(Nll)}’sh"(Nl3))dsdtd@.

(o]
I

Therefore,

13| < Clp(li = 13)].

This finishes the proof of (2.7).
The proof of (2.8) is similar after centering the function #”. Namely, denote M =
E(h"(N)) where N is standard Gaussian and /" = h"” — M. Then the term I, can be

written as

3
EL =) by,
i=1

where

by :=E / / 2 BH (NI (N, )P (N )P (N, )disdr
0 JO )
Ly :=ME / / e 2B (N (N, PR (N, )dsdt
0 Jo i

by = M? /0 /0 e 2 BE(H (N, (N,,))dsd

We use the similar arguments for the terms /1 and I»; as that for (2.7)), and obtain

4
b1 <CY p(h = 1)l \b2| < C(lp(ls—b)|+|p(l5—14)]).
i=2

Finally, applying Gebelein’s inequality to the term /53 yields

\h3| < Clp(ls —1)|.
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Proof of Proposition We first write

oo

v\ =1L 'y = §(—pL 'y ") = §¢( / e ' PDY " dr) = §(u"),
0

where

m 1 /°° —tp)
u ' =— e 'PH(N;j)o;dt,
l \/ﬁjezﬂnl 0 t JI]

with @; € $ satisfies || @ j||52,J = E|N;|2. To prove the thoerem, it suffices to prove (2.4),

for which we use Theorem 6.1.1 in [28] by verifying the following result,

n n 2 H —4k+ -
\/E (<DY1( ),ME )>55_5ij61‘2) = ﬁ(l’l4 4k 1\/I’l 1/2)
fori,j=1,...,v. Considering

E ((DYi(")auﬁ-"% - 6ij6i2)2

2
< 2var((DY",u{") ) +2 (E(Yi(")yj(”)) By ,-of) . (2.9)

and Lemma[3.2.2] we just need to study the first summand on the right-hand side of the

the above inequality. Observe that

Var((DY"), 1) ) = Var (1 Y Y - (N,) /”e-fp,h'avh)dr).
n LEIpj eI 0
(2.10)

By Poincare inequality,

2

Var((DY;" ")) <E

5 L X ety [ e DO/ EH (N

n
heInjbeIy

9
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By Lemma and the elementary inequality || X 4 Y||? < 2||X]||* +2||Y %,

n 2
Var(0Y " u)5) < 5 Y Y lp(b—1)p(l—)p(l— L)
ly,l3€ I ,la€ Iy

(lp(li—h)|+|p(h =) +|p(li — 1))
4

+lp(b—h)p(la—B)pL—1) Y, |p(li—1j)].

i#),i,j=1
We recall that the convolution for two sequences {u(!)};cz and {v(l)};cz is defined as
uxv(i—j) =Y egzu(i—1)v(j—1) whenever u(—I) = u(l) and v(—I) = v(l). Then we
expand the interval {/1,l3 € 7} U{lr,ls € Fyj} to be {l1,...,l4 € [0,[nby]]}. In this
case, by setting

Pn(1) = [P (D)1 <npy)s

and analyzing the summand in the above inequality one by one, and

Var((Dy",ul"5) < Z (P * Pu) n):
leZ leZ
+n2 Pn) * Pu) (1)
leZ
s 4o o O
= ;Hpn*(pn*pn)\lgl+;Hpn*an,gz+;H((pn*pn)pn)*pn\lel-

Applying Young’s convolution inequality yields

153 (Bu o)l < 52 o |Bullr Bl for 1/p-+1/r+1/r = 3
150 Pl < Il

[((Bn % Pn)Pn) * Pull ot < [|Pnllee |l o Bullerl|Palla for 1/a+1/b+1/r+1/g =3,

where for the third inequality we also apply Holder inequality to handle the norm of

(P * Pn)Pn- Notice that ||p2||p < CnPCH=2K+1/P)+ and ||p,||o < Cn2H=2k+1/7)+ for
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any p,r > 0, because of the fact p(I) ~ [?=2k Thus,
Var( <DYl(n) 7 ug”)>ﬁ) < CnSH—8k+2 v n—l )

Plugging this inequality into (2.9), we complete the proof.
]

Proposition 3.2.4. [Law of iterated logarithm for power variations of fBm] Let p €

{2} U[3,0) and k > 2. Define the sequence W,, as

[nt]—k+1 »
‘/Vn:ani1 Z ‘AkBE — Ckpt.
j=1 "
Then

. nW,
limsup —————==1

n—e /Cpnloglogn

W,

liminf——— " — ]

n—e  /Cpnloglogn B

almost surely.

Proof. 1t sufficies to use Proposition with the function 8(n) = \/n to prove the

law of iterated logarithm for the sequence

X, = Z ‘AkBj_1|p—Ck,p = Zh(Nj),
j=1 j=1

where N; is given by (Z.3) and the function h(x) is defined by (2.2). Clearly X, € L*(Q)

has Wiener chaos expansion as

n
Xo:=Y Y cmHn(Nj),

j=1m>2
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2
where ¢, = m!(| - |7, Hpu(-))12(4), With dpt = e” 2 dx. Moreover, the coefficients ¢,

2
satisfies ) ;7"} < oo,
m>2

Firstly, let v be defined by (T.12). For all n; < np € N,

2

X =X )

E
(nz—nl)vlz
L YL cncwB (HalN) ()
S — CmCm B (Hyy(Nj)Hyy (Np)) — 1
(nz_nl)vl2 Jl=n1+1mm'>2
1 np 2

= ——— Y LpU-)rr-i

(nz—nl)V12 Jl=ni+1m>2 m:

2 c2
- 2 L Yeur:

vl j>np—nym>2

Now we use the estimate p(j) = o(j2" %) to get
o T T S S I L
2 v? m! .
(I’l2 — nl)\/l 1 m>2 j>np—ny
C
< C(ng—my -2+ < 2.11
< Clm—m) - 1+10g(n2—n1)( )
Secondly, we consider the random vector ¥z = (Y1,...,Y;) where the component is
given by
Y = Koy — Xy Ci=1,....d.
\/ (n2i —noi—1) V3
We write
Y;=LL7'Y;=§(-DL'Y)) = 6(/ e 'PDY;dt) =: §(S;),
0
where
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1
S = / e PH (N, osdr
\/(nzl ) 1)\/1 jeﬂ

with @; € §) satisfies H([)JH% = E|N/|?, and the interval .%; = [n;_1 + 1,n].

Clearly, the vector Y5 admits the stein matrix as 7; ; = E((S;, DY})g|Ys). Next, we

calculate Var(7; ;(Yz)) as

Var(Ti,,'(Yﬁ)) < Var( <Si7 DYi>5’)>

1 o .
= —|%|264Var< ZZ’]/O e lP;h’(Nj)h’(Nl)p(]—l)dz> .
! JileJ

We use the similar argument as the one for (2.10) to obtain

C
Var(z (Y2)) = & e 4H —4k+1 < .
ar(7;,;(Yz)) ((n2i —nai1) )< 1 +log(ny; —noi—1)

Finally, denote the stein factor of Y7 as

T(YI)Z: T11(Y1)2<SI,DY1>ﬁ 62 Z / _tPh/ h/(Nl)p(]—l)dl

(n2_n1 JjleS

We have for an abitrary even natural number r,

~ =

(E[z(¥)) —E(z(r)|")7 < (r—1)2 (E[De(1)]5)"

Note that

1
<S———= Y, plhi—Wplz—h)p(—1)A(j,j2 1, k)
(n2 —m )264 Ji2.l,hed

2
1DT(M) |5
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where

A oot = |

€ BN (NGB (N R (N s
Therefore,

(Elz(11) —E(z(1))]")”

(¥

Juj2:l,h e

Q

—
S
[E—
N—

8=

1

1 B B B 2
( |mnw%*pww) -
ny —nj

1
2
plUr—h)p(2—h)p(lh— 11)||A(j1,j2711,lz)||L5(Q)>
Applying Young’s convolution inequality yields

(Elr(r) — E(rr))) < U

Lo ~ (ny — ny 3H-3+1

Taking into account the inequality 2.11) and E(z(Y;)) = E(Y?), we have

(Elz(r) —11)

~ =

- C(r—l)%
~ o?(1+log(ny—m))

H
As a by-product of the above Proposition and the proof of Theorem [3.1.1] we
obtain the convergence rate of the terms defined by (1.4)) as follows.

1C™)||.. = &((m/loglogm) ™~

7), HB("””)HOO — ﬁ(n*a(PAl)),
ID™ oo = & (n=P"D),

||A(’”)||oo — ﬁ(m*(P/\l)(“*S)),
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for any € € (0,H +a— 1). Correspondingly, we can get the rate of convergence for

(T.3), which is stated as the following proposition.

Proposition 3.2.5. Let the stochastic process Z; be defined by Theorem[3.1.1] i.e.
t
Z = / usdB?, 1 €0,T],
0

and the conditions of Theorem m hold and, in addition, a(p A1) > % and k > 2.
Then
t
n Y (7), ~ /0 lus|Pds = 6((n/loglogn) %), a.s..

3.3 Joint convergence along different subsequences of
power variations

For this topic, the paper [11] discussed the signed cubic variation of fBm. Here we
consider a general power variation of fBm. Fix a natural number A. Define KXi_ 2=
Xi _Xif), and ZkXi—l = Zk—IXi - Zk_ IXifl' Clearly when A = 1, Zk = Ak. Moreover,

we have

k

~ [k

AXi=Y (—1)f Z(Z>Xi+/u,
i=0

and correspondingly we obtain for every i, j € R,

. ~ QLA (KN (K . . pH
q’(h])::E(AkBiAkBj):—EZZ(—l) <Z)<Z,)|1+M—J—11 . 3.1

1=01'=0
The following lemma is a consequence of the properties of fBm.

Lemma 3.3.1. The function ®(i, j) has the following properties.

47



(1) Ve e R, ®(i,j) =P(i+c,j+c).
(2) @i, ) = P(j+k,i+Ak) = ®(j+k— Ak, ).

Lemma 3.3.2. The function ®(i, j) admits the following integral expression.

A A A
oij) = [ [T
! k 2

Jj+k Sk 52
/ / (tl —S1)2H_2kdsl---dskdt1---dtk,
j+k—1 Sk—l 52—1

foralli,j € R, where oy (H) = S((2H — 2k +2) -+ (2H))~.

Proof. Ttis trivial to see that the statement is valid for k = 1. Suppose it is true for k — 1.

Then
E(ABiAB;) = E ((Zk,lB,-H — A1 B (A1 B — A,HBJ)> .32

Note that

]E(Zk_]BH_AAk—lBj-H)

i+24 A t3+A
i+A 17 13
Jtk o sk 53
/ / . / (l‘z — S2)2H72k+2d.§2 cedspdty - - - diy
j+k*1 Skfl S371

i+A  rptA 3+
= ak—l(H>/ / /
1 17% 3

JHk sk %3 2H-2k+2
/ / (tz—f—)L—Sz) —ekr dsy---dspdty - - - dty, .
j+k*1 Skfl S371

We denote the region

D ={(t2, - 15,52, Sk 153 — 1 <5 <83, 85— 1 <sp—1 < g,

Jthk—l<sp<j+hkn<tr<ts+A, - fr <t <tr+Ai<t<i+A}.
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Then similarly we have
E(Zk_lBH_;LAk_lBj) = / (h+A—s+ 1)2H_2k+2dS2 ~-dspdty - - - dty
9

E(Ar_1BiAr_1Bj11) :/ (tr — 52)* 1 2dsy - dsydty -~ iy,
9
E(Zk,lBiAk,lBj) = / (thy—s2+ 1)2H_2k+2dS2 ceedspdty - dity .
9

Taking into account that

bh+A o
((2H—2k+2)(2H—2k+1))‘1/ / (ty — 51) 22 ds dr,
15 N

r—1
— (lg +A _s2)2H72k+2 _ (tz +A — s+ 1)2H72k+2

—(tp —$2) 22 4 (1 — sy - 1) 222

we finish the proof by plugging the above equations into (3.2). 0

Lemma 3.3.3. Fixa € Rand 2 <m €N, the series ¥ ;c7 |P(l,a)|" is absolutely con-

vergent. Moreover, we have the following estimate.

Y | (1,a)|" < CoA"PH 6],
1€Z[a—Ak, a+k)¢

1
forany 6 < —3.

Proof. We consider the case [ > a+ k first.

I+A  ret+A th+A
ola) = a) [ [T
l 1 %)
a+k Sk X%
/ / / (l‘l —S1)2H_2kdsl eedspdty - - - dty
at+k—1Js—1 sp—1

e ds" ---ds_.dsidt, ---dt,_.d
= (04 H/ / / / S1---dS;,_ KY [y t, t
HH) l a+k—1J[0,Ak=1 J[0,1]%-1 1 k—142k%H k—1%1k
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(fk—sk‘f‘f{+---+t,'€71—|—s’1+-..+s;€71)2H—2k7

where we have used the change of variables, t; —t, — ti,--- 1 — ek — t,’(_l and
Sy — 81— 8y, -+ Sk —Sk—1 — §;_;. Note that for negative numbers 6,ay,az,--- ,ax_1

satisfying 6 +ay - - - +a;_1 = 2H — 2k, we have the following inequality

(k= se 414+t 45+ s )%

< (=) () " (o)™ S (U =a— k)P ()™ - (g )™

Therefore,

|®(1,a)| < (I—a—k)PA2H =9

Similarly, when [ < a — Ak, we have
|®(l,a)| < (a—1— lk)elm’k’e )

]

Denote two intervals .#; = [1,[nf] —k+ 1] and % = [1, [Ant] — k+ 1]. Next we are

interested in the convergence of the random vector

(Y',y?): Z J_ Y h(N (3.3)

lEﬂ] 16/2

where the function £ is given by (2.2)), and

- ArBit - ArB j-1
N/g,l — nH—" 5 N]g,j — (ﬂ«l’l)H—M ;
Pr,r (0) Pr.r(0)
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are two standard Gaussian random variables for each i, j € Z. Then

E(NLNE ;) = prar(0) " A E(AB - 1)ABj—1) = s (0) ' A HD(Ai—2,j—1).
(3.4)

Theorem 3.3.4. Let k > 2. Let the random vector (Y',Y?) defined by (3.3)). Then
Y1 y?) - vw,

in law as n — o in the space 2(]0,T])? equipped with the Skorohod topology, where

1—v2p2 vi%p
o VhE

0 1

b

2 1
p=Y A3y (0" Y (- (k= 1)(A —1),0)",

m>2 """ I€Z
and vy is defined by (1.12), and W = {W;,t € [0,T]} is a standard two-dimensional

Brownian motion, independent of the fractional Brownian motion B.

Remark 3.3.5. By Lemma|3.3.3|

pl<cC Z il*%ﬁLmemkfmG’
o !

where 0 < —%. A sufficient condition for p being finite is that H < k+ 60 or H = %

Proof. Recall that the function 2(N) given by (2.2)) with N being standard Gaussian has

the Wiener Chaos expansion as

h(N) =Y cmHn(N).

m>2
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Due to the results of convergence and tightness proved in Theorem |[1.13] we need to

check the random vector (Y'!,¥?) converges to the centered Gaussian random vector

V2

. : P : .
with covariance | ' . Applying Proposition
2
p Vi

3.2.1

and its proof, we just need to

consider the limit of E(Y'Y?). Using Wiener chaos expansion, we first compute the

following quantity.

Nk

c2
E(nY'JnY?) =Y Y E(H,
\/_n ZEJ] ]sz
By setting [ = j —iA, we obtain
17 y2 < 1 N2
E(J,Y'J,Y?) = 2 Y Y E(NGNG )"

\/Q_an! €S jESH
2
Cm

l%+mHnm!pk7H (O)m i=1

i (ﬁ]g,]))

[nt]—k+1 [Ant]—k+1—iA

Y @Ai-Al+id-1)"

=1

—Ai

where in the second equality we have used (3.4). Now using Lemma [3.3.1] yields

E(JY 17, Y?)
c2 [nt]—k+1 [Ant]—k+1—iA
= = O(1—Ak+A+k—1,0)"
A2 H i py gy (0)™ g{ z;u
2 ([Ant]=k4+1-DA~" [Ant]—k+1-2

1
- 1 & n Z

)y

Ol —Ak+A+k—1,0)".

A2 H i oy g (0)™ i—(1—DA-1  1=1-A{[nt]—k+1)

From Lemma [3.3.3] we know that the series Y ;<7 ®(,0)" is absolutely convergent.

Thus we can compute

clt
lim E(J,,Y'J,Y?) = m O — Ak+A+k—1,0)".
o m m l%+mHm!pk,H( ) lg‘i
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The computation is complete by noting that p = ¥,,,55 limy_,ee E(J5Y 1Y ?). H

3.4 Estimation of the integrated volatility

We consider the stochastic process X; that satisfies
dX, = f(t,X;)dt + 0,dB , (4.1)

with initial condition Xy € R, where B = {B ¢t > 0} is a fractional Brownian (fBm)
motion of Hurst parameter H € (0, 1), the volatility o; is a stochastic process with
B-Hoélder continuous trajectories, where f > 1 — H. Under this condition on o;, the
stochastic integral fé oy,dBY is well defined as a pathwise Riemann-Stieljes integral
(see, for instance, [41]). The drift function f(z,X;) is Lipschitz continuous and satisifes

a boundness conditon, i.e.,
|f<l’,)€) _f(l7y)’ < C|X—y|, an)’ € R7Vt € [OuT]

and

F(t.%) < Clxl + folt), ¥x € R, Ve € 0,7

Under these assumptions, the above stochastic differential equation has a unique solu-
tion (see [32]]). As a consequence of Proposition [3.2.5] Theorem [3.1.3] Corollary 3.1.4]
and Proposition we have the following convergence rate for the power variations

of the solution X; to the SDE (4.1)).

Theorem 3.4.1. Let X; satisfy (0.1), where the sample path of ©; is Holder continuous
of exponent a > max (1 —H, m) Assume k> 2 and p € {2} U[3,00). We have the

following results.
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1. We have the convergence rate for the power variation of X;.

D=

t
n_1+pHVkrfp(X)t_Ck,p/0 |us|PdS:ﬁ((n/]0glogn)_ ), a.s..

2. The following central limit theorem holds true.

t t
\/ﬁ(nlerHVk’fp(X)z—Ck,p/o ’Gs‘pd5> £>Vl/o |o|PdWs,  asn— oo,

in law in 2([0,T]) equipped with the Skorohod topology, where v| is defined
by (1.12) and W = {W,,t € [0,T|} is a Brownian motion, independent of the

fractional Brownian motion B.

Assume we observe one trajectory of X. Now we are interested to estimate the
integrated volatility [ |o;|”ds. Motivated by Theorem 3.1.3} we construct the k™ order
power variation estimator PV ,(X), for the integrated volatility J; |o;|Pds as follows

—14+pH
n~!tp Vi, (X):

ka7p(X)l = x , L€ [OvT]7 (42)
’p

where the k" order power variation Vit ,(X): is given by (1.2), and the normalizing
constant ¢ , is given by (1.1). For this estimator we have the following asymptotic

consistency and the central limit theorem.

Theorem 3.4.2. Let X; satisfy (4.1)), where the sample path of o; is Holder continuous

of exponent a > max(1 — H, W) Assume k > 2 and p > % Then the estimator

PVi p(X); defined by (.2) converges in probability to o |os|Pds uniformly on any com-

pact interval [0,T). Furthermore, the following central limit theorem holds true.

t t
ﬁ(kaJ,(x)t— / \Gs|pds> ENi / |Gy [PAW,, s n — oo,
0 C/(’p 0
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in law in 2([0,T]) equipped with the Skorohod topology, where v is defined by (1.12)
and W = {W;,t € [0,T|} is a Brownian motion, independent of the fractional Brownian

motion B,

Proof. By assumption, the stochastic process o; has Holder continuous trajectories of
order a > 1 — H. Then the stochastic process X; has Holder continuous trajectories as
well. Write X; = Xo +Y; + fé oydB!, where Y, = —0 fé X,ds. It is easy to check that

n~1/2+pH Vi, (Y): — 0 almost surely on [0,7]. The theorem follows from Theorem

3.1.1) Theorem|(3.1.3| and Corollary(3.1.4 L]
y

When o; = o is time independent, Theorem gives the following result.

Proposition 3.4.3. Letk >2and p > % Then the estimator PV} ,(X ), converges almost

surely to |o|Pt uniformly on any compact interval [0, 7|. Furthermore,

v vi|ol|P
VPV (X)) L 1Ly,
Ck.p
as n — oo in law in Z([0,T]) equipped with the Skorohod topology, where v, is given

by (1.12) and W; is a Brownian motion independent of the fractional Brownian motion

B,
This proposition gives another estimator for |G|:

fl+pan X

A n kp( )T

6, = : . 4.3
67l ckpT 43

It is easy to see that Theorem and Proposition yield the following result.

Proposition 3.4.4. When H € (0, 43'1)’ set k> 1. When H € [43‘17 1), set k > 2. Assume

p > 3. Then, the estimator |6,|P defined by [@-3) converges almost surely to |o/|”.
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Furthermore, v/n(|6,|? —|o|?) 2N (0,v2) as n — oo, where the asymptotic variance

v is given by

21’F

R

+

'ﬁ NI»—‘
[\)

[

Z miE*(H,

N)INJP) [sz (pkH( J)

Here N is a standard Gaussian random variable.

Pr,r (0)

)m:| ‘G‘zp
T

(4.4)

Usually the variance in (#.4) is complicated to compute. When p = 2, we compute

the normalized asymptotic variance of v ‘

_T_
ol

Table 1: Normalized Asymptotic variance v |2p (when p =2)
k

H 1 2 3 4 5
0.1 2.7283 3.7127 4.4814 5.1354 5.7147
0.3 | 2.2504 3.3539 4.1909 4.8855 5.4924
0.5 | 2.0000 3.0000 3.8889 4.6200 5.2531
0.6 | 2.1639 2.8308 3.7364 4.4830 5.1282
0.7 3.6088 2.6704 3.5846 4.3443 5.0005
0.8 - 2.5215 3.4348 4.2047 4.8707
0.9 - 2.3872 3.2884 4.0651 4.7393

for some H and £ in the following Table.

We see that when H is small (for example when H < 0.6), it is more efficient to

use the first order power variation than the higher order ones.

However, when H is

large (for example when H > %), the central limit theorem of the first order power

variation does not hold, but we always have the central limit theorem for the second

order power variation. As long as the central limit theorem of the power variation

holds, it is preferable to use the lowest order.
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3.5 Estimation for Hurst parameter

In this section, we consider the estimation for Hurst parameter in the SDE (4.1)).

Let A > 1 be the scaling parameter. Introduce the statistics S, as

[Ant]—k+1 p

I/ S L

S =
At Vk'fp (X); Zl[r;t}]karl ) AKX

7

Then we propose the estimator for the Hurst parameter H as follows

A 1 logS) .
H =—(1—-—>]. 5.1
)L,i’l,l p ( logl ( )

Theorem 3.5.1. Let H) ,,, be defined by (5.1)). Then H,, ,,, — H almost surely as n — oo,

for all & > 1, for any t € [0,T]. Moreover; |H) ,, —H| = ﬁ((n/loglogn)’%), and

Vn (I—AI ang —H ) converges in law to the normal distribution with mean 0 and variance

2(v3 — !
- (2] [p) 2/ |Gs|2pds.
p*(logA)* (Jo |os|Pds)™ /0

Proof. Denote

t
oy = n71+pHVkrfp<X)ta Bn = (A'n)71+pHVkA,1’:<X)ta Y= Ck,P/O ’Gs‘pds'

Since o, — ¥ and 3, — ¥ almost surely, g—’:l — 1 as n — oo by Theorem [3.4.1} Note that

& — ;Lfl+pHS
o,

’n’t :

Therefore,
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almost surely as n — co. Note that

1
|log B, —logy| = %|Bn_l|7

1

for some y* between 3, and ¥, so log B, —logy= &' ((n/loglogn)~2). This is valid for

log o, —logy as well. Taking into account

R 1
\Hy e —H| = m’(logﬁn —logy) — (log &, —logy)|,

1

we have |Hj ,, — H| = O((n/loglogn)~2). We use a ~ b to denote that a and b have

the same asymptotic distribution.

VnplogA (Hy, ., —H) ~ +/n(logay, —logy) —+/n(logB, —log?y)
Y =)~ Y B )

ot B

From Theorem [3.3.4, we see that the random vector v/n(a, — ¥, B, — ¥) converges

in law to the centered normal distribution with covariance

2
t vi P
/ ’GS|2pdS :
0 2
p Vi

Therefore, \/nplog A (ﬁ Ane—H ) converges in law to the normal distribution

1 t
NO. (vt~ 2p) /) 6,27 ds).
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Chapter 4

Drift parameter estimation for linear stochastic

differential equations

In this chapter we consider the fractional Ornstein-Uhlenbeck process defined as the

unique pathwise solution to the stochastic differential equation
dX; = —0X,dt + cdB (0.1)

with initial condition Xy € R, where B = {B ¢t > 0} is a fractional Brownian (fBm)
motion of Hurst parameter H € (0, 1), 0 is a positive parameter and the volatility > 0
is a constant. The above stochastic differential equation has a unique solution.

Assume that the parameters 0 > 0 is unknown and that the process can be observed
continuously or at discrete time instants. We want to estimate the drift parameter 0 for
any H € (0,1). We assume that the Hurst parameter H and the volatility o are known
and we want to estimate the drift parameter 6. There have been two popular types of
estimators for this drift parameter. One is the maximum likelihood estimator and the
other one is the least square estimator. In the Brownian motion case, they coincide, but
for the fractional Ornstein-Uhlenbeck processes they are different (see [20] and [24]).

A summary of some relevant results are presented below.
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(i) In the case of continuous observations, Kleptsyna and Le Breton ([24]) studied the

maximum likelihood estimator (MLE) which is defined by

e =~ { [ Py}

-1

/ " 0(s)dz,,

where

o) = /kHtsts Zt—/kHtsts,

awl!
kg (t,s) = Kgls%_H(t - s)%_H and w = A;'1>72H with constants ky and Ay
depending on H. They proved the almost sure convergence of Gy x to 8 as T
tends to infinity. It is worth noting that Tudor and Viens ([38]) have also obtained
the almost sure convergence of both the MLE and a version of the MLE using
discrete observations for all H € (0,1). Bercu, Courtin and Savy proved in [6]

the following central limit theorem for the MLE in the case of H > %:
VT (Byre —0) Ti> N(0,26).
—>00

They claimed without proof that the above convergence is also valid for H €
(0, )-

(ii) Hu and Nualart ([20]) proposed the least square estimator defined by

o _ o XedX . _Jo XidBY!

— o , (0.2)
L X2dt ) X2dt

where the integral with respect to BY is interpreted in the Skorohod sense. They

also introduced another estimator 67 based on the ergodic theorem given by

_ L
2H

X2dt . (0.3)

or (o .
T = \G2ZHT 2HT
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Almost sure convergence and central limit theorems for these two estimators have
been proved for H € [§,3).

1
2

However, when H € (0,3)U[2,1), the central limit theorems for the least square
estimator 87 have not been known yet. The first objective of this chapter is to prove the
asymptotic consistency of o7 by using a new method, different from that in [20], which
is valid for all H € (0, 1). This method involves the relationship between the divergence
and Stratonovich integrals and the integration by parts technique and it is based on
the pathwise properties of the fractional Ornstein-Uhlenbeck process established in a
paper [12] by Cheridito, Kawaguchi and Maejima. The next and the main objective
of this chapter is to establish a central limit theorem for the least square estimator Or
for H € (0, %) and a noncentral limit theorem for H € [%, 1). In the later case, we can

identify the limit as a Rosenblatt random variable. We will make a comparison of the

asymptotic variance for these three estimators and show that the least square estimator

1
)

performs better than the maximum likelihood estimator when H € (0, 5). Since the
ergodic-type estimator Or is a function of a pathwise Riemann integral that appears
simpler than the other two estimators, we will use 5T to construct a consistent estimator
6, for high frequency data (if only discrete observations are available). The asymptotic
behavior of 8, in this case is also studied in this paper. The proofs of our results are
highly technical and rely on some sophisticated computation, which we shall put in the

last section of this chapter.

4.1 Lease squares estimator
We shall focus on the least square estimator as introduced in [20]:

T T
5. _Jo XdX _ o [y X,dB}!

_ : (1.1)
Jo X?dt Jo XPdt
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where dB! denotes the divergence integral. In the paper [20], the almost sure con-
vergence of O to 8 is proved for H > % and the central limit theorem is obtained for
H e [%, %) In this paper, we shall extend these results for a general Hurst parameter
H € (0,1). In addition, we shall also consider a simulation friendly estimator: ergodic
type estimator.

To simplify notation, we assume Xy = 0. In this case the solution to (0.1)) is given

by
t
X, =0 / e 0U=s)gBH (1.2)
0

Theorem 4.1.1. For H € (0,1), 7 — 0 a.s. as T — oo

Proof. Using integration by parts, we can write
t t
X,=oc / e 0=9)gpH o(B{’ —6 / B e_e(t_s)ds> . (1.3)
0 0

Since X; is in the first Wiener chaos, we have the relationship between the divergence

integral and the Stratonovich integral as

T T
/ X,dBf':/ X, 0dB —4(T), (1.4)
0 0

where ((T) =E fOT X, odBH . Using (I.3), £(T) can be computed as follows

T t
UT) = oF / (B -0 / BH =005 g5) 0 B!

H pH
_ T2H e// aEBtB ) dsdr
- %TZH—m(T) (1.5)
where
HGG/ / (2H (1 — 2PN\ dsdr,
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Making the substitutions  —s — u, s — v and then integrating first in the variable v
yield

c _ 1 _
m(T):EygTT2H+oe 2H 9¥+1(H—§)—TH691 2H2H (1.6)

In the above equation, we use the notation Y% = OT e*x%1dx. Observe that V5

converges to I['(ct) exponentially fast as T — oo. Then clearly we have
lim 7-'6(T) = lim T~ (272 —m(T)) = HoO' 2T (2H).  (1.7)
T —oo T—oo 2
On the other hand, we have
T T X2 T
0'/ X, 0 dB"! :/ X, 0 (dX, + 0X,dr) = 7T+9/ X2d. (1.8)
0 0 0

Combining (1.4) and (I.8)) we obtain

T X2 T
G/ X,dBH = 7T+9/ X2dt —ol(T). (1.9)
0 0

X2
From Lemma 4.5.6, we see lim —- = 0. Therefore, by Lemma [4.5.7, (I.7), and

T —oo
(1.9), we have

T
lim T—lo/ X,dB? =0.
0

T—oo

Asa consequence,

(9_ GfOTX,dB{{> i

lim 67 = lim
Jo X2dt

T—roo T—ro0

The next theorem shows the asymptotic laws for the least square estimator Or.
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Theorem 4.1.2. As T — oo, the following convergence results hold true.

(i) For H € (0,3), VT (67— 6) 5 N(0,002), where

(

20 (2—4H)T(4H) 1
(4H—1)+m whenHE((),E),
o =
(3—4H)I'(4H—1) 13
\(4H_1)|:1+W whenHE[Q,Z).
T .
(i) For H=3, VT (6r —0) Z N(0,477'0).
log(T)
. & _92H—1
(iii) ForH € (3,1), T?>72H (67— 0) = WRI’ where Ry = I,(89,1) is the Rosen-

blatt random variable and & ; is the Dirac-type distribution defined in (3.1)).

Remark 4.1.3. It is interesting to note that when H € (0, 3), by the fact lim,_,2I'(z) =
1, we have

lim o7 =2
H—1"

which is consistent with 613 =2ifH = % Moreover, we also see that limg_,q GI%, =0.

Proof. The case H € [% ) was proved in [20]. We shall use Malliavin calculus to

1).

-Jklw

FNTN

prove the theorem for H € (0,1) U]

Step 1: We use Theorem to prove the central limit theorem when H € (0, %) By
(L.1) and (I.2)), we can write our target quantity as
S (e OBl an!

ey o
VT (6p —6) = T 1.10
(=9 X2 T Txaagr
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where

T T
FT:/O /0 e O=slaptapH (1.11)

We introduce the function

|
f(s,t):ﬁe O~ 7o (1.12)
Then ﬁFT = L(f) is in the second Wiener chaos. Our main objective is to use
1
Theorem [2.3.1| to obtain the central limit theorem for the term ﬁFT and then we

apply Lemma[4.5.7)and Slutsky’s theorem for (I.10) to obtain the central limit theorem
of éT. First of all, let us check the variance assumption in Theorem m By the
isometry between the Hilbert space $®2 and the second chaos .73, we have

1 2 Glsi—n| —0ls2—
E(?FT>:T<6 [s1=1] p=0ls2 t2‘>.6®.6-

To compute the above norm, we shall use the definition of the tensor product space

where the norm in the Hilbert space § is defined by (1.3)), namely,

1 2 de 01—l ge—blsa—no 8RH(s1 Sz) 8RH(t1 l‘z)
E(=-F?)== ’ "2 dsydsdtdty .
(T T) T Jore  on ds ds1 o, redndn

(1.13)
By Equation (5.23) in Lemma we have

2r(2— 4H)F(4H)>

lim E (%FTZ) = 4H260' T2 ((4H — 1) + N —2H)

T—roo

(1.14)
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Next, let us check the second condition in Theorem Without loss of generality

we can assume 0 = 1. The first contraction of the kernel f is

1
(Fo1)(s:0) = (e ()™ Mo ())s- (1.15)

We want to prove that the norm of the above function in the Hilbert space $%2 goes to

0 as T — oo. Using the identity (I.4)), we rewrite

Gerfsn = o [ ﬁ(e-"-sllw-))(é)ﬁ( T (DE)IEN e

Tcy JR

iT(&— n)d
B TCH/ /1+n2 5 n) n)
T(E-1)
d I 172Hd )
/Hn,z ey Il a

Observe that the function f ® f is the inverse Fourier transformation of the following

function

o iT(E+s) T (E-
h(SJ):Ti%/R<1—iS2.1 i(E+5) ><1it2'1—i(5 ) >‘5|1 g

By the Parseval’s identity, the norm of the function f ®; f in the space $®? can be

computed as

1 _ -
Ir@i sl = = [ a2 dndn
H

C m,l—ZH m/‘l—ZH
ﬁ/Rz 1+n* 1+n4
/ |etT€ n) 1||eiT€ n')
1€ —n & —n'l

IN

(1.16)

—1
)" ag ) anan’.

(1.17)
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Now our task is to show the right-hand side of the above inequality goes to 0 as T — oo.
This can be achieved by studying the asymptotic behavior of the multiple integral in

(L.17), which is denoted by /. Making a change of variable & — x+ 7 yields

|n|172H|n/|172H |esz 1||esz+n n') _ |
Jre 14n* 14 /‘ e+n—n'|

2
1-2H |,/|1-2H iTx _ 1| | Tx+n-1") _q
Sz/ |n| I ’n| T / ‘e 5i7 He - ’dx dnd,n/
R 1+n* 147 R |x] [x+1—n’l
2
3—6H |4/|1—2H iTx iT (x+
1 n-n')
R 1+n* 147 et — n|
Making another change of variable n’ — 1 —y, we can write
. 2
1-2H 1-2H iTx iT (x+y) _
1 1
cof Myl T e i) dndy
R 1+n* 1+ (n—y)* x| e+ |

2
+2/ |77|3 6H |n y|1 —2H / |esz 1| |esz+y |dx dndy
R 140t 1+ (n—y)* [+

= 2(11 +12).

2
lx+ nIIZde> dndn’

For the term I, taking into account that

’3 6H m y|1 —2H

M :=sup n

2dn < oo,
yerJR 14+1* 14 (n—y) M

W€ S€€

2
elT)C 1 elT x+y
/< /\ ] - !dx) dy = M = 1 o
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‘eiTx_ ‘

where f(x) = K 1. By Young’s inequality

. 3 3
iTx _ 4/3 4/3
4 ’e 1’ ‘6 1’
L < MHf||L4/3(R) =M </R ]x]4/3 ) (/ \x|4/3 =CT.

n|'= n—y|'#
1+n* 14+(n—y)*

and has a bounded density with respect to the Lebesgue measure. Consider the function

Now we consider the term /;. The measure p(dy) = [p | dn is finite

|eth

glx) = HZH‘ For any p > 2,

I =|If *8llf2g py < CLIf * &l Tr ) < Collf *&ll7nm)

Let p also satisfy p > % and for such p we can choose o and B such that o > 1,

2HB > 1 and é—i—% =1+ Il). Then by Young’s inequality
I < Cz||f||ia(m)||8||iﬁ(
2
o / |elTx / |esz 1|ﬁ B
IX|°‘ pEs '

2
A change of variable x — y/T tells us that I; < C T*~5 . From (1.17), we obtain
_ _n_2
If @1 e < TV, (1.18)

and this goes to 0 as T tends to infinity. By Theorem [2.3.1} as T goes to infinity, the
term ﬁFT converges in distribution to a centered Gaussian random variable with vari-
ance given by (1.14). Applying Slutsky’s theorem and Lemma from Appendix to

the equation (T:T0), we finish the proof of the theorem for H € (0, 7).
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Step 2: Case H = %. First note that Lemma in the Appendix gives the limiting
F
variance of ——— To obtain the central limit theorem, we need to check one of the
VTlogT
equivalent conditions in Theorem[2.3.1] This can be dealt with in a similar way as in the
proof of Theorem 3.4 in [20] by verifying condition 5 of Theorem However, it
is worth noting that it also suffices to verify the equivalent condition || f ®1 f H%@z — 0,

and the arguments used in the case of H € (0, 1) can be extended to the case H € (0,3].

Step 3: In this step we will prove the theorem when H € (%, 1). Recall that the term Fp

is given by (1.11). By (1.1) and (1.2), we write

o’ r1-2H
A~ —5T F,
T22H (8, — 9) = 2T—T
Jo XPdr)T
Denote
Fr=T /[0 1]2e—9T|’—S|dB§deﬁ. (1.19)

By the self-similarity property of the fBm, the process {Fr,T > 0} has the same law as
{fr, T > 0}. To prove part (iii) of the theorem, we need to show 7! =2# Fy i 2071R;.
It suffices to prove

lim E(T'2HF —207'R)?> =0. (1.20)

T—o0

By Equations (5.27) and (5.28)), we see immediately that

160262
(4H —2)(4H —3)’

lim E (724 F7) = lim B (1% F7) =
—»00

T—>oo

160262
(4H —2)(4H —3)’

lim E [29*1R1(T1*2HﬁT)] -
T —o0
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where oy = H(2H — 1). On the other hand, we have

E(267'R))> = 86203 /[ ]45071(s—t)5071(s’—t’)|s—s’|2H_2|t—t'|2H_2dsdtds'dt’
0,1

)
— 802} /[071]2 It — s|*1*dsdr = (4;_6;))(40;,_ 3
This shows 0)) and hence completes the proof of the theorem. 0
As an immediate consequence of the proof of the central limit theorem for %FT
when H € (0, §), we can derive the total variation distance between LFT and its

VT

limiting distribution. The case H = 4 is similar. This is summarized in the following

proposition.

Proposition 4.1.4. Let Fr be given by (I.T1) and let 6 = E((frFr)?) be its variance,

with the normalizing factor fr = f {HE \/Tli {H 3. Let N denote a
og(

random variable with the standard normal distribution. Then

c 1
7F when H € (0, 7)
JrFr c |3
drv( or ,N) < = when H € [5,%)
c -3
os(T) when H = 3.

Proof. Tt suffices to consider the case H € (0, ) The case H = 4 can be treated in a
similar way. Recall that \/LTFT = L (f), where the kernel f is given by (1.12). Applying

Proposition [2.3.3] yields

Fr 1, 1
drv(——,N) < 2/Var| = DFr |2
N re ) = \/ (2” orvT T”ﬁ)

2
2Hf®1f!|5®z<C\/T TOV@H=2)
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for any p > 2, where for the above identity we used Lemma 5.2.4 from [28], and for
the last inequality we used the inequality (T.T8). Clearly, when H € (0, 3), the bound
is C/\/T When H € [%, %), p = 2 is chosen to derive the bound. O

Remark 4.1.5. We make some comments on the distance between the normalized Fr,

éT, and their limiting distributions.

2
— % Fr/NT
1 Jo X2dr

ior for the numerator in the preceding Proposition d.1.4, By Lemma The

1. Recall that /T (67 — 6) = . We have obtained the asymptotic behav-
denominator converges to a constant almost surely, and the convergence rate is
of VT (See [36]). Tt is challenging to study the total variation distance between
VT (087 — 0) with its limiting normal distribution, since it involves the quotient

of two dependent random variables. This is left as an open problem.

2. For H € (3,1), we can get a convergence rate for (I.20) by examining the proof

of (5.27) and (5.28)) in Lemma[4.5.5] In this way we find that

E (T Fr —207'R,)* = 0(T34).

This implies that 7'=2# Fr (which has the same law as T'~2/F; defined by

(T.19)) converges to the Rosenblatt random variable in law at the rate of v/ T4 —3,

4.2 Ergodic type estimator

In this section, we shall use the results of the last section to consider a simulation

friendly estimator: ergodic type estimator.
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Theorem 4.2.1. Define an ergodic-type estimator for the drift parameter by

L
2H

2
- . 2.1
Or = <o2Hr 2H) T/ dt @.1)

Then 5T — 0 almost surely as T — o. Furthermore, we have the following central

limit theorem (H < 3 /4) and noncentral limit theorem (H > 3 /4).

(1) When H € (0,%), we have \/T (0 — 6) iN(O,#Gﬁ) as T — oo, where 67,

is defined in Theorem4.1.2]
(2) When H = 3, we have lo\g(r)(éT 0) —>N(O 6) as T — o,

_g2H-1

(3) When H € (%, 1), we have TZ_ZH(gT —0) Z, HTRHT)

Ry, where Ry = L(0p,1)
is the Rosenblatt random variable, and &y is the Dirac-type function defined in

(3.1).

Proof. The paper [20] provides a proof of the theorem when H € (%,%) Here we
present a proof valid for all H € (0,1). By Lemma , it is easy to see 6r — 0
almost surely as T — oo,

We prove the central limit theorem when H € (0, %) For H € [43'1’ 1), the proof is
similar. By and (1.9), we can derive an expression for fOT X?2dt, and then express

57 as a function of éT. In this way, we obtain

1

VTBr—6) - ﬁ[( ajHr(zH)éT >2H_8]'
X oT(T)

By Lemma[4.5.6|and (1.7) we have

VT (6r—6) = ﬁ[<91—2H+1(;(T—1/2)>2L1A7%1_6]

AL
— VTO" M (B2 —03h) 4 T o(T /263
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Meanwhile, we can write

1—2H A 1
o (br—0)2(67)3 7|

AL 1 1 1l _1,A
\/T[GJ%H - ezH} - ﬁ[ﬁezﬂ L(br —0)+

for some 67 between 6 and éT. Now the theorem follows from Theoremm OJ

Remark 4.2.2. By the property for gamma function: I'(1 — z)I'(z) = =% for z ¢ Z,

sin(7z)
2 _
oj = 50

we see limyg_q (22)2

Now we have obtained the asymptotic law of the least square estimator (LSE) 67
and the ergodic type estimator (ETE) §T. Next, we compare these two estimators with
the maximum likelihood estimator by computing their asymptotic variance. For con-
venience, we assume 0 = 1. As it can be seen from Figure 1, the asymptotic variance
of LSE increases as H increases. When H € (0, %) the asymptotic variance of LSE
is less than that of MLE, where the converse is true for H € (3,3). The asymptotic
variance of ETE decreases on H € (0, ) and then increases on H € (1,2); however, it
does not blow up as fast as LSE does when H is close to %. If we justify these three
estimators only based on asymptotic variance, LSE performs best when H € (0, %) and
MLE performs best when H € (%, %) AtH = %, these three estimators have the same

asymptotic variance.

4.3 Discrete case

The estimators 67 and 5T are based on continuous time data. In practice the process can
only be observed at discrete time instants. This motivates us to construct an estimator
based on discrete observations. We assume that the fractional Ornstein-Uhlenbeck pro-
cess X given by (1.2)) can be observed at discrete time points {#y = kh,k =0,1,...,n}.

We shall use nh instead of T for the time period of the observation. Here & represents
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Figure 4.1: Asymptotic Variance of the Three Estimators

the observation frequency and it depends on n. We will only consider the high fre-
quency observation case, namely, we shall assume that # — 0 as n — co. We shall use
ergodic type estimator since it can be expressed as a pathwise Riemann integral with
respect to time. The following Theorem shows its asymptotic consistency and some

results on its asymptotic law.

Theorem 4.3.1. Assume the fractional Ornstein-Uhlenbeck process X given by (1.2) is
observed at discrete time points {t;y = kh,k = 0,1,...,n}. Suppose that h depends on n

and as n — oo, h goes to 0 and nh converges to . In addition, we make the following

assumptions on h and n:
(1) When H € (O,%), nh? — 0 for some p € (l,ﬁ%/\(l +2H)) as n — co.

(2) When H = %, 1021(15;,) — 0 for some p € (1,%) as n— oo,

(3) When H € (%,1), nh? — 0 for some p € (1,3:—5) as n — oo,
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Set

. 1 n ) T 2H
9”_<noTr(2H)kZth> : (3.1)

=1
Then 6, converges to @ almost surely as n — oo. Moreover, as n tends to infinity, we

have the following central and noncentral limit theorems.

(1) When H € (0, %), Vnh(6,—9) £, N(0, 5% 67), where o}, is given in Theorem

2H)?

5
=
—~
L
|
D
SN—
=
—~
=
©|’5{
>
~—

3
(2) When H = 7,

log(nh

Z

_92H71

(3) When H € (3,1), (nh)>~2H(6, - 0) £, HT(ZHTT)

Ry, where Ry = I)(8,1) is the

Rosenblatt random variable and &y | is the Dirac-type function defined in (3.1).

Before we prove Theorem4.3.1| we state and prove an auxillary result in the follow-
ing lemma about the regularity of sample paths of the fractional Ornstein-Uhlenbeck

process X.

Lemma 4.3.2. Let X; be given by (1.2). Then for every interval [0,T] and any 0 < € <
H,

X, — Xs| < Vit —s|TE+ V|t —s| as., (3.2)

where the random variables V; are defined as follows: Vi = onr where Nr is given by

(L2) with ¢ = H — €, V, = 260 sup,¢[y 1 |BH|.

Proof. Consider the process Q; = 66 [ B¢ 9= dy. Using (T.3), for any s, € [0, T]

and s < t, we have

|XI_XS| = |G(B£—I_B§I) - (Qt _Qs)‘ < G|Bfl_BIsLI‘ + |Qt_Qs|'
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Note that

t
0-0 < 06| [ Ble v
S

t
< 06 sup |Bf|/ e =gy
] N

VE[s,t
S
+066 sup |BY| <1—e9(’s)>/ e 06y
VE[s,t] 0

< 206 sup |B||r—s].
veE[s,t]

+06 ‘/ Bf(e_e(’_v) — e_e(s_v))dv
0

Using the above inequality for |Q; — Q| and Applying (T.2)), with o = H — ¢, for B —

B yield

X, — X,| < onrlt— s/ € +260 sup |B||r—s].

u€Els,t

O

Proof of Theoremd.3.1; Let T = nh, Z, = nl—h 0 " X2dt, and v, = %22:1 X2,. Consider

the function

f(x) = Vxljop <z jay + Vx/10g () L3 ay + X N3 upory -

Step 1: We claim that f(nh)|Z, — y,,| — 0 almost surely as n — oo. Applying Markov’s

inequality for 0 > 0,¢q > 1 yields

P(f(nh)|Zy = y| > 8) < 87 f(nh)TE |Z, — yn|? .

We apply Minkowski’s inequality to obtain

E|Z,— v,|? = (nh)™E
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q
< (Z/_ E(X; +X 'h||Xz—th|)q)l/qdf)

Taking into account of Lemma(4.3.2| we have

E|Z, — yn|?

q
< (Z/ Vi(X;: +X 'h)HLq|f—J'h|H_s+||V2(Xr+th)||M|l—J'h|dt> :

where the V;’s are defined in Lemma.3.2] By Holder’s inequality and the fact || X;||zs =

(E|X,|9)!/7 < M, for all t > 0, ¢ > 1, we can write
IVi(X; +th)HLq < 2Mgr,|Villgs;
where 1/r;+ 1/s; = 1. Therefore,

Vi ||9, h2H=€) 4 ppd

E|Z,— yl* < C (Mg, V1], A

IVallg )

ani s

where C denotes a generic constant.
By (T:2), |V1||ds, = CT% for € € (0,H). By the self-similarity property of fBm,

|Valds, = CT9. Using these observations, we obtain
E|Z,— |9 < C ((nh)qthw &) 4 (nh)® hq) ,
and plugging this inequality to (3.3), we get

P(f(nh)|Zp — | > 8) < C~9f(nh)? <(nh)qeh"(H_8) + (nh)qH;ﬂ) . (34
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If the right-hand side of the above inequality is summable with respect to n, then
f(nh)|Z, — y,| — 0 almost surely by the Borel-Cantelli Lemma. We show this summa-
bility when H € (0,1/2) and the other cases are similar. The right-hand side of (3.4))
can be written as

Cn '+ ((nhﬁ‘)yl + (nhﬁz)yz> ,

where
ﬁlzq/2+q8+q(H—8)
1+A+ge+q/2

By — 3/2q+qH
© T 14 A +q/2+qH’

and 7;’s are the denominator of f3;’s. Note that the positive variables € and A can be

arbitrarily small and ¢ can be arbitrarily large. In this way, we have ) € (1,1+2H)

and 3 € (1,3335). If nh? — 0 for some p € (1, min($55, 14 2H)), then nhPi — 0 by

carefully choosing these free variables.

Step 2: We prove the almost sure convergence of §,. Denote p = 62HT'(2H). Recall

that 07 is given in Theorem By the mean value theorem, we can write

1

_ — ~ T 2H ~ 1

0,— 60— ("’"pZ"+9T2H) H—ezeT—e+/ gn(R)dA, (3.5)
0

~ 1L
where g, (1) = — 5 ¥-Zn <7L ‘Vn;Zn + QT—2H> 2H

The result in Step 1 also implies Z, — y, — 0 almost surely as n — oo, 80 limy, ;0 gn(A) =
0 a.s. for all A € [0, 1]. Meanwhile, for almost all m, there exists N := N(w) € N such

that forn > N,

l//n _Zn

5 < 19—21‘1, 5]?2['1 . 9—2H < 19—2[‘1.

3 3
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Then for n > N, |g,(A)| < CO. By the dominated convergence theorem,

1
lim [ g,(A)dA =0 as..

n—oo J(

Then it is clear that 8, converges to 8 almost surely.

Step 3: We prove the asymptotic laws of 8,. Equation (3.3)) yields

() (8n—0) = S(T)(Br ) + 1) [ ga(W)ah.

Using the result of Step 1 and the similar arguments in step 2, we obtain

lim 1f(nh)gn(/l)a,’l:O a.s..

n—ee J(

Then it is clear that f(nh)(6, — ) converges in law to the same random variable as

f(T) (67 — 6) when T tends to infinity. By Theorem we finish the proof.

4.4 Monte Carlo simulations

we use the R package Yuima to do some Monte Carlo simulations. The Wood-Chan
simulation method is used to generate fractional Gaussian noise, and the Euler-Maruyama
scheme is used to produce sample observations of the stochastic differential equation
(©.1) (we take o = 1).

First we choose 6 = 1. For each H value, only one trajectory is generated and

0, is calculated along this trajectory. The values of 6, are plotted in Fig. as T
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increases. As it can be seen, 6, converges to the true value 8 = 1 as sufficient number
of observations are obtained.

Next we choose 6 = 0.5. For each H value, we perform 5000 Monte Carlo sim-
ulations to generate 5000 trajectories. For each trajectory, the quantity \/%(én —0)
is calculated, and the density plot of these 5000 estimators is obtained, which is dis-
played in Fig. The graphs show that the density plot of the simulation results is
close to the kernel of the limiting distribution of v/n4(6, — ) when H = 0.25,0.5,0.6.
For H > %, the limiting distribution, known as Rosenblatt distribution, is not known to
have a closed form. Readers who are intersted in the density plot of Rosenblatt random
variable are referred to the paper [39] and the references therein.

H=0.25, h=0.01
H=0.5, h=0.01

Estimation

0.0 0.5 1.0 15 20 25 3.0

0 200 400 600 800 1000 1200 0 200 400 600 800 1000 1200 1400

H=0.6, h=0.01 H=0.8, h=0.01

Estimation
Estimation

00 05 10 15 20 25 30

00 05 10 15 20 25 30

0 200 400 600 800 1000 1200 1400 0 200 400 600 800 1000 1200 1400

Figure 4.2: The one-trajectory simulation results of 8, for different H values, with
60 =1and h=0.01.
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H=0.25

\ 5000 MC estimators
Limiting distribution - 0.4 =\ 5000 MC estimators ————
Limiting distribution - - - - -

0.3 -

0.3 o

0.2 -
0.2+

Density
Density

0.1 4

0.0 +

N\ 5000 MC estimators ———
Limiting distribution - - - - - 04

0.3 o

0.2 o

Density
Density

0.1 4

0.0 o

T T T T T T T T T T
4 2 0 2 4 4 2 0 2 4

Figure 4.3: Density plots for 5000 simulation results of v/nh(6, — 0) and its limiting
distribution, with 8 = 0.5, h = 0.01, n = 100, 000.

4.5 Some computations

This section contains some technical results needed in the proofs of the main theorems

of the paper. First we need to identify the limits of some multiple integrals. Denote

wixu) = yr(xu) =T 07w (5.1)
o) = [T 0P (g, (5
or(x) = /[ X)L 2H1 (1 — g 4 x)2H gy (5.3)
O3(x,1) = /x[sgn(u—t)|u—t|2H_1—sgn(x—l—u—t)|x+u—t|2H_1]dt, (5.4)
Oi(x,u) = /1tzH_]sgn(x+u—t)|x+u—t|2H_]
—x(t—x)ZH_lsgn(u—t)|u—t|2H_]dt, (5.5)
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1
Os(x,u) = /sgn(x+u—t)|x+u—t|2H_l(l—t)ZH_l

—sgn(u—1)|u—tH 11 -1+ x)?Har

Fix an € € (0, }l) Denote [0, 1] = .#; U.#, where . = [0,€]? and .% = [0,1]2\[0, €]2.

Lemma 4.5.1. Let H € (0, %) When (x,u) € 71, we have the following estimates.

(i)
o1 (x)] <7, (5.6)

(ii)
|3 (x,u)| < C(*H +u®H + |u—x*H), (5.7)

(iii)
s (x,u)| < COPH + 1+ |u—x?H), (5.8)

where C is a constant independent of x, u.

Proof. First we prove (5.6). Observe that

1
0<pix) < [ flend, (59)

where

Flet) = (r—x) (1 =) — (1 —r+x)2H71.
It is clear that

1—x

. PN =) — (1= 4x) 21,

flet) < (
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for 1%‘ <t<Il.Forx<t< 1%‘ applying the mean value theorem for the second factor
of f(x,t) yields

Flot) < (1—2H)(t — )21 (1—;")2H‘2x.

Integrating the right-hand side of the above two inequalities with respect to #, we obtain

1

/f(x,t)dt

X

A d=xvr-1p l=—xom I4+xom oy 1-2H 1—x\4n2
< Lyl (L oy L2H (1 xpan2,
< gl ) s m ()

where we have used the inequality x < x> on .#| (i.e., x € (0,¢€)). Thus, (5.6) follows

from the above inequality and (5.9).

Next we prove (5.7). Note that the antiderivative of the function sgn(x)[x|>#~1 is

(2H) x>, so we can compute ¢3(x,u) as follows
1
03(x,u) = ﬁ(|u—x|2H— (1—u)® 4 (1 —x—u)* — 21, (5.10)
Applying the inequality
!(1 —x—u) (1 —u)zH} <2H(1 —x—u) " 1x <2H(1—2¢)2H 12

and the triangular inequality to (5.10) yields

ps(ru)| < (2H) 7 (Ju—x P+ 2H(1 - 2e) 1)

IN

Clu—xP* + i 1) VYxue. 7.
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Finally, we prove (5.8). Denote
Cou(®) =sgn(xtu—1)|x+u—tP 11 —0) 7 —san(u—1)[u—e 171 (1 =1 4x)A "

Let § € (4,1). Since € € (0,3) and (x,u) € (0,€)%, the interval (x,1) can be decom-

posed into the following three intervals, where

Ji=xu+x), h=w+x38), J3=(4,1).
Then @s(x,u) =Y3_, | 7, Geu(t)dt. We consider the above three integrals separately.
Case 1: When t € J;, we have

1= <(Q—u—x) 1< (1-2¢)2H1, (5.11)

When ¢ falls in different subintervals of J;, we bound (1 — ¢+ x)?~! in different ways.

Namely, if 7 € (x,u) and u > x,
(I—t+x)H < (M 4x—w) 1< (1—g)?H 1, (5.12)
Ift € (xVu,x+u),

(1—t4x)2H <1 —u) 1< (1—g)?HT, (5.13)
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Applying (5.11)) for the first summand in &y ,,(¢), (5.12)) and (5.13) for the second sum-

mand, we can bound the integration of {, ,(f) on J; as follows

—+x

‘/Jl Cx’"(t)dt‘ < (1 _28)2H1/u (x+u—r1)*"1dr

X

u X+u
(11— )21 / (=12 1yt + / (t —u)?H1dr).
B xVu

X

Integrating with respect to ¢ yields
[ G| < COP (=1 457,
1

Case 2: Fort € J,, we rewrite

—/C (dt = /6 (1= )21 (0 — )1 (0 — )2
Jo ol u+x

+ (l‘ . u)ZH—l ((1 —Z‘)ZH_I . (1 —t+x)2H_l)dt,

which is nonnegative. In the above integrand, we bound (1 —¢)?#~! by (1 — §)?!
for the first summand. For the second summand, we apply the mean value theorem for
the difference part and bound (¢ — u)*~! by x*’~!. Then integrating ¢ yields

(1 o 6)2H —1

2H
+x2H((1 _ 5)2H_1 . (1 _u_x)ZH—l)

IN

0< _/J Ceu(t)dt (8 —u—x)* = (8 —u) +2°1)

 S\2H-1
(1-96) 2H (1= 51, 2H < ot

- 2H

Case 3: For t € J3, we rewrite

1
_ o x)2H- CP2H=L (] )2
R A (R (e
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+ (=140 —u—x) 7 — (r —u)* Yy |

which is nonnegative. In the above integrand, we bound (t —u —x)?#~1 by (8 —

28)2H ~1 for the first summand. For the second summand, apply the mean value the-

orem for the difference part and bound (1 —¢ 4 x)?~! by x*/~!. Then integrating ¢
yields
S —2¢ 2H-1
0<— [ Galnar < O (1577 (15407 +27)
J3

—|—x2H((5—u—x)2H_l . (1 _u_x>2H—1)
(62071 4,
2H

IA

+x2H(6_u_x>2H—l S C)CZH.

In the last step we have applied the inequality § —u —x > 0 — 2¢. O
Lemma 4.5.2. Suppose H € (0, %) Let y(x,u) and @4(x,u) defined by (5.1) and (5.3),
respectively. Fix € € (0,1/4). Then

lim x,u) (P 4 x— uPMYdxdu =0, (5.14)
v

7= Jo.ef?

and

lim W (x,u) Q4(x,u)dxdu
T—e J[0,1)2

(2 — 4H)T(2H)T(4H)
I(1—2H)

s <F(2H)2(2H—2_1) + ) . (5.15)

Proof. We first prove (5.14). For the first summand, making the change of variables

Tx — x; and Tu — x, yields

/ . THH+1 =0T (xtu) ) 2H oy — 72H 1 / ) e_e(x‘erZ)x%Hdmdxz ) (5.16)
[0.¢] [0,T€]
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which goes to 0 as 7' — oo. A similar argument could be applied to the second summand.
For the third summand, by symmetry it suffices to consider the integral on the region

{u > x}. Making the change of variables T (u —x) — x1, Tx — x; yields

/ X T4H+le—9T(x+u) ’M—X|2HdXdI/l _ 2T2H—1 / X e—e(xl-f—ZxZ)x%deldXz ’
[0,€] [0,T€)?.x1+x,<Te

(5.17)

which goes to 0 as 7" — oo,

Next we show (5.13)). Set

®:= lim W (x,u)Q4(x,u)dxdu.
T—o J[0,1)2

Making change of variables, 0Tx — x,0Tu — u, 0Tt — t, we can write

@ = o "4 / e ) gxdu
[0,00)2

x / 21 sgn (et — 1)+ — 1 2H 1 — (6 — 0PV sgn(u— 1) u— 12 Vdr
The above integral can be decomposed as follows

=01 -1,+15),

where
X+u
L= / e(xﬂ)dxdu/ P xru—10)?Par
[0,00)? x
u
Ly := / e_(x+”)dxdu/ (t—x)* Y u—1)?"1ar
[0,00)2,u>x X
L3 := e(””)dxdu(/ (t—x)?H @t —u)? =y —/ =1 —x—u)zH*ldt> .
[0,00)2 uvx x+u
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Making the change of variables r —x — s and integrating u, we obtain

L =T(2H) /[ . e~ 0F) (x4 5)2 " dxds = T(2H)*2H .
0700

Denote by B(a, ) the Beta function. Then

Ly = B(2H,2H)/ e~ ) (4 — )MV gxdy |

[0,00)2,u>x

By setting u — x — v and integrating in x first, we deduce L, = I'(2H)? /2. To compute
L3, by symmetry it suffices to integrate on the region {u < x}. For the second integral,

we make the change of variables t —u — y. In this way, we obtain

Ly=2 eI ((y— ) = (v uw)* ) (v —x)*H  dydxdu.
O<u<x<y<oo

The change of variables x —u — a,y —x — b yields

Ly = 2 e @20p (a1 p)? A1 (a b+ 2u)* ] dudadb

R3
3
2u+a
— o e @0 gugaqn / (1—2H)(b+2)*"2dz
Ri a
2u+a
— 2(1-2H) / 20 g g / ( / b1 (b + 221 2db)dz.
R% a Ry

Setting z/(b+z) — v and integrating v on [0, 1], we obtain

Iy = 2(1—2H)B(2—4H,2H)/2
R

2 2 4o
e~ lat “)duda/ 77174z
+ a

[(2— 4H)T(2H)T(4H)
[(1—2H)

Then, the lemma follows from the above computations of L, L, and L3. OJ
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Lemma 4.5.3. Denote .91 = [0,€]? and %> = [0,1]2\[0,€]>. The functions y and ¢;
are given by (5.1)) to (5.6). Suppose H € (0,%). For j=1,2 and i = 1,2,3,5, we have
the following result.

lim / y@idxdu = 0. (5.18)

T—e ).z,

Proof. The proof of (5.18) is divided into the cases j =2 and j = 1.

Case j = 2: Clearly, for (x,u) € %,
w(x,u) < THH—0Te (5.19)

which implies

/ wodxdu — 0 fori=1,2,3,5 (5.20)
82!

as T — co. Thus, (5.18) holds true for j = 2.

Case j = 1: For i = 2, we evaluate the integral of w¢, on .#; by making change of

variables Tx — x, Tu — u and Tt — ¢. In this way, we obtain

T
/ Y Qrdxdu = / e_e(”+x)dxdu/ [(t —x)?H=V —2H=1 (7 — 1 4 x)2H My
B4 [O,T£]2 x
(5.21)
Clearly (T —t+x)*~1 <x?=1 50 the integrand of the above triple integral is bounded
by the function e~ &+ ((r —x)2H -1 _ tZH*I)l{th}x”"*1 which is integrable on [0, ).

AsT — oo, (T —t —|—x)2H —1' - 0. Applying the dominated convergence theorem, we

have
lim | weydxdu = 0. (5.22)
T—e ) 7,

The cases i = 1,3,5 follows from (5.6)), (5.7) and and Lemma[4.5.2 O
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Lemma 4.54. Forn >0, and H € [%, 1), set

T—t
Ay (T _ 3 4H/ / s, 2H - 2( _'_t)ZH 2dsdt,

and

T rT
Ay (T) = T34H/ / s"efestZHfz(s—|—t)2H*2dsdt.
0 0

Then

6~ "tU(n+1)
(i) ForH € (3,1), Thn:oALH(T) = Thn:oAz,H(T) A3 ;

Aru(T Ay (T
(ii) For H =3, JLim L )—1' 2,1(T)

= =T(n+1)0~ "1,
logT T logT (n+1)

Proof. (i) For H € (2,1), we have

T T
A27H(T)§T34H/ / s"e” O 4 s,
0 Jo
and

T—t
ALp(T) > T 4H/ / S(s+1) M4 dsds.

For the right-hand sides of the above two inequalities, we integrate first in ¢ to obtain

1

/T (=05 g _ 3—4H /T A3~ 05 ¢
4H —3 \ Jo 0

1 T
<A p(T) <Ayu(T) < e~ 05ds.
< A1) < Ao (T) < g [ 5" s

This yields (i) by letting T — oo.
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(i1) For H = 3 by the L’Hopital rule, we have
7> 0y p

Ar (T T T

Avn(T) _ o g [/ Se T3 (s 4 T)‘ids+/ T"e =0T ~3(T +r)‘%dz] .
T—e logT T—e LJo 0

The second summand on the right-hand side of the above equation goes to 0 as T — oo,

SO

Ay (T =
tim A2#(T) < / e 05 ds. (5.23)
T—e logT 0

On the other hand, by the inequality ¢ < s 41,

AI,H(T) - 1 /T T—t

n_ —0s -1
t)” dsdt
logT = logT Jo Jo se s ) ds

T T
= [logT/ s”e_esds—/ s"e % logsds|.
0 0

The function s"e~%logs is integrable on [0, ). Thus,

A g(T o
im L (T) > / she % ds. (5.24)
T—e logT 0
By (5.23) and (5.24)), we conclude the proof of (ii). O

Lemma 4.5.5. Let Fr, Fr be defined by (I.11) and (I.19), respectively. Moreover; let
R\ be defined in Part (iii) of Theorem Then we have the following convergence

results.

(i) When0 < H < % we have

(2 — 4H)T'(4H)
T(2H)T(1—2H)

) . (5.25)

T —o0

lim E (%F%) = 4H291*4Hr(2H)2<(4H— 1)+
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(ii) When H = %, we have

E (F?
lim EF) _ 9/4072 . (5.26)
T—e Tlog(T)
(iii) When H > %, we have

160262
lim E (7> *1F?2) = H 5.27
Jim E ( r) (4H —2)(4H —3) (5:27)

~ 80201
lim E[T' AR, Fy] = H 5.28
Jim Ef il = G ar =3 ©-28)

where oy = H(2H — 1).

In the above lemma, we do not give a statement when H € [%, %), because this case

has been studied in [20]].

Proof. Part (i): Assume H € (0, %) Applying L’Hopital’s rule to (I.13) yields

1
lim E (—FT2> = lim 4H%6*(I, + 1), (5.29)
T—oo T T—o0
where
deOls2—12| 8RH(t1 tz)
Iy =(HO6 _1/ e O p2Hl (7 gy 2HN 22N e dnd
=o)L S T = (7 s R sty
de 01272l 9Ry (51, 57)
I, — —(HO l/ e*G(T*sl) ’
2 ( ) [0,T]3 8s2 8s1

X[ 4 (T — 1)~V dsydsydty . (5.30)

To compute the limit of E(7F#) we will consider that of I; and b.
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Computation of limr_,.I1: We first compute explicitly the partial derivatives in the
integrand of I;. On the region {r, > s»}, we make change of variables 1 — % — u,
t% — ‘72 —xand 1 — ‘72 — ¢, and on the region {f, < s,}, we make change of variables

1—’7‘—>u,572—t72—>xand1—’72—>t. In this way, 1 can be written as

I = / T4H+le—9T(u+x)(1 —le_l)
[0,1]3 x<t
((1 —t4x)?H-1 —sgn(x+u—t)|x+u—t|2H_1) dudxdt
_/ T4H+le—9T(M+x) (5 31)
[0,1]3 x<t .

(1- (t—x)zH_l) ((1 — )21 —sgn(u—t)|u—t|2H_])dudxdt.

(5.32)
Reorganize the terms in the above integrals we have
4
I = w(x,u) Y @dxdu, (5.33)
[0,1]2 i=1
where the functions y, ¢; are given by (5.1)) to (5.5).
By (5.18)), we see
lim I} = lim W (x,u)Q4(x,u)dxdu, (5.34)
T —>o0 T —>o0 [071]2

whose value is computed in (5.15) of Lemma

Computation of lim7_,. Ip: We first compute explicitly the partial derivatives in the
integrand of (5.30). On the region {s, > 1, }, we make change of variables T — 51 — Tu,

sp—ty — Txand T —t, — Tt, and on the region {r, > s, }, we make change of variables
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T—sy —Tu,tp—sy —Txand T — s — Tt. In this way,

L = /[01}3t> A1 =0T (utx) ((1—u)2H—1_|_sgn(x+u—t)|x+u_t|2H—1)
7,0 =2X

(t2H1+(1_t)2H1)dudxdt_/ TAH+1 ,—OT (u-+x)
[0,1]3,1>x

(1—w)* " sgn(u—o)ju—t ) (1=t +2)2 1+ (1 — )71 dudxdr .
Note that

/1 (2H 14 (1= )2HY) (1= 1402 g (=22 DY ar =0,

X

so I can be simplified and rewritten as
L= /[0 R (@4 (x,u) + @5 (x, ) ) dxdu (5.35)

where W(x,u), @4(x,u) and @s(x,u) are given by (3.1)), (5.5)) and (5.6)) respectively.
By (5.34) and the result of (5.18)) for i = 5, we have

lim I, = lim /;. (5.36)

T—o0 T—oo

Then part (i) follows from (5.29)), (5.34)), (5.36) and (5.13).

Part (ii) and (iii): Assume H > 3/4. Using (I.5]), we have

R(F?) = 20317, (5.37)
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where oy = H(2H — 1), and
Ir = / \ e_9|52_”2|_9|31_”1||s2 — 51 |2H_2|u2 —u |2H_2du1du2ds1ds2 . (5.38)
[0.7]

Applying L’Hopital rule yields

8 2
Jim B(T2 4 F7) = 4HO‘H 5 Jim 7374 when H € (3,1) (5.39)
—»00 - —>00

EFZ 9 . Jr
im = — lim
T—eoTlogT 8 T—eclogT

when H =3, (5.40)
where
Jr = /[ . ¢ O —wl=0lsi=wl(r — g \2H=2\,) — 11 |22 duy dunds, .
0,7

Denote

h(T) = T3_4H1{H€(%71)} - (logT)_ll{H:%}.

Then, finding the limits (5.39) and (5.40) is reduced to the computation of limy_,. A(T)J7.

Making the change of variables x =T —u», y = u; — s and z =T — s in the region
{u; > s1} and the change of variables x =T —up, y = 51 —uy, z =T — 51 in the region

{u; < s1}, we can write Jr as follows

Jr = /[0 — e 0w 2H=2 1y PP 2 dxdyd
7 ’y Z

+/ e O 2H=2 1 4 o xPH2gxdydy . (5.41)
[0,T)3 y+z<T
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Consider the functions
filey,z) =e Oy APHZ2 0 (xy,z) = e OO 22y g g 2R 2

For the first integral of (5.41)), we split the integration interval {y < z} into {x+y <
z}U{x+y >z,y < z}. For the second integral of (5.41)), we write the integration interval
as{y+z<T}={x+y<Tx<ylU{x+y<T,0<x—y<z}U{x+y<T,x—y>
2pU{x+y>T}\{y+z>T}. In this way, we can split J7 into seven integrals. It turns
out that some of them are bounded by a constant independent of 7 and they do not
contribute to the limit, because 4(T) — 0. More precisely, we can derive the following

bounds:

/ fi(x,y,2)dxdydz < / fi(x,y,2)dxdydz
0,73 x+y>z,y<z 0,73 x+y>z

= e 0 (x4 ) 3 gxdy < C,
0,772

where in the second step we integrated in z and the last step follows from the inequality

x+y > 2,/xy. Itis trivial to show that

fo(x,y,2)dxdydz < e~ T /[O - 2y +z— x| Pdxdydz < C,

)

/[0,T13,x+y>T

and

/ fa(x,y,z)dxdydz
[0,T]3 x+y<Tx—y>z

/ e OWH) 2H=2( _\ H=25vq,
[0,T]3 x— y>Z

IN

— / 9(x+y) (x y)4H 3dxdy <C.
[0, T]2

96



The last bounded integral is

/ fa(x,y,2)dxdydz < / e_e(x+y)z2H_2(T —x)212dxdydz
0,7 y+z>T 0,713, y+z>T

2

T
</ e_ex(T—x)ZH_zdx) <C,
0

where in the second step we have used the inequality z> =2 < (T — y)?/~=2 and the last

IA

step follows from the following inequality

T T/2 T
/ e O (T —x)H2gx < / e 0% 2H=2 | e~ OT=3) (T _ )2H-2,
0 0 /2
< 2/ e 0% 2H=2 7,
0
With these observations,
lim h(T)Jr = lim h(T) f1(x,y,z)dxdydz
T —o0 T —o0 x+y<z
+ lim h(T)/ fa(x,y,2)dxdydz
T—eo {xy<Tx<y}
+ lim A(T) f2(x,y,z)dxdydz.
T—e0 {x+y<T,0<x—y<z}

We make change of variables z— (x+y) — u,x+y — v,y — y for the first term, y —x —
u,z — v,y —y for the second term, and x —y — u,z—x+y — v,y — y for the third term.

In this way, we obtain

lim A(T)Jr = lim h(T)/ e O (u+v)? 2P 2 gydudy
T—so0 T—oo [0,T]3 ,u+v<T,y<v
+ lim h(T)/ e Ot 2\ 2H =2y 4 )V 2H=2 gy dudy
Unae 0.7 u<y<(T+u)/2
+ lim A(T) e 00 (4 VY2202 gy dydly
T—oo (0,73 ,u+v<T,y<(T—u)/2
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Finally, the limits (5.26)) and (5.27) follow from integrating in the variable y and an

application of Lemmaf.5.4]

We proceed now to the proof of (5.28). Assume H > 3/4. Recall that Ry = 1>(do,1)

is given in Theorem and Fr is given by (T.19). By (3.2), we can write

E(Ry(T' 2 Fr)) :2a,%IT/[ Pe"T"S'\t—t’]ZH2]s—t’]2H2dsdtdt’.
01

We make the change of variables Tt — x,Ts — y, Tt' — z to rewrite the above equation

as
2
20

E(T'21R, Fy) = i /[0 - e Oy Z2H2)y _ PH =2 v

By the symmetry of x,y in the above equation, applying L’Hopital’s rule yields

lim E(T'2HR,Fr) (5.42)
2
_ 2}‘1)‘}1 1 Tli_I}:oTs—zLH (2/[0 T}ze_e(T_Y)(T _ )2y P2,
+ /[0 - e ORI — x)2H2(T —y)zH*zdxdy> (5.43)
L Of L3y
= H—1 %ILI:OT (2L +Ly). (5.44)

To compute L, on the region {y > z} we make the change of variables y —z — ¢, T —
y — s and on the region {y < z} we make the change of variables z—y — s, T —z7 — ¢.

In this way we obtain

L :/ O (s+1)2H 22025 4 o Os+) 2H—2 2H-2 5 1.
[0,T)2,s+t<T [0,T)2,s+t<T
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For the term L,, by symmetry it is sufficient to consider the region {x > y} and making

the change of variables T —x — ¢, x —y — s, we obtain

L,=2 e 2 =2 (s 1) H 2 dsdr |
[0,T)2,s+t<T

Notice that the second summand of L; is bounded by f[o’w)z e O+ 2H=22H =2 g0t

Therefore,
2
lim B(T' 1R Fr) = Y1 i 3-4H / e O (s+1)*H22H 2 sy
T—o0 2H — 1 T—e 0,T)2,s+t<T

40,07
QH—1)(dH—3)

where the last step is due to Lemma4.5.4] This finishes the proof of Lemma[@.5.5] [

Lemma 4.5.6. Let Y7 be defined by
t
Y, = o/ e 0= gpH — X, 4 o9 (5.45)

where

0
E=0c / e%aBH . (5.46)
Yr o
For any a > 0, Ta converges almost surely to zero as T tends to infinity.

Proof. The case H > % was proved in [20]]. Here, we present a different proof valid for
all H € (0,1). We denote 8 := EE? = 620~ 2HHT'(2H), which is computed in Lemma

Notice that the covariance of the process ¥; for r > 0 is computed as

Cov(to.V)) — ee;E(g[ngG/ofeeudBfD

0 t
= ¢ 9B +eet62E</ eeSdBf'/ eeudBii).
0

—00
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We use integration by parts for both integrals in the above equation to rewrite

Cov(Yo,Y,) =e B +g1(r) — g2(t),
where
0 [t 0
g1(t) = e_et62921E</ / B?Bfee(uﬂ)duds) , &)= 0'29]E</ B?Bﬁeesds) .
—o0 J( —o0
By Fubini theorem and the explicit form of the covariance of fBm,

1 0 t
g1(t) = Ee_etczez/ /(|s|2H+u2H—(u—s)ZH)ee(”“)duds
—00 J0

1 t
_ ﬁ(l_e—et)+§e—ez629/() eGMMZHdu_g(eOt_e—0t>_

When we compute the above double integral, we write the integrand as three items

(u+s)

by distributing e? and then integrate the terms one by one. For the term involving

>2H

(u—s)=", we make the change of variables u —s — x, s — y and integrate in the variable

y first. Similarly,

1 0
g2lt) = 5070 [ (P42 (= 5P )e%ds

1 1 !
— B0 _ B & _Gzeeez/ 005 2H g
2 2 0
Denote a; = o(b;) if lim,_,¢ Z—; = 0. Notice that

/teﬂ(u—t)MZHdu_/teﬂ(t—s)s2Hds: o(2H),
0 0
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Based on the above computations, for # small, we have

92H

Cov(Yp,Y;) =B |1 - ml

7t o(?)].

The lemma now follows from Theorem 3.1 of [34].

Lemma 4.5.7. Let the stochastic process X; satisfy (0.1)) (with 6, = ©). Then
1 T
= / X2dt — 6?0 HT(2H)
0

a.s. and in L%, as T — oo,

Proof. When H > %, the Lemma is proved in [20]. We shall handle the case of general
Hurst parameter in a similar way. The process {¥;,7 > 0} defined by (5.43)) is Gaussian,

stationary and ergodic for all H € (0, 1). By the ergodic theorem,
?/0 Y dt - E(Yy), asT goes to infinity,
almost surely and in L2. This implies
1T 2
—/ X2dt — E(Y2),
T Jo
as T goes to infinity, almost surely and in L?. Moreover, integrating by parts yields

0
E(Y2) = E(E?) = 21[-3(/ esdBH) — 0% ZE/ / BlBl, 6(s+) gy

= 6% 2/ / 06+ Ry (s, r)dsdr = 6>0 M HT(2H) .
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In the last step of the above computation, we use the same idea as near the end of the

proof for Lemma Namely, one writes out the explicit form of Ry (s,r), split the

s+r)

integrand into three items by distributing e~ to the summands of Ry(s,r), and

then integrate the three items one by one. For the item involving |s — 7[>, noticing the
symmetry of s, r, one can make change of variables s —r — u,r — v, and then integrate

in the variable v first. ]
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Chapter 5

Drift parameter estimation for nonlinear stochastic

differential equations

5.1 Main results

In this chapter, we study a parameter estimation problem for the following stochastic

differential equation (SDE) driven by a fractional Brownian motion (fBm)

where Xg = xo € R™ is a given initial condition. The notations appearing in the above
equation are explained as follows. For the diffusion part, B = (B',...,Bd) i1s a d-
dimensional fBm of Hurst parameter H € (0, 1). The diffusion coefficient o = (o1, ..., 0y)
is an m X d matrix, with 0}, j = 1,...,d being given vectors in R™. For the drift part,
the function f : R™ — R™*/ satisfies some regularity and growth conditions that we
shall specify below. We write f(x) = (fi1(x),..., fi(x)), with f;(x), j=1,...,l, being
vectors in R”. We assume that 6 = (0y,...,6;) € R’ is an unknown constant parameter.

In equation @) we have used matrix notation, where the vectors are understood as

103



column vectors. With above notations, we may write (1.1]) as

d .
0,f(X;)dt+ Y o;dB].
j=1 j=1

dX; = — :

Our objective is to estimate the parameter vector 8, from the continuous observa-
tions of the process X = {X;,# > 0} in a finite interval [0, T]. We consider a least squares
type estimator, which consists of minimizing formally the quantity fOT IX;: + £(X;)0|%dt,
where and in what follows we use |- | to denote the Euclidean norm of a vector or the
Hilbert-Schmidt norm of a matrix. From this procedure, the least squares estimator

(LSE) is given explicitly by

o= ([ pixar)

where f'" denotes the transpose of the matrix f. Substituting (I.T)) into the above ex-

-1

/0 ") ax, (12)

pression we have

R T -1 7
eT:e—< /0 (f"f)(X,)dt) /0 7 (X,)odB; (1.3)

In the above equation, the stochastic integral with respect to the fBm is understood as a
divergence integral (or Skorohod integral). See Section 2 for its definition.

In order to state the main result of the paper, we introduce the following hypothesis.

Hypothesis 5.1.1. The functions fj, 1 < j < m are continuously differentiable and
there is a positive constant L; such that the Jacobian matrices V f;(x) € R™*™ satisfy

l
Y. 6;Vfi(x) > LI, for all x € R™, where I,, is the m x m identity matrix.
j=1

In the above hypothesis and in what follows we use the notation A > B to denote

the fact that A — B is a non-negative definite matrix.
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We denote by ‘Kpl (R™) the class of functions g € €' (R™) such that there are two

positive constants L, and y with
8+ V()] < Lao(1 + |x["), (1.4)

for all x € R”. We denote by (KPZ(R”’) the class of functions g € €2 (R™) such that there

are two positive constants L, and y with
8(0)| + [V (x)| + [H(g) (x)] < La(1+ |x["), (1.5)

for all x € R™, where H(g) = (a_Zg denotes Hessian matrix of g.

8x,»8xj) 1§i,j§m
It is easy to see that under Hypothesis f satisfies the one-sided dissipative

Lipschitz condition:

(x—y,(f(x) = f(»))0) > Li|x—y[*, VxyeR" (1.6)

According to the papers [16, 17, 2] and the references therein, under Hypothesis
and assuming f;; € %pl (R™), forall 1 <i<m, 1< j<I, the SDE (I.I)) admits a unique

solution X; in €*(R;R™) for all oo < H. Now we state the main result of this paper.

Theorem 5.1.2. Assume Hypothesis and that the components of [ belong to
%pl (R™) when H € [3,1), and they belong to Cﬁpz(]Rm) when H € (§,%). Suppose that
P (det(f" f)(X) > 0) > 0, where X is the random variable appearing in Theoremm
Then the least squares estimator Or of the parameter 0 is strongly consistent in the

sense that Tlim |67 — 6] = 0 almost surely.
—>00
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Remark 5.1.3. Condition PP (det(f” f)(X) > 0) > 0 means that v(det(f"" f) > 0) > 0,
where Vv is the invariant measure of the SDE (I.1). A sufficient condition for this to

hold is det( /" f)(x) > O for all x € R™.

Remark 5.1.4. When f(x) = x is linear, this inference problem of 6 has been exten-

sively studied in the previous chapter.

5.2 Ergodicity of the stochastic differential equations

First, let us recall an ergodic theorem for the solution to equation (1.1)) that is crucial
for our arguments. Recall that the d-dimensional fBm B = {(B/,...,B%),t > 0} with
Hurst parameter H € (0,1), is a zero mean Gaussian process whose components are

independent and have the covariance function
P 1
E(B;By) = Ry (t,5) := 5 ([t +[s* = | — s, .1

fori =1,...,d. The probability space (Q,.%,]P) we are taking is the canonical proba-
bility space of the fractional Brownian motion. Namely, Q = Cy(R;R9) is the set of
continuous functions from R to R¢ equipped with the uniform topology on any com-
pact interval; .# is the Borel o-algebra, and PP is the probability measure on (,.%)
such that the coordinate process B;(®) = w(¢) is a fractional Brownian motion with
Hurst parameter H € (0, 1).

We define the shift operators y; : Q — Q as

wo()=o(-+t)—o(), tc R,o e Q.
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The probability measure P is invariant with respect to the shift operators ;. The ergodic

property of the SDE (1.1)) is summarized in the following theorem (see [[17, 2])).

Theorem 5.2.1. Assume the drift function f satisfies Hypothesis and its compo-

nents belong to %”pl (R™). Then, the following results hold:

(i) There exists a random variable X : Q — R™ with E|X|P < oo for all p > 1 such
that
lim [X; (@) =X (t@)| =0 2.2)
for P-almost all ® € Q.

(ii) For any function g € Cﬁl} (R™), we have

T

.1 -
Th_rgo? A g(Xy)dt =E[g(X)] P-a.s. (2.3)

5.3 Moment estimates and maximal inequality for di-
vergence integrals with respect to fBm

When H > % thanks to ((1.7) and (2.1)), the following lemma provides a useful estimate

for the p-norm of the divergence integral with respect to fBm.

Lemma 5.3.1. Let H € (3,1) and let u be an element of D'"P($%), p > 1. Then u

belongs to the domain of the divergence operator 8 in LP(Q). Moreover, we have

E(8@I") < ot (BN gyt + B (1DU 1 ) )
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Now we consider the case of H € (0, %) First we will derive an estimate for the
p-norm of [|uly, »)||5ew, where u is a stochastic process with values in a Hilbert space
W.

Consider the functions L' and L'~ defined for 0 < s <t < b by
L'(Ao,Ar) i= (b—1)or™ | (3.1)

LA, 23, M) := (b—1)2 (1 — s)M3s™ . (3.2)

where the A;’s are parameters. We denote by C a generic constant that depends only on
the coefficients of the SDE (|1.1)), the Hurst parameter H and the parameters introduced

along the paper.

Proposition 5.3.2. Let p > 2 and H € (0, %) Fix b > 0. Let W be a Hilbert space
and consider a W-valued stochastic process u = {u;,t > 0} satisfying the following

conditions:
@ [l r@ow) < KiL' (Ao, A1), for all £ > 0;
(i) [ur — usl|r(@ewy < K2l (A2,23,44), for all s <t < b,

where the parameters A; satisfy Ay > —H, A;,A4 >0, 1, > —%, and A3 > % — H. Then

forall 0 <a <b,

E(|lul g5l 5 ow) (3.3)

< CKLbPM (b — a)PHHrltrs o cgPprh(p — q)PH PR, (3.4)

Proof. To simplify we assume W = R. Using the isometry of the operator Ky, we can

write

Bt 05115) = B (K o) 20 -
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We decompose the integral appearing in (1.10) into sum of three terms according to the

cases where one of s,z is in the interval (a,b) or both. In this way, we obtain

b 0K,
Ku(ul,p) = KH(bvs)us]l[a,b}(s)+(/s (ur — us) atH(t,S)df) Ligp)(5)

b 9K
+ (/a Uz 8tH (t,s)dt) ]l[O,a} (S)

= Lh+b+5.

Thus,

w

E([lulillf) < CY A, (3.5)

where A; = E (||I ke 12([0.4] ) Now we estimate each term A; in (3.5]). For A;, applying

Minkowski inequality and condition (i), we obtain

b 5
A < C(/ ((b—s)zH_l‘f‘SzH_l)||”s||%P(Q)dS)
b 2
< CK! ( / ((b—s)*! +s2H‘1)(b—s>”°s2’“dS>

< CK{7 (/ab ((b_s)ZH—l + (S_a)ZH—l) (b—s)zz‘)sulds>

= CKPbPM (b —a)PHHrho,

[S/AS]

For the term A3, applying again Minkowski inequality and condition (i), we can write

a b 3 2 %
to< o ([l -9 Har) as
0/ b SN2\
< CKY (/ (/ (b—t)%t’“(t—s)’f—*zdr) ds> .
0 a
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Denote g(¢) = (b—t)*r* which is positive. Then

)4
2

Az < CK{7 (/[a b}zg(l‘l)g(tz)dtldtzfo (ll —s)H_%(tz —S)H_gds>

Now

1

/(II—S)H_g(tz—s)H‘gdsé/ (t1—a)" 2 (1~ ) 2ds < Ct — a3 (1 —a)f 2.
0 0

In the same way we have

1

a
/ (=) 3 (=) 3ds < Cltr—a)? 3 (1 —a) 3 .
0
Using the fact that if u < a; and u < ay, then u < \/aja;, we see that
a g3 H-3 H-1 H-1
/ (=573 (12— )7 3ds < (—a)" N (ta— )"
0
Therefore, we have
b P
A; < CKP ( / (b—1)%(t —a) 1M dt) < CKPbPM (b — a)PHHPho
a

For A,, applying Minkowski inequality and condition (ii), yields

C (/ab (/Sb ||y —MS”LP(Q)(Z'—S)H_%dt)zdS> 2
< CKéj (/ab (/sb(b—t)lz(t_s)/hs;u(t_S)H_gdt)zds)

p
, P
< CK! (/ (b_s)2/12+2/13+2H—1S2/14ds) :

a

A

IN

[

_ CKé’bpM (b— a)pH+p7tz+p/13 '
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This completes the proof. O

Suppose now that u is a d-dimensional stochastic process. We will make use of the
notation ||u| pa,b := SUP,<;<p |[Ur||p(qre)- Consider the following regularity conditions

on u:

Hypothesis 5.3.3. Assume that there are constants K > 0, 8 > % —H and A € (0,H],
such that the R?-valued process u = {u;,# > 0} and its derivative {Du,,t > 0} satisfy

the following conditions:
(@) [ulp,0.00 = SUP1>0 ||ulHLP(Q;Rd) < oo,
(i) s — sl o oy < K0 — 5P,
(i) [|Du|p(@macraey < Kt
(V) [|Dus — Du| ooy < K (1 —)Ps?,
forall 0 <s < ¢t.

As an application of (2.1)) and Proposition[5.3.2] we give the following estimate for

the p-th moment of the divergence integral & (ul o 7).

Proposition 5.3.4. Let H € (0, %) and p > 2. Assume that the R?-valued stochastic
process {u;,t > 0} satisfies Hypothesis Then for any 7 > 0, the divergence

integral 6 (ul 7)) is in LP(Q), and
B(8(ull 7)) |7) < CTPH(1+ TP (14 T7B)

where the constant C is independent of 7.
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Proof. We will use inequality (2.1)) to prove the proposition and it suffices to compute
the right-hand side of (2.1)). Applying Proposition toW=RY A3 =P and A; =

0,i # 3, we obtain
E((luto)17,) < € (Il 7% + KPTPEHH)

To compute the p-th moment of the derivative of u, we use the functions L' and L'*

introduced in (3.1)) and (3.2)), respectively, to write the conditions (iii) and (iv) of Hy-

pothesis [5.3.3]as

||Dul ||L1’(Q;Hd®]Rd) < KL (Oa A’) ’

and

||Dul - DMS ||LP(Q;Hd®Rd) S KLt’S(Oa ﬁu )L) .
Then we use Proposition for W = H? ® R and take into account the isomorphism
He(H?ORY) = H¢ @ H¢ to obtain

E(||Dul o 7[|fapa) < CKPTPHHP (14 TPP).

This completes the proof of the proposition. 0

When H # %, the divergence integral { fé usdBs,t > O} is not a martingale, so we
cannot apply Burkholder inequality to bound the maximum of the integral. However,
if the process u satisfies some regularity conditions in Hypothesis [5.3.3] we can use a
factorization method to estimate the maximum, as it has been done in [1]]. This result

is given in the following theorem.

Theorem 5.3.5. Let {u;,t > 0} be an R?-valued stochastic process. For the divergence

integral fé usdBs, t > 0, we have the following statements:
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1. LetH € ( ) and p > H Assume that the stochastic process u satisfies Hypoth-

esism Then the divergence integral [\ usdBy is in LP(Q) for all t > 0 and for

any 0 < a < b we have the estimate

t
E{ sup / ugdBy
t€fab) 1/ a

where C is a generic constant that does not depend on a, b.

2. LetH € (%, 1) and%%—é = H with p > q. Suppose that for all T > 0

(i) Jo E(Jus|?)ds < oo,

(ii) [ JSE(|Dyus|P)dtds < oo.

Then the divergence integral [} usdBy is in LP(Q) for allt > 0 and for any interval
[a,b], we have

t p
E| sup /usst
t€a,b] 1/ a
p b 2 b rs
< c(<b—a>q [Ewlras+o-a¥ [ E<rD,us|p>drds),

where the constant C does not depend on a, b.

Proof. We may assume that u is a smooth function. The general case follows from

a limiting argument. We will use the elementary integral [!(tr —r)*~!(r —s)=¢
Sm( ) for any a € (0, 1), and a stochastic Fubini’s theorem. For any o € (l 1), we
have
t p
E|( sup / usdBg
t€la,b)1/a

- p
_ <sm(oc7r)) E( sup
T t€[a,b]

/at (/st(t - r)a_l(V—S)_“dr) udB;
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(' ([ )
(sin(:n)YE (ISEL] (/at pdr) /at(l—r) e p—])

b
gc%,,(b—a)l’“l/ E(|G,|P)dr, (3.6)

a

IN

/ (r—s)"%udB;
a

where

G, ::/ (r—s)"%usdBs, re€la,b).
a

Case H € (3,1): Using Lemma|5.3.1|for a € (l %) and %—f—%{ = H, we get

E(GP) < Cpn ( [ =9 1E<us>|f‘fds)pﬂ

(
+E(// r—s) H|Duus|Hduds) )

< C H( (r—s)_aqu)q(/r|E(us)|Pds)
+CpH(// aqduds) </r/sE(|Duu3|)pd,uds)
< Capqn (=) ["B(ulr)ds
2 rors ¢
—l—(r—a)qap/ / E(|Dyus|?)dpds) .
Therefore,
t p » b
E( sup /usst < c((b—a)q/ E(|us|?)ds
t€fab) 1/a a

(b—a)T /ab /:E(|Duus|p)duds) .
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Case H € (0,1): Denote y(t) = (r—1t)~%u, fort € [a,r). Then by 2.1),

E(G/ ") <E(lyl,

) FEDWL )60 pma) - 3.7)

We will estimate the above two items on the right-hand side one by one. For a < s <

t<r,

W) —y(s)| = [r=1)"(w—u)+((r—=1)"% = (r—5)"%) us

< (r=0) e — s+ (r =) 21— 5)*ug],

where we have used the inequality 1 — (r —#)%(r—s)"* < (r —s)"%(¢t —s)*. Thus,

using Hypothesis 3.3 (ii), we can write

() = v$)@ry < =07 *lu—usl o (qupay + (r=1) 2% =) |lus|l 1 (@r0)
< K(r—1)"%(t —5)P 4 {|ul pasp(r—1)72% (1 —5)%, (3.8)

and
WOlp@ry = (="l lp@ry < =) ullpas, 3.9

This means that y satisfies the assumptions of Proposition with W = R? with the

functions L' (—a,0) and L*(—ot, 3,0) + L"*(—2a, e, 0) if we choose o € (max(%, I—

H),H), which requires H € (zlw %) In this way, we obtain

E(|ylpallfs) < Clr—a)’P%(1+(r—a)?P). (3.10)
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Similarly, using Hypotheses 3.3 (ii1) and (iv), we have

1DY (1) = DY ($)| Lr(osyire)

< (r=1)"%|Du; — Dy po(qssyicmay + (r—1) 72 (t = 5)* | Duts|| o s 0 m0)
< K(r—t)"%(t—s)Ps* + K(r—1)72%(1 — 5)%s* (3.11)
and
IDY ()| pugiersy = (r—1)*1Durl p(qugacra < K(r—1)~%*. (3.12)

This means that Dy satisfies the assumptions of Proposition with W = H’ @ R?
with the functions L'(—a,A) and L'*(—a, B,A) + L"*(—2a, ¢, A). Using Proposition
for Dy with W = $3? @ R, we have

E(IDWL )| iema) < Clr—a)’ P4 (14 (r—a)?PpP*. (3.13)

Substituting the bounds of (3.10) and (3.13) into (3.7), we have
E(|G,P) < C(r—a)P"P*(1+(r—a)’P)(1+b"). (3.14)

Finally, putting this estimate into (3.6]), we complete the proof. 0
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5.4 Estimates of the solution of stochastic differential
equations

Before we present the proof of the main theorem, we need some auxiliary results. First,

we prove some estimates for the p-th moment of the solution of the SDE (]1.1).

Proposition 5.4.1. Let H € (0,1) and p > 1. Assume the drift function f of the SDE
1b satisfies Hypotheses and its components belong to CK[} (R™). Let X be the

unique solution to (1.1). Then we have the following statements:

(1) There exists a constant C;, > 0 such that || X; || .»(q.rm) < Cp, and
1 X _XSHLI’(Q;]R'") < Cp|t _S|H

forallr > s> 0.

(2) The Malliavin derivative of the solution X; satisfies forall 0 <s <t
IDX;| < |o]e D1 0=9) . 4.1)
Moreover, if v<u < s <t, we have
IDuX; = DuXy | ey < Ce 1 (LA Ju—v]) (4.2)

IDuX; = DX | Lo (e < Ce M (1At —s]) (4.3)

and

IDuX; = DyX; — (DX — Dy Xs) || ogomeay < Ce 1 (LA Ju—v|) (1A —s]),

4.4)
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where C is a generic constant.

Proof. For the proof of the first result we refer to [16], [17], and [2].
To show the second part of this proposition, taking the Malliavin derivative for s <t

on both sides of equation (I.1) yields
sz,:—/ Zewj IDXdr+6, 4.5)

where 6 = (071,...,04) € R™4. Denote Z, = D,X, for t > s. We can write the above

equation as the following ordinary differential equation for ¢ > s:

dz; = =Y, 0;V f;(X:)Zdt,

Z,=0.

Differentiating |Z;|> with respect to 7, and using (1.6), we get

d\ZtF

0 2(Z;,— ZGVf, (X))Z:) < —2L1|Z:]*.

By Gronwall’s lemma, we obtain
|Zt|2 < e—ZLl(t—s) |O'|2 ’

and this implies (4.1)).

We now proceed to the proof of (@.2)). For v < u <'t, equation (#.3) implies

DX, — DX, = /Zewj )(DuX, — Dy X;) dr+/ Zer, )DyXdr .
(4.6)
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Repeating the above arguments for D, X; — D, X;, t > u, we can write

DX, — D,X,| < e 11—

/ ZGVfJ X )DyX,dr|.

Applying Minkowski inequality and (4.1)) to D, X,, and then using the fact that the L?-
norm of |V f;(X,)| is bounded due to condition (1.4), we obtain

u l
||DuXt _DVXIHLP(Q;RW!XLZ) < eLl([u)/v || Z ejvfj(Xr)DVXrHLP(Q;R”’X")dr
=1

< Cehlmu) /u e MU gr < Ce T (A lu—v]).
v
This proves (4.2). To prove (4.3), we use equation (4.5) to obtain

E(|D,X; — D, X,|P) = (

)

Applying Minkowski inequality and using (4.1)) for D, X, and the fact that the L”-norm

/Zev]f] \DuX,dr

of |V f;(X,)| is bounded, we obtain

dr
LP(Q;Rm*d)

t
< C/ e L= gr < Ce 1At —s)).
N

||DuXt - DMXSHLP(Q;]R'"W) <

t l
Y 6,Vfi(X,)D.X
j=1

Finally we prove {#.4). Using (4.6), we have the following estimate

HD Xl‘ —D Xl‘ — (D XS _DVXS) HLp(Q;Rde)

ZQVfJ )(Du X, — DX, )dr

(Q;R’" ><d)
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Applying Minkowski inequality and Cauchy-Schwartz inequality yields

||Dqu - DvXt - (Dqu - DVXS) ||Lp(Q;Rm><d)

IN

t
€ [ IV 1506 lizo(eugimeon| DX = DXl 2y e dr
A

t
< C(1A|u—vy)/ e L= gr < Ce 1IN u—v) (1A —s]).

This proves (4.4)) and proof of the proposition is complete. [

Remark 5.4.2. It is worth pointing out that the solution of the SDE (I.1I) is Holder
continuous in L? for all p > 1 with exponent H, i.e., || X; — X;||1p(qrm) < Clt — 5|7

However, the Malliavin derivative of X; is more regular, i.e.,
HDuXt _DMXSHLP(Q;]RW‘Xd) S C|f — S|.
That is, the Holder continuity exponent is improved from H to 1. This is because the

noise in the SDE is additive.

The next lemma provides bounds for the norm of the derivative of a function of the

solution to equation (I.I).

Lemma 5.4.3. Let H € (0, %) and p > 2. Consider a function g = (g',...,g%) : R" —

RY whose components belong to %I,Z(Rm). Then for all 0 < s <t, we have
IDg(X:) — Dg(Xo) |l Lo (usioma) < K(t — )75, (4.7)

and

ID2(X) | (0t emay < K™, (4.8)

forany A € (0,H], where K is a constant that may depend on A.
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Proof. Consider the $? ® R¢-valued function ¢ := Dg(X;) — Dg(X;). We can writre

t
||¢||523d®Rd§C”¢H?{Id®Rd < c/ 10 )P ((r— ) 2 du

+c/ (/ 16 (u u—v)H—idu)zdv

= C A1 —|—A2)

Therefore,

2 1
) <C A;ll?
I9llaisrsns < C X 1AL

1
It remains to estimate ||A;]|?,  for i = 1,2. First, we write ¢ (u) as
L2(Q
¢(u) = Vg(Xt> ’ (DuXt - Dqu) + (Vg(Xt) - Vg<Xs)) 'Dqu- (49)

Thus, by the submultiplicativity of Hilbert-Schmidt norm, i.e., |AB| < |A||B|, we have

/

\Ve(X:)||DuXy — DuXs| + | X — Xs| | DuXs|

¢ (u)] < [ IH(g(Xs 4+ (X — X,))) || dr when u < s <t;

|Ve(X:)||DuX:| whens <u <t.
\

Here H(g) = (H(g'),...,H(g?)) is understood as the third order tensor, and | H(g)||*> =
Y, |H(g)|>. Since the components of g belong to ‘513 (R™), Proposition says that

the L” norm of |Vg(X;)| and || H(g(X;))|| are both bounded for any t > 0, p > 1. Due to
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these facts and the inequalities and (4.3]), we have

(

(E([VE(X)[?P)) ¥ (E(IDuX, — DuX,[27)) 7

Elowryt < cd T (E(E(s(X, + (X, —X,)))|)) 7 dr
< % (E(X, — X)) when <5 <1

1 1
(E(|Ve(X,)[?P) > (E(ID,X[?P))*  whens<u<t

\

< Ce MO =) e+ Ce Ly

Therefore,

1

N O I e T

1

< C(t _S)H </s62L1(su) ((t—u)zH*l +u2H—1) du) :

0
1

t 2
ic (/ o 2L (t—) (( — u)?H=1 4211 du>

N

< C(r—s)H,

where in the last inequality we have used the following arguments. For the second

summand, we have bounded e~2L1(t—u)

by 1 and applied the inequality 1?7 — s> <
(t —5)?H. For the first summand, we bound (z — u)*? ! by (s —u)?’~! and decompose

the integral in the intervals [0, 1] and [1,s] (if s > 1).
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Now we discuss A,. For v < u, we decompose

;

(Ve(Xi) — Vg(Xy)) - (DuXs — DuX;)
+Vg(X,) - (DuX; — DX, — (DuX; — D, X))
whenv <u <s<t;
(Ve(Xi) = Vg(Xy)) - (DuXy — DuX;)

+Vg(Xs)  (DX; — DX, +DyX;) whenv<s<u<t;

Ve(X;)- (DX, —DyX;) whens<v<u<t.

\

We shall consider the above three cases separately.

Case 1): v <u < s < t. In this case we have

(B(|¢(u) — 9(v)|?))7

1 1
< | BB = X)) 7 dr
% (E(|X — X,[*7)) 7 (E(IDuX, — D,X,|?7))

+ (E(|Ve(X,)[*")) * (E(|DuX: — DX, — (DuXy — D X,) 7)) .

Case 2): s <v <u <t. We have

(E(o )~ dW)P)7 = (E(Va(X,)- (DX, —DX,)[P))7

< (E(V(X)[*)) ¥ (E(DuX, — DX,[2))% .

Case 3): v < s <u <t. We have

O(u) —o(v) =Ve(X;)-DuX; — Vg(X;) - (DvX; — D, Xs) — (Vg(Xi) — Ve(Xy)) - Dy X,
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SO

<=

(E(9(u)— 6()]"))
= (H'E(Wé’(xt”z')))ﬁ ((E(IDquIZ”))ZIP + (E(|DX, —DVXS|2P))ZIP)
+ [ B0+ X)) P ar

< (E(X, —xsﬁp))‘*ﬁ (E(ID.X,[27))

Combining the above cases, and using the inequalities (4.1]) to (4.4)) in Proposition

5.4.1] we obtain

1
(E([¢(u) —¢()["))? (4.10)
< C‘t ’H Ll \u—v| ﬂ{v<u<s<t}+ Ce L) ‘u_vl ﬂ{v>s}

+C (e_Ll(l_u) +ehl) |t — S‘H> Lo cscussy

4
=) Az, 4.11)
i=1

where we have used 1 A|u—v| < Clu—v|¢ forany € € [0,1] and 1 A |t —s| < Clt —s|H.

1
Now we apply Minkowski’s inequality to ||Az]|*, @ and then an application of #.11)
L2

yields
1
1 t t 1 o3 2 2 4 0
el o = (f (] @l0t0 00t (o= au) av <yar
where

1
2

Al = (/Ot (/VZAZi(u —v)H—idu)zdv>
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Fori=1, fix A € (0,H] and set e = 1 — H + A for Ay} in (#.11). In this way, we obtain

1
s s 2 2
Agl) < Ct—9)" (/ (/ e_Ll(s_“)(u—v)k_édu> dv)
0 v

1

<C(t—s)H (/S(s—v)z’lldv>2 <C(t—s)"s,

0

where the second inequality follows from the following estimate. For any a € (—1,0),

s s—v
/ el (s—u) (u o v)adu < / el (s—v—x)xadx
v 0

S—v

< /2 e 1T )x%x Siv(ﬂ)‘)‘efLl (s=v=0) g

< | -5

< ettt (2 (4.12)
= 2 2

< C(s—v)%, 4.13)

taking into account the fact that the function xe~%1* is bounded on [0, ).

For i = 2, choosing € = 1, we can write

2) ¢ ¢ . 2 2
A" <C /(/ eLl(’”)(u—v)HZdu) dv

Using (4.13)) by setting A = H — %, we have

1

, \
A?SC(/O—WM4¢>2§aFﬂW.

For i =3,

s/t 2
Ag) < C(/ (/ e_Ll(t_”)(u—v)H_gdu> dv)
0 s

1
2
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1

t N 2 4
<C (/ e_le(t_“)(u—v)zH_de) du < C/ (u—s)1lau<cir—s)".
s 0 s

For i =4,

1

<C(t—s)" (/Os(s—v)zHleL‘(sv)dv) i <C(t—s)f.

This finishes the proof of (4.7). The proof of (4.8)) is similar. ]

We next apply Proposition [5.4.1 and Lemma [5.4.3] to deduce the estimate for the

p-th moment of the divergence integral Z, , which is defined as
t
Zos = /O ¢(X,)dB, (4.14)

where {X;,# > 0} is the solution of the SDE (T.1)), and the function g : R” — R satisfies

some regularity and growth conditions.
Proposition 5.4.4. Let the divergence integral Z, r be defined by (4.14).

1. IfH (%, %) and p > 2, assume that the components of the function g : R” — R¢

belong to the space CKPZ(R’"). Then we have
E(|Zer|P) < CTP (14 TP)(1+T77),

for any A € (0,H], where C > 0 is a constant independent of T
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2. IfH € (%, 1), assume that the components of the function g : R” — R? belong to

the space %p] (R™). Then for p > 4, we have
E(|Zor|P) <cTP,

for all T > 0, where C > 0 is independent of 7.

Proof. First, for H € (},3), by Proposition the process {g(X;),t > 0} satisfies
conditions (i) and (ii) of Hypothesis with § = H, which requires H > % —H,ie,
H>1 By and of Lemma , Dg(X,) satisfies conditions (iii) and (iv)
of Hypothesis with B = H and A € (0,H]. By Proposition we obtain the
result.

Second, for H € (%, 1), applying the results in the preceding Proposition m

we get that g(X;) and Vg(X;) are bounded in L?(Q), so clearly g(X;) is in the space

Dlp (Sﬁd ). Applying Lemma to Zg 7 yields

P < Con (( | TE<|g<xt>|f5>dz> E ( I |Dsg<xt>|f‘fdsdr)pH) -

Then we use (4.1)) and integrate s to obtain

pH
E(|Zgr

E(|Zg 1)
T 1 pH |G|pHpH T 1 Ly, PH
< Gt (] sstxhar) + T ([T wsnpih1—e ar)
1
T | pH T 0\ "
< o ([ Bl at) " +Coansse [ EVEOIII ) <o
This concludes the proof. 0
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5.5 Proof of the strong consistency of the least squares
estimator

The following lemma is an important ingredient of the proof of Theorem[5.1.2]

Lemma 5.5.1. Suppose f satisfies P (det(f" f)(X) > 0) > 0, then E ((f"f)(X)) is

invertible.

Proof. Let v be the law of X. Applying Minkowski determinantal inequality and

Jensen’s inequality yields

1
1

det (/Rm(fzrf)(x)v(dx)) ] > /Rmdet((f”f)(x»[ v(dx),

which is positive under our hypothesis. 0

Next we proceed to prove Theorem Recall that the estimator 07 is given by
(1.3). By Theorem we have

1T .. .
7/0 (" X)dt = E((f" ) (X)) as.,
which is invertible. Therefore,
-1

(%/()T(f”f)(Xt)dr) = B )X)) " as.. (5.1

Fix j=1,...,l and consider the function g;(x) = fj"(x)o : R" — R¢. Denote

t t
Zj, = /0 ¢:(X,)dB, = /0 £ (X,)odB,.
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for j =1,...,l. Taking into account li to show limy_e %|éT — 0| = 0 it suffices to
show

.1
711_I>I:o ?ZLT =0 (52)
for each j =1,...,l. The proof of (5.2) will be done in two steps.

Step 1: Fix j=1,...,l. We first show that

lim n™ Z 2=0.

n—oo

Since the components of f belong to the space %;(Rm) with i = 1,2, depending on

H > % or H < %, respectively, clearly the function g;(x) satisfies the conditions in

Proposition [5.4.4] Applying Proposition [5.4.4]

CcnPH when H € (5,1)
E(1Zja") < (5.3)
CnPPH+A) when H € (3,3)

NI'—‘

Bl

for any A € (0,H]. We will choose p and A in such a way that p > 1 if H € (%,1)
and0 <A <1—2H and p > ;—— if H € (0, 3).
On the other hand, for any € > 0, by Chebyshev inequality and the above estimates

we have

Y B(n'Zi| > €) < i 7E (|n'2;,[")

n=1

cye g PpH-Dp when H € (1,1)

IN

Cy> e PpH+A=1)p when H € (0, )
< oo,
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By Borel-Cantelli lemma, n’IZj.‘n —0a.s. asn —> oo,

Step 2: For any T > 0 we define the integer k7 by k7 < T < kr + 1. We write

1 kr 1 [k

1 T
—ZLir=—— (X:)dB; + — (X )dB; .
7T T kr Jo gj(X:) z"’T/kTgJ( +)dB;

Thus,

1 1 kr 1 T
T‘ZJ,T‘ SE /0 g;(X1)dB; tr /k gj(X;)dB;| .
T

Clearly from Step 1 the first summand converges to O almost surely as T — oo. For the

second summand, observe that

sup . 5.4)

<1
kT l‘E[kT,kT—I—l]

/ ' (X,)dB,

kr

1 T
— (X;)dB
T‘/krgj( 1)dB;

Now we apply Theorem to the p-th moment of sup;cp, 1] | f,ﬁT 8;(X)dBy|.
sup

When H € (3,1), we have
p
l‘G[kT,kTﬁ»l}

c( [ Elemomas [ [ EDug 00 )auas

T

t
E / gj(Xs)dBS

kr

IN

IN

kT+l
c [ E (s + Ve (X)) ds <C.
T

Similarly, for H € (%, %) gj belongs to ‘KPZ(R’") so by Lemma it satisfies Hy-

pothesis [5.3.3] Then applying Theorem [5.3.5]yields

t
E / ¢:(X,)dB,

kr

sup
t€lkr kr+1]

p
] SC(kT—Fl)p)L
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for all p > Il{, and any A € (0,H|. By Chebyshev inequality,

>g>

t
/ ¢;(X,)dB,
kr

/t gj(X;)dB

kr

1
Pl — sup
kr t€lkr kr+1]

1
<ePE(.— sup
T telkr kr+1]

g —ppPA—p
<Ce Pky 7.

Choosing p large enough, the above right-hand side is summable with respect to k7 and
the desired result just follows from Borel-Cantelli Lemma. This completes the proof of

Theorem

Remark 5.5.2. From the proof of Theorem we can see that the random variables
&E=t717 i+ converge to 0 as 7 tends to infinity for every j = 1,...,/ in the following
sense. For any € > 0,

lim ) P( sup |&|>¢€)=0.

oo kz,', k<t<k+1 t

This type of convergence is analogous to the complete convergence of a sequence of

random variables (see [18]), which implies the almost sure convergence.

Remark 5.5.3. If we assume that the parameter vector 6 belongs to a compact set
©® C R/, the upper bound of the p-th moment of X; would be independent of 6, and,
correspondingly, the constants C and K that appear in Proposition [5.4.1} Lemma [5.4.3|
and Proposition [5.4.4] would be independent of 0 as well. As a consequence, we get
the uniform strong convergence of the random variables & =1~'Z i+ to 0 as 7 tends to

infinity for every j =1,...,/, in the sense of

lim sup P(sup|&| >¢€)=0
T=eoge@ 1>T
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for any € > 0. Furthermore, if the function f satisfies (f"f)~! < L3I, where L3 > 0
is a constant independent of 0 and [; is an / x [ identity matrix, the uniform strong

A ~1
consistency of 07 can be established by observing that (% fOT () (X,)dt) < Lsl;.
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Chapter 6

Summary and future research work

In this chapter, we summarize the obtained results in this dissertation and discuss some

other research work that could be completed in the near future.

6.1 Summary

In this study, we consider the parameter estimation for stochastic differential equations
driven by fractional Brownian motion.

In Chapter 1, we recall the background on Malliavin calculus and Gaussian analysis
elements that play important roles in this research.

In Chapter 2, we have investigated the asymptotics of iterated power variations. The
law of iterated logarithm of fBm has been obtained and correspondingly the conver-
gence rate of the iterated power variations is discovered for the first time. We have also
obtained the joint convergence along different subsequences of power variations. As
a consequence, we have applied these results to construct the estimators for integrated
volatility, volatility and Hurst parameter in the SDEs. These estimators are strongly

consistent and admit central limit theorems.
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In Chapter 3, we have studied the drift estimation for the fractional Ornstein-Uhlenbeck

process that is the solution to the linear SDE. Through minimizing the L? norm of the
noise part, we have derived the least squares estimator and prove the strong consistency
and limit theorems. We have also studied the discrete case and obtained a strongly con-
sistent estimator. Monte Carlo simulations have been carried out to valid our results.
In Chapter 4, we have considered least squares estimation for the drift parameter
vector in the nonlinear SDEs. To prove the consistency of the estimator, we have used
the ergodicity of the SDE and investigated the regularity of the SDE’s solution. The

maximum inequality of Skorohod integrals has been developed as well.

6.2 Future research work

Besides the asymptotics and convergence rate for iterated power variations that have
been obtained in this dissertation, there are several other things that we can contribute
to the well estabilished limiting theory using Stein’s method and Malliavin calculus.
As one of my ongoing projects, the convergence rate of a general smooth functional
of a stationary Gaussian sequence is under investigation. Later on, this research work
could be extended for the non-stationary Gaussian case and even other non-Gaussian
distributions.

Moreover, as an important application of limiting theorems, the inference problems
of stochastic processes are actively studied in the recent decades along with the de-
velopment of Gaussian analysis. There are several things that could be completed in
addition to the results in this dissertation. Firstly, we could consider the consistency of
the least squares estimator in the discrete case for a general nonlinear SDE, especially
when H < % Secondly, it is unknown whether the least squares estimator for the non-

linear SDE admits the central limit theorem. This is a challenging problem which relies
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on the research of the limiting theorem of Skorohod integrals. Thirdly, in addition to
least squares estimation and maximum likelihood estimation, many other estimation
methods can be considered including moment estimation and Bayesian method. More-
over, We can extend these estimation methods to other stochastic models driven by a
general Gaussian noise and some reflected SDEs.

Finally, it is worth mentioning that it would be interesting to apply these estimation

methods to deal with real world data.
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