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Abstract

In classical partial differential equations (PDEs), it is well known that the solution to
Burgers’ equation in one spatial dimension with positive viscosity can be solved by
the so called Hopf-Cole transformation, which linearizes the PDE. In particular, this
converts Burgers’ equation to the linear heat equation, which can be solved explicitly.
On the other hand, the Feynman-Kac formula is a tool that can be used to solve the
heat equation probabilistically. An interesting and perhaps surprising result which we
prove is that one can still make sense of these approaches to Burgers’ equation in the
presence of space-time white noise, which is very rough. After proving that a suitable
Feynman-Kac representation solves stochastic Burgers’ equation under a Hopf-Cole
transformation, we study some regularity properties of this solution. In particular, we
prove moment estimates and Holder continuity, which can be thought of as how “big”
the solution gets in time and space, and how “rough” this solution can be. From this,
we then obtain sub-exponential moments and bounds on the tails of the probability
distribution for the solution. Prior to this work, no results about any kinds of mo-
ment estimates or tails of distributions for stochastic Burgers’-type equations had been
established. Furthermore, only one publication on Burgers’ equation ([3]) contains a

discussion of Holder regularity'.

I'The reference does contain Holder regularity, but the paper has some flaws.
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Given the solution to a stochastic partial differential equation (SPDE), it is natural
to ask whether this stochastic process has a well-behaved probability law. For example,
does the solution have a smooth probability density function or just an absolutely
continuous one? Using some powerful tools from Malliavin calculus, we answer this
question for stochastic Burgers’ equation with our Hopf-Cole solution.

Finally, we study regularity of the probability law of the solution to a more
general class of semilinear SPDEs which contain Burgers’ equation as an example.
These results take a less tangible approach since there is no explicit representation for
solutions to these equations. However, as we will see, there are some clever techniques
and interesting results that can be used to establish such properties. For example, we
prove a comparison theorem for this class of SPDEs which, interestingly enough, will
be instrumental in obtaining regularity of the probability density function of the solution
at fixed points in time and space.

The projects in this thesis are joint work of the author and David Nualart. The
second chapter of this thesis corresponds to work done by the author and David Nualart

in [19].
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Chapter 1

Introduction

1.1 Introduction

It is well known that partial differential equations (PDEs) provide mathematical
descriptions of many natural phenomena. However, these models exist in a vacuum
in the sense that nature can be quite noisy or unpredictable. As such, stochastic PDEs
provide a mathematical framework for inserting “noise” into a system.

The study of Burgers’ equation, given by

0 0? 10 9
au(t,x) = Wu(t,x) - §%u(t,x) ,

dates back to the middle of the 20th century and provides a simplified model for
turbulence and fluid mechanics ([4]). Around 1950, Hopf and Cole introduced a method,
known as the Hopf-Cole transformation, to solve this equation ([15]). Naturally,
turbulence is not a completely deterministic process, so it makes sense to insert noise
into this system. It is common practice to use space-time white noise in this sort of
situation to observe how randomness can affect the behavior of solutions to these space-

time-dependent models.



In classical PDEs, the solution to Burgers’ equation in one spatial dimension with
positive viscosity can be solved by the so called Hopf-Cole transformation, which
linearizes the PDE. In particular, this transformation converts Burgers’ equation to the
linear heat equation, which can be solved explicitly. Furthermore, the Feynman-Kac
formula is a tool that can be used to solve the heat equation probabilistically (see [16]).
An interesting and perhaps surprising result which we prove is that one can still make
sense of these approaches to Burgers’ equation on the real line in the presence of space-
time white noise, which is very rough.

We will also consider the more general class of semilinear SPDEs

0 0? 0 0*wW

Eu(t,l‘) - wu(t,l‘) + f(t,x,u(t,x)) + %g(t’x’u@’x)) +O(t’x7u(t’$))m,

again driven by space-time white noise on the real line. The typical conditions we
impose are that f and o grow linearly with the solution, u, and g grows quadratically.

So, for example, if f =0 and g = —%uQ

, we recover Burgers’ equation.

There are many papers which study the stochastic Burgers’ equation on the
spatial domain [0, 1]. In this paragraph, we list a few such publications. For example,
the authors of [18] give an explicit representation of the solution to Burgers’ equation
with multiplicative space-time white noise by defining a process via a Feynman-Kac
representation such that its Hopf-Cole transformation solves Burgers’ equation.
Using this representation, the authors prove the existence of a smooth density function
for the solution to Burgers’ equation using Malliavin calculus. This paper is the main
inspiration for our work. Other published results include existence, uniqueness, and a
comparison theorem for a more general class of semilinear stochastic equations which

contains Burgers’ equation ([12]), existence to a Burgers’ equation with random initial

conditions using some technical Malliavin calculus tools ([21]), rates of convergence



of numerical schemes for Burgers’ equation with space-time white noise ([1]), Feller
properties of an appropriate semigroup and the existence of an invariant measure for
Burgers’ equation perturbed by correlated multiplicative noise ([8]), and existence and
uniqueness for a more general class of stochastic PDEs with polynomial nonlinearities
([141).

On the other hand, very few results regarding stochastic Burgers’ equation on the
real line have been obtained. To our knowledge, the only such papers are the following.
In [3], the authors give a Hopf-Cole solution to Burgers’ equation on R with ¢ =1 in
a similar way as in [18]. Well-posedness for Burgers’ type equations is studied in [13],
[17], and [25].

The first aim of this thesis is to construct a solution to the stochastic Burgers’
equation

2 2

%u(t,x) = %u(t,x) - %%u(t,m)z + J(t,x,u(t,x))%,
similar to what is done in [3] and [18], by defining and transforming a process with a
Feynman-Kac representation. We then obtain uniqueness for free from [13]. Then, we
prove Holder regularity, two types of moment estimates, and an upper bound on the
tails of the probability distribution of the solution. Despite the interest of many who
study SPDEs, the only situation in which Holder regularity for Burgers’ type equations
has been studied is in the case of additive noise on R ([3]). Furthermore, to our knowl-
edge, estimates on moments and tails of distributions have not been established for any
Burgers’ type equation.

Since solutions to SPDEs at fixed parameter values are random variables, it is
natural to investigate the probability law of such a random variable. In fact, this is

a topic in SPDEs which has garnered much attention over the last twenty years. In



particular, many have studied is the existence and regularity of density functions for
solutions to SPDEs using the tools of Malliavin calculus, a branch of mathematics
referred to as a stochastic calculus of variations. We prove some such regularity results

in chapter 3.

1.2 Setup

Here, we provide some of the framework that will be common throughout this
document. We start by fixing a complete' probability space X = (€2, F, P). We follow
standard practice and suppress the dependence on the w € () parameter (the “random”
component). For example, instead of denoting a time-evolving stochastic process by
B(t,w), we simply write B(t) or By.

With this in mind, let W = {W (t,z),t € R,z € R} be a zero-mean Gaussian

random field defined on X, with covariance given by
EW(s,2)W (t,y)] = (s At) (2] Aly[)0,00) (2y)

for s,t > 0, z,y € R. In other words, W is a Brownian sheet on R2. For any t > 0, we
denote by F; the o-field generated by the random variables {WW (s, x),s € [0,t],x € R}
and the sets of probability zero’. We use the notation E(-) to represent expectation with
respect to W, and denote its corresponding norm by || - ||, = E(|- P)1/p,

Space-time white noise is the formal space-time derivative of the Brownian sheet,
W= 0t W . However, the Brownian sheet is almost surely Holder continuous, in time

and in space, of order «, only for o < 1/2. So, the Brownian sheet has no classical

"'We don’t make a fuss about the completeness requirement, but remark that it is a necessary techni-
cality for many results from stochastic calculus to hold, such as the well-definedness of our integrals.
2 Another technicality which is necessary but does not appear explicitly in our presentation.



derivatives. Thus, a first order derivative of the Brownian sheet must be interpreted
in the distributional sense. Hence, some authors present space-time white noise as a

generalized Gaussian process with covariance

E[W(t,2)W(s,y)] = 6(t = s)o(x —y),

where ¢ is the Dirac delta function. Since the delta function lives in the Sobolev space
H? only when s < —1/2, this follows the intuition of a derivative as an operation that
reduces the order of regularity by one.

Another technical challenge with the Brownian sheet, as with Brownian motion, is
that it has unbounded variation on every interval, which means the classical Lebesgue-
Stieltjes integration theory does not apply. To construct stochastic integrals with respect
to W, one uses probabilistic tools in a similar way as the It0 integral. Such details are
given in John Walsh’s seminal work on SPDEs [26]. As such, this integration theory is
commonly referred to as the Walsh theory of stochastic integration. The Walsh integral
has some generalizations, but we only need it in a real-valued context. Furthermore, a
major luxury is that the study of solutions of SPDEs in a Walsh-type framework turns
out to be equivalent to the Hilbert space valued solutions a la Da Prato and Zabzcyck in
many reasonable situations®, and the choice is mainly for mathematical convenience.

As with the It6 integral, the Walsh integral is a martingale and enjoys the following

L? isometry

E[(/;/Rf(s,y)W(ds,dy)f] :E/Ot/Rf(S7y)2dyds.

3See [9] for the theory and [10] for a thorough presentation of this equivalence.




Note that [[ f W (ds,dy) denotes the Walsh integral of f, integrated with respect to
y then s. Although this ordering of the differentials is seemingly unconventional for
those who do not study SPDEs, it is common practice to write it this way.

One of the most useful tools when dealing with Walsh integrals is the Burkholder-

Davis-Gundy (BDG) inequality.

Lemma 1.2.1. Let M; be a continuous local martingale with My = 0 a.s. Then, for any

p > 2 and any finite stopping time T, we have

B[(sup )] < (app2E[ (2],

t<t
where (M). is the quadratic variation process of M.
Note that this result is equivalent to to following inequality

1/2
< (4p)"2|aa)e |
» p/2

sup My
t<rt

We remark that the constant in the BDG inequality above is sharp. The use of this

inequality is that Walsh integrals are local martingales with quadratic variation

</o./Rf(s’y)w(ds’dy)>t:/Ot/Rf(37y)2dyds.

Hence, we can apply the BDG inequality to control moments of Walsh integrals.

To study stochastic Burgers’ equation with space-time white noise

02w
otox’

0 0?

au(t,x) =— (1.1)



we must interpret this as an integral equation since W has no classical derivatives®. As
with classical PDEs, we define weaker notions of solutions. For example, we say that

u is a weak solution to (1.1) if for any test function ¢ € C.(R), we have

/Ru(t,as)¢(x)dx—/ dx—l—// u(s,x)¢" (z)dwds
// s:c x)dxds

_|-/0 /RO'(S,LL’,U(S,l’))(b(x)w(d‘s?dx)?

almost surely for all ¢ € [0,77], where the last term is a Walsh integral. On the other

hand, we say u is a mild solution to (1.1) if

u(t,x):/RG(t,x—y)uo(y)dy—l—%/O /R(%G(t—s,x—y)u(s,y)zdyds
+/O /RG(t—s,x—y)as(y)W(ds,dy),

where o¢(x) = o(t,x,u(t,)) is used for shorthand, G is the heat kernel
G(t,x) = (mt) V22" /4,

This should look familiar to those with a PDE background. If the Brownian sheet above
is replaced by a sigma-finite measure, this is what’s classically known as Duhamel’s
principle in PDE literature. With SPDEs, Duhamel’s principle works in the same way,
once the integrals are well-defined. This thesis primarily focuses on mild solutions to

SPDE:s.

“We could try to proceed in a distributional context, but the u? term immediately poses obvious
ambiguity.



1.3 Overview of Results

This work is organized as follows. In Chapter 2, we define a process via a Feynman-
Kac formula in Section 2.2, then show that its Hopf-Cole transformation solves the
stochastic Burgers’ equation in one spatial dimension in Section 2.3. With this, we
establish regularity properties of the solution to Burgers’ equation in Section 2.4.

In Section 3.1, we review some basics of Malliavin Calculus and the relevant tools
for establishing regularity of density functions for random variables. Then, in Section
3.2, we prove that the solution to stochastic Burgers’ equation has a density function
which is smooth. Finally, in Section 3.3, we study more general equations which con-
tain Burgers’ equation, and prove some results regarding regularity of densities for

solutions.



Chapter 2

Stochastic Burgers’ Equation

2.1 Preliminaries
We are concerned with the following version of Burgers’ equation

9 o2 10 ) 92w
—U(t,l‘) - 711,(25,33) - 5%’&(25,1’) +0(t7$au(t>x))atax

indexed by (¢,z) € [0,7] x R, given a nonrandom initial condition u( and a Brownian
sheet . To study this equation rigorously, we understand the above in its mild form;

that is, as an integral equation:

t
) = [ Gty [ [ LG50t dyds
@2.1)

+/Ot/RG(t—s,x—y)as(y)W(dSady)v

where o¢(x) = o(t,x,u(t,)) is used for shorthand, G is the heat kernel
G(t,x) = (drt) /22" /4

and the stochastic integral is understood in the Walsh sense.



This chapter is organized as follows. First, we define a process, 1, via a kind
of Feynman-Kac representation. Then, we establish several properties of v, such as
moment bounds, Holder regularity, and differentiability. Next, we show that the Hopf-
Cole transformation of v, which (formally at the moment) is

U(t,l‘) = _2% IOg@Z)(t,[E),

solves (2.1). Appealing to the uniqueness result in [13], our solution is unique. Lastly,
we obtain Holder regularity and an upper bound on moments of the solution to Burgers’
equation using properties of the process ).

Throughout much of the project, we follow similar steps as in [18], but have to
adjust almost all of the arguments to handle the challenges posed by an unbounded
domain. As such, due to difficulties with integrability, many of our assumptions differ
from those in [18], though they are consistent with [13].

Throughout the chapter we assume the following conditions:

(A1) The initial condition u is a deterministic, continuous, and bounded function such
that up € L?(R) N LY(R).
(A2) 0 : R, x R? — R is a Borel function satisfying the following Lipschitz and growth

properties

lo(t,z,r)—o(t,z,v)] < Ljr—o| (2.2)

lo(tz,r)] < f(=) (2.3)

forall t > 0, x,r,v € R and for some constant L. > 0 and some non-negative function

f € L2(R)N L4(R), where q > 2.

10



Under these conditions, it is proved by Gyongy and Nualart in [13] that there exists
a unique L?(R)-valued F;-adapted continuous stochastic process u = {u(t),t > 0},
which satisfies the integral equation (2.1). Furthermore, the process u has a continuous
version in (¢, x).

Before our discussion of the Feynman-Kac representation, we prove a technical
lemma regarding regularity of the heat kernel G(t,z) = (4xt)~"/ 2e="/4t that will be

used several times.

Lemma 2.1.1. Let 601 > 0, 65 > 0 and 8 > 0 be such that
6(91—92—1)<2<ﬁ(391—€2—1). 2.4)
Then, for any 0 <t < t9, we have
t1 B
/ (/ 1G(ta — s,2) — Gty —s,x)|91|x|02dx) ds < C(ty —ty) 1 PO—02=1)/2,
0 R

for some constant C' depending on 01, 02 and .

Proof. Set T =ty —t1. Making the change of variables 2 = /sy and s = 7/0, yields

t1 B
/ (/|G(t2—s,:v)—G(t1—s,x)|91|x|92dx> ds
0 R
t1

(1 91

< Oty —ty)P01—02-1)/2 /Oo o 2+B(01-62-1)/2

0
61 p
X / ly|%2dy | do.
R

B
2

=zt 1
e 4(t+s) — e 4s x 92d{1’,‘ dS
A (T 4+ 5) Vs =

1 o 2

o AoFD) _ T
Vo+1

11



Then, condition (2.4) implies that the above integral in do is finite, and we get the

desired estimate. O]

Throughout the chapter we will denote by C' a generic constant that might depend
on o, f, ug, T' and the exponent p we are considering. The value of this constant may
be different from line to line. However, we will specify dependence where we feel it

may be relevant.

2.2 Feynman-Kac Representation

We now define a process via a kind of Feynman-Kac formula that will be the main

focus of this chapter. Given uy, set

anta)i=esp{ =3 [Mualuay |

Let 5 = {fs,s € [0,t]} be a backward Brownian motion (BWBM) that is independent
of the Brownian sheet 1V, starting at € R at time ¢ and with variance 2(t — s). We use
the notation Eﬁt to denote the expectation with respect to the law of the BWBM. Let u
be the mild solution to Burgers’ equation. That is, u satisfies (2.1). We will make use

of the notation o4(y) := o (s,y,u(s,y)). Set
5 t
My = /0 /R os(Y) o, (y)W (ds,dy),

S

with the convention that 1y g,1(y) is —1, g(y) if the BWBM is negative at time s.
Observe that this stochastic integral is a well-defined martingale due to the square-

integrability assumption (2.3) on o. With the above notation in mind, define the two-

12



parameter stochastic process 1) by

Y(t,x) =K, vo(Bo)e M ] : (2.5)

We first establish some estimates of moments of the process v/, then show that it satisfies

a certain integral equation.

Proposition 2.2.1. For all t > 0, z € R, and integers p > 2, we have moment estimates

of the form

1 1
ot < exp (311t + 3 lolls ) 26)

Proof. Let f = {p P_, be p independent backward Brownian motions on [0, ¢] starting
at x € R at time ¢, with variance 2(¢ — s). By independence and Fubini’s theorem, we

have

I (t,2) [ =E(je(t,2)P) =E HEft (%(ﬁé)eéMth]

:i:i d . 1,6
—E |E;, (Hwowa)e—th )]
L =1
o p ‘ 1 p y
~E;, (H¢o(ﬁé)>E exp{ =35>}
i=1 j=1

Now, by the multivariate Ito formula,
j t P j )
_ixw a8 1 _Llse a8 g
2 =1""t — - 2 =175
e J =1 2/, ;1 e J dM;

t 1 _iyp M,Bk B
+ Z ge 2 2k=1" (MP M.
0 =1

13



Since the quadratic covariation of these martingales is
8 g ' 2
(M7 M7 )y = /O ds/Rdy a5 (Yo 51 ()6 511(Y),
taking the expectation of the above Ito expansion yields
_ilsw Mﬁj 1 [t _ilyw Mﬁk
E(e 2 =170 >:1+§ E(e 2 Lak=1""8
0

P 1B%A167| ) ,
. Z 15§6£>0/() [Us(y)‘i‘as(—y)]dy)ds

2,7=1

2 t 1 Bl
S 1+%Hf”%2(R)\/ E<€_§Z§:1MS )ds
0

Recall a version of Gronwall’s lemma which states that if a function g satisfies g(t) <
t

a(t)+ / b(s)g(s)ds, where a is non-decreasing and b is non-negative, then g satisfies
0

g(t) < a(t)efg b(s)ds Hence, we have
59 [Fil
]E(ef% j=1 M > <exp (—ZQ(R) tp2).

Therefore,
) t
ot ol =B | LLvot) J B | exo{ =5 3 M7} ] | < e
1= 1=

_ %HUOHLl(R) _ 1 2
where a = ¢ and b = 4||f||L2(R)' O

Remark 2.2.2. Using Jensen’s inequality we can show, in the same way as before, that

for all integers p > 2,

_ 1 1
Jot0) 1 < 30 (113200 + gl ) )

14



In fact,

—1
Y(t,a) L <ED,

1 [P 1
eXp{§/0 uo(y)dy+§Mf}] :

Proposition 2.2.1 implies that for any 7" > 0

Myr:= sup |[¢(t,2)]p <oo (2.8)
t€]0,7],z€R
and
sup  |lw(t,x) Y|, < oo (2.9)
te[0,T],x€R

for all real numbers p > 2.
Next, we show that v satisfies a particular integral equation.

Proposition 2.2.3. Let ¢ be the process defined in (2.5) and let G(¢,z) be the heat

kernel as before. Then, for ¢t > 0, x € R, ¢ (¢, x) satisfies

w(t#v):/RG(t,x—y)%(y)dy
1t
_5/0 /SSIgn(y)G(t—s,a:—z)z/z(s,z)as(y)de(ds,dy) (2.10)

t
—|—é/0 /SG(t—s,x—z)zﬁ(s,z)ag(y)dzdyds,

where

S:={(y,2) €R?:[2| > Jyl, and y= >0},

Proof. The proof of this result follows from the same arguments as in [18]. We briefly
explain the main idea. First, observe that 3 satisfies ]Eft(@/)o(ﬁo)) = / G(t,x —
' R

y)vo(y)dy since y — G(t,x —y) is the density of Sy. Now, apply It6’s formula to

15



get

_1Mf_1__// (W) 1j0,5,1 ()W (ds, dy)

ol / M g (1)1 5, (9 s
0 JR

Multiply by 1(5p) and take the expectation with respect to the BWBM to see that

b(t,z) = /R Gtz — y)o(y)dy
¢ 1
_1/ / os(y)EL, wo(ﬁo)fﬁMf 1[o,ﬂs](y))W<d8>dy)
//Us Ej, ¢o(50)€ : s|1[055( )!)dyd&

Finally, apply the Markov property to get

(%(m) M L 5 (9)[Bros < <)

M7 68?] [,

(@/)0(50) 3 51[0,/35]@)) Ej,

16



Similarly,

/00 G(t—s,x—2)Y(s,z)dz ify>0
1as8

Eit (wo(ﬂo)e_st ll[o,ﬁs](?/”) = yy
/ G(t—s,x—2)Y(s,z)dz ify <O0.

—00
Hence, we have the desired result. U]
Next, we establish a Holder regularity property for 1.

Proposition 2.2.4. For p > 2 and T" > 0, there exists some constant C', depending on p,

T,

uol|oos |10l 21 () and || f| 2wy, such that for all s,z € [0,7], and z,y € R,

lot,2) = (s 9)llp < C (It =12+ o —I2).

Proof. First we prove the Holder continuity in the space variable. Let x1 and 2 be
such that |z — x| = 0. Because ||¢(t, )|, is uniformly bounded on [0,7] x R, we can

assume that < 1. We have

¢(tax1)_¢(ta$2)
- /R[G(t’l”l —y) — G(t,z2—y)voly)dy
'
_%/0 /Ssign(yﬂG(t—s,m—z)—G(t—s,wg—z)]w(s,z)as(y)de(ds,dy)
1t
+§/0 /S[G(t—s,m—z)—G(t—s,azg—z)]w(s,z)ag(y)dzdyds
1

1
=:I1(z1,22) — 512(901,$2) + §f3(901,$2)'

We make a change of variables to get

Iy (a1,22)] < /R G(t,u) o1 — u) — o (w2 — )| du.

17



By Hypothesis (A1) the function )y has a bounded derivative:
[¥/(@) < uolloeeH*lst®.
Therefore, it is Lipschitz and we obtain
[11(x1,22)| < Clxy — 22| = C4. (2.11)
Consider the decomposition
Ih(x1,22) = Io 4 (z1,22) + 12— (z1,22),
where
t poo 00
Ir (x1,20) = /0 /0 os(y) /y G(t—s,21—2)—G(t—s,x2—2)|(s,2)dzW (ds,dy)

and

t O Y
[2’(371,372):—/0/ as(y)/ [G(t—s,x1—2)—G(t—s,x0—2)]1(s,2)dzW (ds,dy).

— 00 —00

18



Applying Burkholder’s and Minkowski’s inequalities, we get

[ ([ v

12,1 (z1,22)|lp < ¢p

5 1/2
X [G(t—s,xl—z)—G(t—s,xQ—z)}dz> dyds
p/2
t poo o0
<o [ [ rw]|[ ven
0 JO Y
2 1/2
x [G(t—s,21—2) — G(t — 5,20 — 2)]dz dyds) :
p
2.12)

Making a change of variables we can write

/OO@/)(S,Z) [G(t—s,xl —2) —G(t—s,xg—z)}dz
y

x1-y z2—y
:/ (s, x1 —u)G(t—s,u)du—/ Y(s,x2 —u)G(t —s,u)du

—0o0 —00

:/_Il_y[w(s,xl—u)—w(xz—u)]G(t—s,u)dqu/fEl—yw(S,xz_U)G(t—s,u)du.

r2—yY

This leads to the estimate

/001/1(8,2) [G(t—s,21—2)—G(t—s,29—2)]dz

p

< [ tsir =) = (5,22 = ) [y Gl s,0)d
R

r1—-y
[ =Gl sda
r2—Yy

90—

Let M,  be the constant introduced in (2.8) and set

Vsi= sup [[¢(s,2) —1(s,9)llp-

19



Then, by Cauchy-Schwarz inequality,

/Ool/)(s,z) [G(t—s,21—2) = G(t—s,29— 2)]dz
Yy

p

1/2
< Vs+ M, 7|z — x9|V/? (/ Gz(t—s,u)du>
R

= Vi + My V3[8(t — )] /4, (2.13)
Substituting the estimate (2.13) into (2.12) yields

| (ar,a2)lly < 261 F 10y Jo (V2 +8712Mp 76t — 5)72)ds

< 2c§,||f\|%2(R) <fot V2ds+ @Miﬁ). (2.14)

An analogous upper bound can be obtained for || I3, (z1,22)|]2 in the same way. Simi-

larly, decompose /3 as
I3(z1,22) = I3 4 (71,22) + I3 — (21, 72),

where

I3 1 (x1,22) :/0 /Oooag(y)/W[G(t—s,xl—z)—G(t—s,xz—z)]w(s,z)dzdyds

and

t r0
13,(1;1,9;2):/0/_ ag(y>/_y (Gt — 5,21 — 2) — Gt — 5,09 — )] (s, 2)d=dyds.

20



By Minkowsky inequality,

Ifssonaall < [ t [ rw

/W[G(t—s,xl —2)—=G(t—s,w0— 2)]
Yy

X (s, z)dz|| dyds.

p

and the estimate (2.13) leads to

t 4
13,4 (1, 22)lp < 11 /1172wy ( / v;ds+§T3/4Mp,T8—1/4¢5> . (2.15)
0

We can derive an analogous estimate for || /3 _(x1,2)||,. Finally, from (2.11), (2.14),

(2.15), and the similar estimates for I _ and /3 _, we deduce

t
VtQ < 01(5+02/ Vfds
0

for some constants C'; and Co depending on p, T, ||uo]|co>

uol| 1wy and [ fl| L2 (w)-
By Gronwall’s lemma, V; < C V8, which implies the desired Holder continuity in the

space variable.

For time regularity, let 0 < ¢; < t9 < 7" and consider each of the decomposition

Y(te,x) —(t1,z) = Ji(t1,t2) — %J2<t17t2) + éJS(t1;t2)7

where

Ji(t1,t2) = /R (G(t2,z —y) — G(t1,2 —y))vo(y)dy,
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to
Jo(t1,t2) / / sign(y)G(ta — s,z — 2)U(s, z)os(y)dzW (ds, dy)

t1
—/0 /Ssign(y)G(tl —s,x—2)Y(s,2)os(y)dzW (ds,dy),

and

to
J3(t1,t2) / / (ty—s,2—2) — G(t — 5,2 — 2)|Y(s, 2)0 2 (y)dzdyds

_/1/[G(t1—s,x—z)—G(t—s,x—z)]w(s 2)o2(y)dzdyds.
0 S

Apply the semigroup property and the Lipschitz property of ¢y to get

[i(t, )| = \AG(tl,m—y>(/RG<t2—tl,y—z>[wo<z>—wo<y>}dz)dy\
SC’/RG(tl,x—y)</RG(t2—tl,y—z)]z—y\dz>dy

= C(ty —t1)"2.
For the stochastic integral term, we again decompose .J3 as

Ja(t1,t2) = Jo 4 (t1,t2) — Jo.—(t1,t2),

where

to 0 00
Bttt = [ [ [ Gla=sa =25, Wlas.dy)
y
_/1/00 OoG(tl—s,x—z)w(s,z)as(y)W(ds,dy)
0 0 Y
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and

to 0
nettit) = [ [ [ G- sa- 2000w s

_/0261 /_(;O/_?;G(tl—s,x—z)¢(s,2)05(y)W(d8,dy)'

Splitting Jo { into two pieces, we can write

<] [ f Ooas@)( [ vt

G(ta—s,x—2)—G(t1 —s x—z)]dz)W(ds dy)H

to
+H/ / os(y /wsz tg—sx—zdz> dsdyH
t1

= A (tl,tg) +A2(t1,t2).

Applying Burkholder’s inequality and Minkowski’s inequality, yields

atn <o [ [ s02] [T

9 1/2
X [G(ta —s,x—2z)—G(t; — s,z — z)]dzH dyds) :
p
Adding and subtracting (s, x) and using the spatial regularity of 1), we obtain

H/OOMS’Z)[G(t?_S’x_Z)—G(t1—s,x_z)]dsz
y
S2C</yoo|G(t2—S,x—Z)—G(t1—s,x—z)| |$_Z|1/2dz)2

+2Hw(3,x)H%</oo [G(tr—s,2—2)—G(t1 —s,x—z)]dz)Q. (2.16)
y
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By Lemma 2.1.1, with 8 = 2, ¢; = 1 and 02 = 1/2, yields

t1 oo 9
/ (/ |G<t2_5’5"’_2)_G“l—s’f'f—Z)l|:L’—»2‘|1/2dz> ds < C(ty —t2)*2.
0 Yy
2.17)

Applying Lemma 2.1.1 again, with § = 2, ; = 1 and 02 = 0, we obtain

2

t1 (o)
/ (/ [G(tz—s,x—z)—G(tl—s,x—z)}dz) ds < C(te —11). (2.18)
0 Yy
Substituting (2.17) and (2.18) into (2.16), we get
Al(tl,tg) < C(tz _t1)1/2'

We control the term Ay(t1,t2) using a rough estimate as follows

/: /Ooof(y)2</yoow(s,z)G(tz—s,x—z)dz)Qdde

to
Scpnfan(R)( /
1

< C(tg —t1)1/2.

1/2
Ag(tl,tg) < ¢

p/2

5 N\ 1/2
/ U(s,2)G(ta — s,x — z)dzH ds)
R P

We can bound Jo _ in the same way and get

[ 2 (t1,t2)[|p < C'(t2 —t1) Y2,
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Once again, we decompose J3 as J3 = J3 ; +J3 _, where

J3,+(t1,tz):/@/OO/OOGUQ_&S,ZW(S Vo2 (y)d=dyds
/tl/ / G(t1—s,5,2)0(s, 2)05 (y)dzdyds

and

_(t1,t2) /t2/ / Gty —s,5,2)0(s,2)02(y)dzdyds
[ / Gt 200062102 s

We control J3 1 in the same way as Jo | to get

t1
| J3,+(t1,t2)]|p < H/ / os(y / (s, z2)

(ta—s,x—2z)—G(t1 —s x—z)]dzdydsH

to
+H/ / os(y /7,032 2—sa:—zdzdydsH
t1

We bound the second term roughly as

H/tltz/ooogs(y)2/yoo¢(s,z)G(t2—s,x—z)dzdydsHp

to
/ G(ty —s,x —z)dzds
R

p

= C(tz —tl).
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Then, notice that for any € € (0, 1) the first term can be bounded as

t1
/ /|G(t2—s,:p—z)—G(t1—s,m—z)|dzds
0 R
t1 1/
gc/ (/|G(t2—s,x)—c(t1—s,x)|p1<1—€>dx) "
0 R

X [(/ G(tg—s,x)medm)l/m-i— (/ G(t1—87w)p2€d$> l/m]ds
R R
gc/tl (/R|G(tg—s,x)—G(t1—s,x)|p1(1_€)das>1/m,
0

for any Holder conjugates pq,p2. Notice that if 5= 1/p1, 01 = p1(1 —¢€), and 0 = 0,
then condition (2.4) is satisfied when, for example, e = 1/p; and p; > 4. Hence, using

Lemma 2.1.1 with these parameters yields
t1
/ / |Gty —s,2—2) — Gt — 8,2 — 2)|dzds < C(ty — t1)/>T1/P1,
0o JR
Control J3 _ in an identical way to obtain
1 T3(t1,t2) |l < C(t2 —t01) /2.
Combining the above estimates yields
[(t2,2) = (t1,2) |, < Clta — 1)/,

]

Next we use the established Holder regularity of the process ¢ to study its spatial

differentiability.
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Proposition 2.2.5. The process v (t,-) is differentiable in LP(Q2) for any p > 2 and

satisfies

oY 0
—(t,z)= | —G(t,x— d
5 (t.a) = [ Gty
L[t d
—= sign(y) =—G(t — s,z — 2)U(s,2)os(y)dzW (ds,dy)  (2.19)
2 0JS 81}
L [tro 5
+= —G(t—s,x—2)Y(s,2)05(y) dzdyds. (2.20)
8 0JS ox
Proof. 1t is clear that the spatial derivative of the first integral in the expression of 1)
equals the first integral above by Leibniz’s rule.
To take care of the stochastic integral term, by the Burkholder-Davis-Gundy in-

equality and the symmetry of S, it suffices to show the convergence to zero in LP/? (),

as h tends to zero, of the term

n(t,x) / / / ARG(t—s x—z)w(s,z)dz>203(y)2dy ds,

where
G(t— h—z)—G(t—s,z— 0
ARGt —s,x—2) = (t=so+ Z})L (=52 Z)—%G(t—s,x—z).
By Minkowski’s inequality, we obtain
2
Mt 2) 2 < / / MG 51— (s, 2)de || F(y)dyds.
p
We show first the convergence to zero of
o0 00 2
In(t,x,s) ::/ / ARGt —s,x—2)U(s, 2)dz|| fly)dy
0 Y p
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as h tends to zero, for each fixed s € [0,¢). Rough estimates of [} (¢, z, s) lead to

2
B(t.2,5) < sup 0. Bl Bage) ([ 18660 —5,)1ds)

Apply the mean value theorem twice to see that

ARGt / / (9332 — 5,2+ n)dndu.

Finally, by applying Fubini’s theorem, we obtain
I(t,x,s) < Cslh)?.

Hence, we have that, for each s € [0,t), Ij,(¢,z,s) — 0 as h — 0. By the dominated con-
vergence theorem, it now suffices to show that I, (¢, x, s) is bounded by a ds-integrable

function which is independent of h. Again, by the mean value theorem, we can write

In(t,z,s) /

OO1

<8x —s,x+&—2)

— (%G(t —8,x— z)) d¢ (s, z)dz

2

fy)*dy.

p

We split up this quantity by adding and subtracting appropriate terms as follows

Ih(t,.T,S)—/ ’
0

2

fy)*dy,

p

/°° [¢1(S,x, z,h) + pa(s,z, z, h)} dz
y
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where

o1(s.2,2,h) - / s, a+E—2) [U(5,2) — (5,2 +€))de

0
_ %G(t —s,x—2)[(s,2) — (s, x)]

and

1 ([0
o2(s,z,z,h) ::E/o {%G(t—s,x—l—f—z)zﬂ(s,x—l—ﬁ)

0
— %G(t —8,T— z)w(s,x)} dg.

Let us first consider the two terms of ¢, one at a time. For the first one, we can write,

using Minkowski inequality and the Holder continuity in L” () of ¢

/OooH/yoo%/Oh%G(t—s,x%—f—z) [0(s,2) — (s, x+&)]dE dZH;f(y)Qd

< Ol ey 7 ( ' (QG(t—ng—z)
= L2(R) j,2 o Jrlox ?
= Clf 1172yt =972,

2
2+ & — 2|Y2dz d§>

which is ds-integrable. Now, to see that the second term is also bounded by a ds-

integrable function not depending on A, we bound in the same way to get

1o g )
/0 H/y %G(t—s,x—z)[w(s,z)—;b(s,x)]dzp

< C/OOO </yoo‘%G(t—s,x—z)‘\z—x\l/zdz)zf(y)Qdy

<O FlFo gyt —5) 72

fy)*dy
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Let us now control the term ¢2 by first interchanging the d€ and dz integrals to get

/ H/ @smhdsz

:/0 HE/O [G(t—s,x+€—y)¢(8,$+f)

—Glt—s.a—9)0ls.0)]de]| S0P

Now, add and subtract G(t — s,z + & —y)¥(s,z) to get

/ H/ (5,3, 2,h)dz

2 /O 65207 /0 h Gt —s.a+6=9) = Gle—s.0—p)]de|| fw)%ay

f( )2dy

A T O e WL

= Jin+ o
The second term can easily be bounded as follows
2|1 " 1/2 50|
< [ Py [0 re -yl el dy

We now use the assumption f € L4(IR) for some ¢ > 2 and choose p; such that p% + % =

1. Then, by Holder’s inequality, we can write

B SO |1 [ 0—s.a € e e

L?P1(R

Now, by Minkowski’s inequality, we have

Hh/G st g )lel e

<C(t—s) 1+1/2p1( / |£]1/2d§>

L?P1(R
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which is ds-integrable and independent of h since we can assume |h| < 1 without loss

of generality. Finally, to control J1 j,, we proceed by again choosing the same value of

p1:

Jin <Ol oy (5 /0 |G =546 =) = Gt = 5.2, o s )

< C”fH%‘I(R) (t—s) 1T/,

which is ds-integrable.
For the third integral in the expression of 0,1, we use an identical argument to
obtain pointwise convergence to zero. Furthermore, it is easy to bound the ds integrand

by an integrable function which is independent of / since

H/ / ARGt —s,x—2)Y(s,2)0(y) dzdyH

<Clflegey [ 186t —s2—2)ldz

C’/R(‘%G(zﬁ—s,x—%&—z)‘+‘€%G(t—s,x—z)‘>dz

=C(t—s)"?

where the second inequality follows from the mean value theorem and triangle inequal-
ity.
O

In order to obtain a continuity result for the derivative process given above, we first

establish uniform moment bounds.
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Proposition 2.2.6. For all integers p > 2, we have for any ¢t > 0,

sup

tx H

S BBV exp (891 eyt + 1l

where K is a constant depending on M), 1 (as in 2.8), ¢, || f|| La(r)» |/l .2()» 1uol| L1 (m)

and ||ug||co-

Proof. From the integral equation (2.20) satisfied by 5~ 9 ~(t, ), we get the decomposition

00 (1,0) = Ta(1, ) ~ Talt, ) + Tal1, ), @21)
where
0
Tita) = [ -Glto—y)bal)dy
IR o
x):§/0 /S&gn(y)%G(t—s,x—z)w(s,z)as(y)de(ds,dy)
and

1 /1 o 2
§/0 [qa—xG(t—s,x—z)¢(8,z)as(y) dzdyds.

First observe that integrating by parts yields
0o
1Ty (t, )] S/G(t T — y)‘ 8w (y )‘dy<—||uo|| €2||UOIIL1(R)
R Y

Now, decompose Z as Zo(t,z) = Zo 4 (t,z) +Zo —(t,x), Where

Ty (t,x) / / / —G t—s,x—2)Y(s,2)os(y)dzW (ds,dy) (2.22)
y

32



and

t 0 Y
I _(t,x)= —/0 / / %G(t —s,x—2)U(s,2)os(y)dzW (ds,dy). (2.23)

Using the optimal constant in Burkholder’s inequality, we get

t [e’e) Ooa 2
Zaatalp<tn [ [ [ 5iGE- s - 2uis e f)2dyas
0 Jo Yy T p

Integrate by parts, use the triangle inequality, and the uniform bounds on moments of

1) to obtain

H/ —G(t—s,x—2)1(s,2)dz §2M§tG2(t—s,x—y)
Yy ox P ’

+2(/RG(75—s,x—z)Hg—f(s,z)dezf,

where M), ; = sup,cg ||¥(t,2)||,. By Holder’s inequality, if qil +§ =1, then

/¢
/Rf(y)202(t—8,x—y)dy§ (/RG(t—s,x—y)qudy) 110wy

- k‘]”f”%q(R) (t— S)_l‘H/(ch)7

where k, is a constant depending on ¢. Let

Ui = SUPH%@’@W'

rzeR p
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The above estimates yield

nammmﬂ%pq

t
Cpk”fHLq ttj_a +8p||f||L2 / Usds

1)
= I(%t +8p||f||%2(R)/O Usds,

where c(l)

»i 18 @ positive constant depending on p, ¢, ¢, || f||La(r), and [Juo[[z1(r). We

obtain the same bound on ||Zy _(t,z)||, in an identical way. Similarly, Z3(¢,z) =

I3 4 (t,x) +7I3_(t,x) where

I3 4 (t,x) / / / —G t—s,x—2)0(s,2)0s(y) dzdyds (2.24)

and

t 0 y 9
_(t,z)= / / / %G(t — 5,2 —2)(s,2)0s(y) 2 dzdyds. (2.25)
0 J—ooJ—o0

Again, integrating by parts, using Minkowski’s inequality, and Proposition 3.1, we ob-

tain

123+ (&, )]

/ / p,tG(t—s,x—y)+/yOOG(t—s,x—z)”?—f(s,z)“pdz)dyds

t aw
SMMwaMAW@ s s+ ey [ sup]| 5E) | as

reR
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Hence, we have

t
q
a4 () < R MEl ey (5) 4200 ey [ Ui

:c;f”2+2t||f||§2(m/o Uds,

(3 )

for some constant ¢, ;. We can bound 73 _ in the same way. Putting each bound from

above together and applying Gronwall’s inequality, we obtain the desired result. 0

Proposition 2.2.7. Suppose that in addition to condition (A1), the initial condition ug
is Holder continuous of order o € [0,1]. Then, for any p > 2 and any 7" > 0, there
exists some constant C', depending on p, T', ug, and f, such that for all s,¢ € [0,7], and

r,y € R,
H (t,z)— _(3 y)H <C([t S|§“/\(i—ﬁ) + |x—y|a/\(%_%)),

where ¢ is the exponent appearing in Assumption (A2).

Proof. We first study Holder continuity in the space variable. Fix t € [0,7], let z1,x2 €
R be given, and set 0 = |x] — x2|. Without loss of generality we can assume that § < 1.
We consider spatial increments of each term in (2.21) one at a time. The first term is
easily controlled integrating by parts and using the fact that 1), is Holder continuous of

order «:

|Il(t7951)—11(t,$2)!§/RG(t,y)Wé(ﬂfl—y)—¢6($2—y)|dySC5a-

For the second term, we again use the decomposition Zs(t,x) = Zs 1 (t,z) +Io,—(t, x),

where 7o | and Z _ have been introduced in (2.22) and (2.23), respectively. Integrating
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by parts, we obtain

/y [%G(t—g,xl—z)—%G(t—s,xz—Z)]@D(S,Z)dZ
= [G(t—s,xl—y)—G(t—S,m—?/)]@/)(S,?/)
+/ [G(t—s,xl—z)—G(t—swz—z)}g—f(saz)d'z

:1I§+(t—5ax1,$2ay) +I£+(t—87$1,$2,y).

Applying Burkholder’s inequality, (2.3), Minkowski’s inequality, and the uniform bounds

on moments, we get

2

t poo
| [ ] 2= snmmpoow s
0 JO

t
SC’/O /R}G(t—s,xl—y)—G(t—s,xg—y)‘Qf(y)zdyds

/¢

t
<Ol /0 ( /R \G(t—s,m—y)—G(t—s,xz—w,gmdy) s,
(2.26)

where % + q% — 1. Making the substitutions y = 6z and t — s = 6%, yields

t
2
/0 H[G(t—s,xl—')—G(t—s,x2—~)] ‘qu(R)ds

) 2 1/
§C’(51/q1/ v_1</ ‘exp(—(1+z)2/4v)—exp(—22/4v)’ Q1dz) "o
0 R

— ogt/n, (2.27)

Therefore, from (2.26) and (2.27), we obtain

t 00 2
|[ ] Btt=saammnwasin| < Cllms ™. @29)
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To handle ZzB |, we use the same techniques as in the proof of Proposition 3.4 to first

write

r1—Y

%

IQJ?Jr(t—s,xl,:cg,y):/_oo G(t—s,u)[g—f(s,xl—u)—a(s,mg—u) du
T - )G s,
—l—/ —(s,x0 —u)G(t — s,u)du.
r2—Y 0z
Let
= oY oY
Vy:= su H— s,x) — —(s, H
S B FRCER O
and
oY
N, :=sup|—(t,x H .
p t,ml':) 827( )p
Then, we can write
~ r1—y
”IQBi-I-(t_S?xlax?ay)Hp§V9+Np G(t—s,u)du
2=y

< Vot NpVo[s(t—s)] /4,
Hence,

t poo ) .
H/o /o IzB,+(t—s,m,m,y)as(y)W(ds,dy)Hpg ClIF 2z (/0 Vfds+5N]§),
(2.29)

Therefore, from (2.28) and (2.29), we get

t
) -
| Za,+(,21) —127+(t,952)”p < CHfH%q(R)(Sl/ql +C’|f”2L2(R) <5N5+/0 V52d5>-

We can get the same bounds on increments of Zo _ in an identical way. Once again,

write 73 = 13 1 +73 _, as in (2.24) and (2.25). Integrate by parts, and use the same
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techniques as above to get

t
HI3,+(t,$1)—13,+(t,$2)HpSC’(/ /R\G(t—swl—y)—G(t—&@—y)‘f(y)Qdde
0
t
+ O ey VBN + 1 ey | vsds)
t~
< O(IF ey + 11 0ay VEN + 1y | o).

The same bounds for increments of Z3 _ are obtained the same way. Put all of these

pieces together by taking the smallest power of § to get

t
Vi<C (52a+51—2/q+ / vfds) .
0

Thus, Gronwall’s inequality implies that x +—> %(tv x) is Holder continuous in LP((2),
uniformly in ¢, with order of regularity a A (1/2—1/q).

To establish regularity in time, fix 0 <?; <t <7 and write

Z1(t2,2) — Th(t1,2)| =

[6tta—) ( [ atta=tny-2lue) vt dy\

< C/G(tl,x—y) </ G(tg—tl,y—z)]y—zlo‘dz) dy
R R
= C(tg—tl)a/Z.
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Then, we again split up ||Z> 4 (t2,2) —Zo 4 (t1,2)||, into two terms as

|Zo,+ (t2,2) — o+ (t1,2)|lp

= H/tl/ 7s(y / (Saz)%[G(tz—s,w—z)

— Gt —s,0— Z)]dz)w(ds’dy) Hp

. H /tltz /OOO _ (/yoow(s,Z)%G(h — s, — z)dZ)W(dS,dZJ)Hp

::jl—l—jg.

Integrate by parts, and apply Burkholder’s and Minkowski’s inequalities to get

jg§cp(/:/oooHG(tz—s,x—y)w(s,y)%—/yooG(tz—s,x—z)

5 1/2
X ai(s,z)dz”pf(yfdyds)
to
e N2 (N2
o( [ [ cta=sa-u2r(o e

0z
+/t1t2 /Ooof(y)QH/yooG(tQ—s,x—z)?—f(s,z)dz”idyds) 1/2.

By Holder’s inequality, we have

to to
| [ 6t sio g2t duds < [ 165 B a1 e s
1

t1

=C(ty— tl)l/@th)
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where qil + % = 1. For the other term, we make use of the uniform bounds on moments

of the derivative of 1 to get

/:/Ooof(y)2H/yooa(tz—s,x—z)g_f(w)dzZ

for some constant C. Hence,

dyds < C(tg — tl)

j2 < Clty _t1|1/(4Q1)'
For the term .J;, we first apply Burkholder’s inequality and integrate by parts to get

7 §C< /0 1 /0 W) (s ) 2 [C 2 — 5,2 — ) — Gltr — 5,2 — y)] dyds

t1 0
ey
0 0

C'(J11+J12)

2

a—w(s,z)dz

Glta—s,x—z)—G(t1 — s,z — z)] o

1/2
f<y>2dyds)

p

NJ\»—A

Using the uniform bounds on ¢, choosing ¢; such that q% + % =1, and applying Lemma

2.1.1 with 8=1/q1, 01 = 2¢1 and 62 = 0, we can write

1
q1
Ml [ ([ 160250 -Gtt1=s.ppPay) ™ o

< Ol oy (t2 — 1)/ ).

J1,1

IN

For the term jl,g, we same techniques as in the proof of the Holder regularity in time

0
of ¢ by first adding and subtracting 8_w (s,z) and applying the spatial regularity of the
x
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derivative of 1 to get

~ 9 31 (y/\(l—l) 2
2 <20 | ( 16t —5,0-2) = Gltr = s,0 = 2) o — 2| qdz) ds

+2/0t1/OOOHg_Z(S’x)H;</yOO [G(t2—s,2—z)

—G(t1—s,x—2)] dz) Qf(y)Qdde.

We apply Lemma 2.1.1 with f =2,0; =1, and 2 = a A (% — %) to get
t1 1_1 2
/ (/ |G(t2—s,x—z)—G(t1—s,x—z)||a:—z|aA(2_q)dz) ds
0 R
< C(tQ _t1>1+aA(%*%).

Another application of Lemma 2.1.1 with 5 =2, §; = 1 and 0 = 0, yields

2

/0’51 (/OO[G(tQ —s,x—2)—G(t; —s,x — z)]dz) ds < C(ta—t1).
y
Hence,
jl < Oty _tl)l/(‘lfh)'
Put these together to get
1 Zo+ (t2,2) — To o (t1,2) [lp < Oty — 1)/ 47129,
We can obtain the same upper bound for /> _ and hence

| Za(t2,2) — Ta(t1,2)||p < Ot — tr) /4710,
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For the third term, we apply the same techniques we used for Zs to get
|Z3(t2,2) = Ta(tr,2)llp < Clt2 —t1) /%,

Hence, we have the desired result. OJ

Remark 2.2.8. If we do not assume the Holder continuity of ug, then ¢ is only con-
tinuous. Then, avoiding the integration by parts in the proof of the Holder continuity of

the first term, we have a result of the form

0 0 _ 11 1.1
|5t =G| < ctensy 2 (e st o -yl ),

where the factor ¢ —1/2

, assuming ¢ < s, comes from the integral fR !%G(t, y)‘ dy. That
is, the Holder continuity blows up at ¢t = 0. However, %(t,x) is continuous in LP((2)

on R} x R for all p > 2, because 1, is continuous.

2.3 Hopf-Cole Transformation

In this section, we construct a solution to Burgers’ equation (2.1) using the Hopf-Cole

transformation and the results of the previous section. Notice first that the process

oY

0
v(t,x) = _2_1ng(t’x>:_w(t,x) e

ox

(t,)

is well defined and has uniformly bounded moments of order p for all p > 2, due to
Proposition 2.2.6 and Remark 2.2.2. We now establish the main result of the project
which asserts that the process v(t,z) is the solution to the Burgers’ equation (2.1).

Again, uniqueness follows for free from [13].
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The main idea of the proof is to introduce the regularized process

belt,z) = /R Glert—y)b(t,y)dy,

for € € (0,1] and to find the equation satisfied by wu.(t,x) := _28% log ) (t,z). Based

on previous results, it is easy to see that i), satisfies the following property.

Lemma 2.3.1. Foranyp > 2 and T > 0, we have

_ O
up {tally+ L+ |G| )< @30
z€R,ec(0,1],t€[0,T) ox »
Foranyp > 2, x € R, andt € (0,T], we have
[0t @) — e(t, )|, < Ce'/? 2.31)
and
Y e —1/2.1/4—1/(2q)
—_ _ < ). .
H oy (%)~ 5 (2) = Ot /% (2.32)

Proof. Inequality (2.30) follows form Jensen’s inequality, Propositions 2.2.1 and 2.2.6,
and Remark 2.2.2. Inequalities (2.31) and (2.32) are consequences of Proposition 2.2.4
and Remark 2.2.8. [

Theorem 2.3.2. The process v(t,x) = _28% log(t,x) is a solution to (2.1).

Proof. From Proposition 2.2.3, we have that 1), satisfies

we(t,x):/RG(tJre,x_y)%(y)dy
1/t )
_5/0 /Sﬁgn(y)G(H—e—s,x—z)¢(s,z)as(y)de(d3,dy)

1 [t
+§/ /G(t—l—e—s,:B—z)@b(s,z)as(y)dedyds.
0JS
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Next, apply the semigroup property of the heat kernel to get

ultr) = [ Glt.a=2)( [ Gles=nunidy)d:

1 [t )
_5/0 /S/RSIgn(U)G(t—s,x—y)G(e,y—z)w(s,z)as(v)dyde(ds,dv)
1 [t ,
3 /0 /S /RG@—M—y)G(e,y—zw(s,z)as(v) dydzdvds.

Note that this is the mild formulation of the following stochastic heat equation

t 52
i %% (s,z)ds

belt ) = /R Gle,z—y)do(y)dy +

1t
_5/0 /Ss1gn(y)G(€,l‘—Z)Q/J(S,Z)O's(y)dzw(dsady)

1/t 2
+§/0 /SG(e,m—z)@/J(s,z)as(y) dzdyds.

The process t — 1 (t,z) is a semimartingale and applying 1t6’s formula to log (¢, z)

yields

1 a%ug
Ve(s,x)

_5/0 /Ssign(y)mG(e,:c—z)w(s,z)as(y)de(ds,dy)

1/t 1 2
—I——/ /SWG(G@—Z)QM&Z)US(?J) dzdyds

/ /Rwe (s,7)2 (s,2,) 05 (y) dyds,

loge(t,z) = log /G e,x—y)o(y dy / — (5,7)ds

where

00 Y
Ue(s,z,y) = l(yZO)/ G(e,x—z)w(s,z)dz+1(y<0)/ G(e,x —2)(s,2)dz.
y

—00
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Now, noting that basic calculus gives %8—]0 axg (log f)+ ( 2 log f)?, we have

0 0
Sologvi(ta) = g-tos ([ Glea—y)in()dy)

+ [ taa—i(aﬁlogm(s,x))dw / t%((%logzpe(s,x)f)ds

"/ / 035 z i 5 Glew=2) s, o y)d=W (ds, dy)

//895 (s, 6x_z)>¢(3a2)as(y)2dzdyds

__//ax 1 (S»I,y)>2ds(y)2dyds.

So, the process uc(t,x) := —2% log 1. (t, x) satisfies the following integral equation

ue(t,x) = /G(t x—y)ue(0,y dy——/ / — 8, T — y y ue(s,y)dyds

+/0 [qésign(y)G(t—S>w—”>

o/ 1
x5 (mc(e, v z)) W(s,2)os(y)dvd=W (ds, dy)

_l/t//G(t—sw—v)%(@G(e,v—z))w(s,z)as(y)2dvdydzds

e[ fetmsan (wisnn)) i
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Finally, integration by parts yields

1 /410
wita) = [ Glta—puomiyes [ [ S6l—sa—pudsorus

—/Ot[g/IRsign(y)%G(t—S’m—”)

we(ijv)G(e,v—z)w(s,z)as(y)dvde(ds,dy)
1/t o 1 2
+Z_l/0 /S/R%G(t_s,x_v)we(s,v)G(e’v_Z)w(saz)as(y> d’UdZdde
1 [t o 1
4 —G(t—s,2—v)—5—Vc(z,0,y)04(y)*
L get=sa—y (5,0,9)%0,(y) dvdyds

V2 (s,v)
5
=2_Aue
i=1

X

We will study the convergence of each term in the above expression. This will be done

in several steps:

Step 1. For the term A, , taking into account that

(Yo * G(e, ) ()

ue(0,2) = —2 (Y0 *G(e,-))(2)

and vy is continuous and bounded, it is easy to show that

A17e—>/RG(t,$—y)UO(y)dy,

as ¢ tends to zero.

Step 2. From Lemma 2.3.1 it follows that

1 1
ue(t,z) —v(t,z)||, < Ct—/2ei 2,
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With this, it is easy to see that

1L (tro
A6—>—//—Gt—s,m— v(s,y)?dyds,
2, 20R0y( y)u(s,y) dy

as € — 0, in LP(Q) for all p > 2.

Step 3. We now show the convergence of the stochastic integral term Ag . Integrating

by parts, first with respect to v, then with respect to z, we get for y > 0,

/R%G(t—s,x—y) 1 )</yooG(e,v—z)¢(s,z)dz>dv

Ye(s,v
:/RG(t—s,x—v)d}E(l 87,06 (/y (e,0—2) w(s—z)dz>dv
_/RG(t—s,x—v)w (i U)</yOO§}G(e,v—zW(s,z)dz>dv
:/G(t—s x—v)d}e(l )283%( ”U)(/y G(e v—z)@b(s,z)dz)dv

/G —s8,x—v w(l )</ymG(e,v—z)g—f(s,z)dZ)dv

—w(s,y)/RG(t—s,x v)———G(e,v —y)dv

1
Ye(s,0)
= G1,+,e(87y) - G27+,e(57y) - G3,6(ya S)'

In a similar way, for y < 0, we obtain

/R%G(t—s,x—v)weé’v)</_:G(e,v—z)w(s,z)dz>dv

= Gl,—,e(say) - GQ,—,G(Say) + G3,6(y7 5)7

where the terms G'1 _ ((s,y) and G2 _ (s, y) are analogous to G'1 1 ((s,y) and G2+ (s, y),

respectively, by just replacing the integral |, yoo by [ Y o
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We claim that the following convergences hold in LP((2), for any p > 2, as € — 0:

t t
/ /Gg,e(s,y)as(y)W(ds,dy)—>/ /G(t—s,x—y)as(y)W(ds,dy), (2.33)
0 JR 0 JR

t
/O /R (G o(5,9) = Gaso(5.9)]rs(4) W (ds, dy) = 0. (2.34)

and

t
/ / (G1—o(5,y) — G o(5,y)]ors () W (d, dy) — 0. (2.35)
0 JR

Proof of (2.33): Applying Burkholder’s inequality and Minkowski’s inequality, we can

write

[ [t (2D s ct-sap)eiaiaoa]

SC/Ot/RH/RG(e,v—y)

S O(Bl,e + B2,e)a

2
p
Y(s,y)
Ye(s,v)

2
G(t—s,x—v)dv—G(t—s,x—y)pr(y)zdyds

where

By - /Ot [ ( [ Glev-6(t-s.2-v

-1

2
dv) f(y)Qdyds
p

‘ ¥(s,y)
be(s,0)

and

Boo= [ [(Glt=stea—y)=Gle—so =) r)dus.

Using the definition of 1) and 2.2.4, it is not difficult to see that v/, is Holder continuous

of order 1/2 in the spatial variable. With this and Lemma 2.3.1, we have

—1|| <OV 4y —o|?),

p

H U(s,y)
e(s,v)
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Therefore,

t
By < 061/2/0 /RGQ(t—I—e—s,a:—y)f(y)Qdyds

—i—C/Ot/R(/RG(E,U—y)G(t—s,x—v)|v—y\1/2dv>2f(y)2dyds.

Clearly,
t
| [ c+e=sa—nwpaas <c.
0 JR

by Holder’s inequality and assumption (A.2). Next, make the change of variables v —

y = z and choose ¢ > 1 such that q% +% =1, to get

t 2
| ([ etco—n6a-sa—ujo—y ) s aas
0 JR R
¢ 2
< agey [ ([ Gles)a2dz) 161 = ) s
0 R

< Cel/?,
Hence, B1 . — 0 as € — 0. On the other hand, again using Lemma 2.1.1, yields
Bae < C|l flZaqgye"* /1.

Proof of (2.34): Adding and subtracting (s,v) and g—w(s,v) in the dz integrals of the

(%

first and second terms, respectively, we get the decomposition

t
/ /R[Gl,—he(&y) —Gate(5,y)|os(y)W(ds,dy) = J1,e+ Jo.c + J3e,
0
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where

ne= [ L G e
([ Gtew=avta - vl ) doo )W (ds.a),

ne= [ LS
« ( /y Glev—2) a—f(s,z)—a—f(s,v)]dz) dvors () (ds, dy)

and

mo= [ [ ) S ) s G )

>< /OO G(e,v— z)dz) dv os(y)W (ds,dy).
y

Applying Burkholder and Minkowski inequalities yields, for any p > 2,

t 00
Ihe? < cp// (/G(t—s,x—v)
0 JoO R

2
x/G(e,v—z)|]w(s,z)—w(s,v)]|2pdzdv) 2 (y)dyds.
R

1 Oe
2(s,v) %@’U)

2p
By Lemma 2.3.1 and Proposition 2.2.4, we obtain

t 2
Il < el e [ ([ Glt=siw=0) [ Glew=ls ol azav) s
0 R R

< Cel/?,
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For the term J5 . we can write, using Burkholder and Minkowski inequalities and

applying Lemma 2.3.1

a2 < cp/t/oo (/G(t—s,x—wnz/}e1(s,v>H2p

2
/G €,V —2) % % dzdv) 2 (y)dyds
2p

% (5,5)= 25,0
ol ey [ ([ Gte=sr-0te0—2)
‘a@w o0

0z (,2) = ov a0 &Y)
By the continuity of (s,z) — %—f(s,z) in LP, for any p > 2, in [0,¢] x R, established

IN

2
dzdv) ds.

2p

in Remark 2.2.8, it follows that the integrand of the above integral on [0,¢] converges
to zero for any s € [0,¢]. On the other hand, the integrand is bounded by an integrable
function, which does not depend on ¢. Therefore, by the dominated convergence theo-
rem, we conclude that ||.J2 || ]27 converges to zero as € tends to zero.

Finally for J3 ¢, using Burkholder and Minkowski inequalities and applying Lemma

2.3.1, we have

t
Il < el o [ ([ 6te=sa=olleceol,

2
Oy dv> ds.
2p

0
< [[905,0) T (5,0) ~ el 0) e 5, 0)
For (s,v) € (0,t) x R, the term Hl/} $,0) awe(s v) — (s, v)gf (s,v H converges to

zero as € tends to zero, due to the estimates (2.31) and (2.32). Therefore, by the dom-
inated convergence theorem we conclude that ||.J3 || 12, tends to zero as ¢ tends to zero.

The proof of (2.35) is similar and omitted.
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Step 4. Finally, we show that A4 . + A5 . converges to zero in LP(2) for all p > 2, as e
tends to zero. Once again, we show convergence of the terms when z > y > 0. When
z <y < 0, the proof follows in the same way. The contribution of {y > 0} can be

expressed as follows

H = /Ot/ooo/R%G(z&—s,x—v)@(/yooa(e,v—z)¢(s,z)dz)

X (1/16(3, v) — /yoo G(e,v —2)1(s, z)dz) os(y)2dudyds.

Adding and subtracting ¢/(s,v) in the second dz integral, we get

where
t [e’e) a
Hi,ez// /—Gt—s,x—v
0 Jo ROV ( )
<o ([ Glev=2)uts,2)dz) Py Pdvdya
02(s.0) ; €,v—2)(s,2)dz | Fios(y)“dvdyds,
where

F = /_y G(e,v— 2)e(s,v)dz,

Fy:= /Oo G(e,v—2) [the(s,v) —(s,v)]dz,
y

F3 = / Gle,v—2)[Y(s,v) — (s, 2)]dz.
y

We show convergence of each of these three terms, one at a time. To control the term

Hj ., apply Minkowski’s inequality, Holder’s inequality, and Lemma 2.3.1, to get, for
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anup > 2

iy <0 [ [ [ 20

(/ G (e, v—z)dz) </y G(e,v—z)dz)f(y)zdvdyds.

Yy —0o0
Notice that, for any fixed s,y, v, we have

(‘va( S’m_v)(/yooG(e’v_Z)dZ></y G(e,v—z)dz)f(y)2—>0

—0o0
as € — 0. Furthermore, we can trivially bound this integrand by

0

FuClt=s.2=0)|F(v)?

which is independent of ¢, and (dv ® dy ® ds)-integrable on R x (0,00) x [0,¢]. Hence,
by dominated convergence, || Hi ||, — 0 as e = 0.

We bound the term with H> . as follows

(5,0) — sv||2p///

for some positive constant C' > 0 and all p > 2. This quantity converges to zero as € — 0

—s,x—v)|f(y)dvdyds

62}

by Lemma 2.3.1. Lastly, apply the same techniques to get

t poo
imdp<c [ [
0J0 JR

< Cel/A,

—G({t—s,x—v

ov

) </yOOG(e,U—z)|v—z|1/2dz)f(y)2dvdyds

which converges to zero as € — 0. Therefore, A4 + As . converges to zero in LP(€2) as

€ — 0, forall p > 2.
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Step 5. As a conclusion, we deduce that the process v(t,x) satisfies

L[t o
i) = [ Glta—puwtir+ [ [ S60—sa—puispiis

t
_1_/0 /RG(t—s,x—y)as(y)W(d&d?J)-

Since w also satisfies this equation, we have © = v by uniqueness of solutions. [

2.4 Regularity

We start with an easy, yet interesting, consequence of some of our results about ¢ and

its regularity.

Proposition 2.4.1. Let u(t,x) denote the solution to Burgers’ equation (2.1). Assume
that the initial condition ug is o Holder continuous for some « € (0,1). Then, for all

t,s€[0,T], x,y € R, and p > 2, we have

11

||U(t,x) - u(s,y)Hp < C<|t — S|%/\(4_2q) + |l‘ . ma/\(%-%))‘

Proof. Indeed, by adding and subtracting an appropriate term, we have

Ju(t, ) —u(t,y)lp = H¢ w( ’y)_w(;,x)g_f(s’z)“p
I m;—w“’”up
+2H¢ ol ool
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where the last inequality follows from Cauchy-Schwarz inequality, (2.7), and Propo-
sitions 2.2.4, 2.2.6, and 2.2.7. Using the same technique of adding and subtracting

appropriate terms yields the desired regularity in ¢. [

Remark 2.4.2. Regarding the assumptions on the initial condition.

(i) From Remark 2.2.8 it follows that if we do not assume the Holder continuity of

ug, then we have
1_1 1 1
[u(t, z) —u(s,y)|l, < CEA s) V2 (|t — 5|12 4|z —y|2 1),

Moreover, u(t,z) is continuous in LP(£2) on [0,7] x R for all p > 2.

(ii) Proposition (2.4.1) allows us to deduce the existence of a version of u(¢, x), which

is locally Holder continuous in space of order a A (% — %) and in time of order

1 1
2N 3= 2)-

The next proposition provides some moment estimates for the solution to Burgers

equation.

Proposition 2.4.3. Let u(t,z) denote the solution to Burgers’ equation (2.1). Then, for

allt € [0,7T] and z € R, and p > 2, we have

sup [|u(t, z)[l, < K/p(tV1) " exp <7||f||L2(R)tP+ §Hf”L2(R)t + §HUOHL1(R)>7
z€R

where K is a constant depending on || f || fa(r) and [Jug ||

Proof. By Holder’s inequality, we can write

oy

I o

_(t’x)

<2t |2

p

2p
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Then, the result follows from Remark 2.2.2 and Proposition 2.2.6. O

Corollary 2.4.4. Let u(t,x) be as above. Then, we have

Sup E 606(10g+u(t,$))2 < 00
(t,x)€0,T]xR

forall 0 < o < 4, where a = %HfH%Q(R)T, and log ; X :=log(X V1).

Proof. Using the above result regarding moment estimates, we see that u satisfies
E(Ju(t,z)]P) < CPear’
for some constant C' = C (|| f || La(wr): || f1| z2(w)» [[10 |00, [luo]| 1 (), T')- Then, apply Lemma

A.10 to obtain the result. O]

From this, we can extract information about the tail of the probability distribution

of the solution to Burgers’ equation.

Corollary 2.4.5. Arbitrarily fix o € (0, £-) as above. Then for all A > e, we have

, log P(u(t,z) > )
limsup sup 3
Atoo  (t,2)€]0,T]xR (log )‘)

< —a.
Proof. For any t, x, and ), we see that
P(u(t,r) > \) < p—allog )’ p [ea(log+u(t,m))2:| .

Then, by Corollary 2.4.4, the result follows easily. [
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Chapter 3

Existence and Regularity of Densities

3.1 Malliavin Calculus

In this chapter, we present some new results regarding the existence and regularity of
density functions for solutions to stochastic Burgers’-type equations. There are pow-
erful tools from Malliavin calculus which allow us to obtain such results. As such,
we begin by reviewing some of the standard Malliavin calculus machinery that will be
used in what follows. For a more thorough presentation of the subject refer to [23].
For some techniques which are now standard in the study of SPDEs, refer to [2]. Let

H := L*([0,T] x R), and S be the set of smooth cylindrical random variables
S = {F = fW(h),..., W (ha)) | f € CX(RY), hy € H}.

The subscript p above is to denote polynomial growth of the derivatives. Given such
a random variable, I’ € S, the Malliavin derivative of F' is the H-valued stochastic

process { Dy . F, (t,z) € [0,7] x R} defined by

Dy F =) gj (W (h1),..., W (hp))hi(t,z).
i=1
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Define the higher order derivative operator, D*, iteratively. This iterated derivative
operator is closable from S into LP(€; H®¥) for each k,p > 1. Let DF» := Sl pe
the completion of S with respect to the norm
n
I}, = E(FP)+EY [ID"Ff}e
i=1
and define D> := ) , DFP,

Let ]Dfo’f denote the set of all random variables which are locally Malliavin differ-
entiable of order k. That is, the set of I’ for which there exists a sequence (2, F},) C
F x DFP such that Q,, Q and F,, = F on €, with probability one. The following is
a useful result for establishing regularity of densities.

Proposition 3.1.1. If I’ € DML

loc

and ||[DF ||y > 0 a.s., then F" has a density function

which is absolutely continuous with respect to the Lebesgue measure.

Next is a fundamental result of Malliavin calculus and provides sufficient criteria

for existence of a smooth density for (one dimensional) random variables.

Theorem 3.1.2. Let I’ be a random variable. Then, the following criteria are sufficient

conditions on the existence and regularity of a density funciton.
(i) If F €DV and | DF ||y 20, then F has an absolutely continuous density.
(ii) If F € D*® and E(||DF||;}) < oo for all p > 2, then F has a C*° density.

This result can be generalized to random vectors by replacing the conditions on
the norms by the same conditions on the determinant of the Malliavin matrix'. The
following fact is a standard and useful tool in establishing Malliavin differentiability by

an approximating procedure (see Lemma 1.2.3 in [23]).

I'The 4, j entry of the Malliavin matrix is defined by the inner product of the derivatives of the ith and
jth components of the random vector.
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Lemma 3.1.3. Suppose {u(k)}k is a sequence of processes such that ulk) e DY2 for all
k, supsupE(HDu(k) (t,2) Hg_[) < o0, and u'®) — w in L*(Q). Then u € D2 and Du®)
k tx

converges to Du in the weak topology of L*>(Q,H).

3.2 Density via Feynman-Kac

In this section, we study existence and regularity of densities for stochastic Burgers’

equation

) 0? 10 ) o2

indexed by (¢,z) € [0,7] x R, given a nonrandom initial condition u( and a Brownian
sheet I/. Using what we proved in chapter 2, we follow similar steps as in [18], but
have to adjust some arguments due to the fact that we are working in an unbounded

spatial domain. Let

1 9

0
u(t,x) = —2—logy(t,z) = 21/1(15 ) o

pe —(t,z)

be the mild solution to Burgers’ equation (2.1). Recall that v is defined by a Feynman-

Kac formula

bitw) =B [do(Bo)e 3] G.1)
where 1o(z) :=exp{—3 [ uo(y)dy} and M} = fo Jros(W)j ) (W)W (ds,dy).

Theorem 3.2.1. Suppose that for all (t,x) € [0,T] x R, and some xo € R, we have

o(t,z,r)=o(t,x)

0(0,z9) #0

(H)
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and that o is continuous. Then, for fixed (t,x) € (0,T] X R, the solution, u(t,x), to

Burgers’ equation (2.1) has a smooth probability density function.

We remark that the assumption that o does not depend on the third component is not a
significant jump due to the strong integrability assumption (2.3).
We prove Theorem 3.2.1 by establishing each the hypotheses of part (ii) of Theorem

3.1.2, the first of which is the following.

Proposition 3.2.2. Suppose that ¢ satisfies (H) and let u be the solution to (2.1). Then,

for fixed ¢, z, u(t,x) € D*.

Proof. Due to the chain rule for Malliavin calculus, it suffices to prove differentiability
0
of ¢) and —w We establish these using the explicit Feynman-Kac representation of 1),

ox

) ) ) 0
and a Picard iteration scheme for 8_¢
T

Using the definition of v, we see that

B

Droio(t, z) = —%Eﬁ,t [40(B0)a ()15, (v)e ™20 |

The integrability assumption on o implies that

E{(/;/R|Dr,v¢(t,x)}2dvdr>p/21 < o0

for all p. Hence, (¢, ) € D"P. Furthermore, we can take higher order derivatives and

obtain ¢(¢,z) € D> in the same way .
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Next, we study Malliavin-differentiability of the process 0;1). Consider the corre-
sponding integral equation
o oG
—(t,x)= | —(t,x— d
o) = [ Gt = valu)dy
IRV oG
—— sign(y)—=—(t — s,z — 2)¥(s, 2)os(y)dzW (ds, dy)
2 0JS afL‘

1 [t oG 5
+= —(t—s,x—2)Y(s,2)0s(y)*dzdyds. (3.2)
8 0JsS ox
Integrate by parts to get

g_f(t,g;) = AG(t,x—y)%(y)dy

t
_%/0 /Rsign(y)G(t—s,a:—y)w(s,y)%(y)w(d&dy)
IR 0y
-1-5/0 /Ssagn(y)G(t—3,1:—z)a(t,z)as(y)dzw(dsady)
1t
+§/0 /RG@—sw—y)w(s,y)os(y)?dyds (3.3)

—%/Ot/SG(t—s,:zc—z)g—f(s,z)as(y)2dzdyds.
Set ¢\”) () := (G(t,-) x¥})(x), and define the Picard iteration by
A0 =00 5 [ [ )Gl 5.0 0500 )
by [ [ S0t~ 26 oz s i

t
+%/ /G(t_S’x_y)w(‘S?y)Us(y)?dyds o
0o JR

¢
—1/ /G(t—s,x—z)(bgn_l)(z)as(y)dedyds.
8Jo Js
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We prove
@) 0

6" (@) =¥ S () (3.5)
by showing that
Zsup HAgbgn) (x)H; < 00, (3.6)
n>1 t,x

where

AGM (@) = ¢ () — "V ().

For all n > 0, we have

t
80" @) =5 [ [ sign)Gle—s.2 = 20200 () ()W (ds.

1/t (n) 2
- /0 [S G(t— 5,2 — ) A0 (2)04(y) dyds.

1 1
= EFI (t, iL‘) — gFQ(t, l’)
Decompose these terms into

Fi(t,x) = Fy a(t,x) — F1 g(t,x),

Fg(t,l’) = F27A(t,$’) +F273<t,$>,
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where

t 00 00
Fia(t,x) / / / G(t—s,:p—Z)Agzﬁgn)(z)as(y)de(ds,dy),
0 JO
t 0O yy
Fi g(t,x) / / / G(t—s,a:—Z)Agbgn)(z)as(y)de(ds,dy),
0 0
t 00
Fy 4(t,x) / / / G(t—3,93—z)Aqﬁgn)(z)as(y)zdzdyds,
0 JO Y

Fy p(t, ) 3:/0/_ /_y G(t—S,x—Z)Aqﬁgn)(z)as(y)Zdzdyds.

Apply Burkholder’s inequality and the bounds on o to get

HFl,A(tax)HIZ,SC/Ot</RG(t—s,x—z)HAqﬁgn)(z)dezfds

Apply the same techniques on 7 g to get

2 t (n) 2
||F1(t,x)}|p§C/0 (/RG(t—s,x—z)HAgbs Gl d=) ds. @)

In a similar way, we obtain

t
HFQ(tJ)HiSC’(/O /RG(t—s,a:—z)HAngn)(z)dezds>2. (3.8)

Putting (3.7) and (3.8) together yields

t
sngAqﬁgnH)(a:)H; < Cp7T,0'\/0 Slip||A¢gn)(x)||;d3-
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Apply Lemma A.7 to get (3.6). Hence, (3.5) holds as desired. Next, we show that

qbgn) (z) € DYP, using induction. Suppose that qbgn*l) (z) € DYP and set

o = B (Do V@0 )

Using (3.4), we see that

Dm,qbgn)(x) = —% [Gl (t,z,r,v) — Ga(t,z,r,v) — Gg(t,x,r,v)] + éG4(t,x,r,v)7

(3.9)

where

Gi(t,z,r,v) =sign(v)G(t —r,x —v)(r,v)o.(v)
// (t—s,2—y)Dro¥(s,y)os(y)W(ds,dy),
Ga(t,x,r,v) = op(v) 11,20/ G(t—r,x—z)gb,(nn_l)(z)dz
+1U<0/v G(t—r,x—2)pr (n= 1)( )dz),
Gs(t,x,r,v) :/t/G(t—s,x—z)DT’vnggn_l)(Z)Us(y)de(ds,dy),
Tt S
G4(t,x,r,v):/ /RG(t—s,x—y)Dwzﬁ(s,y)as(yydyds

t
~ [ [ 6= =206V ol s
r JS
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holds for (r,v) € (0,¢) x R. Let’s consider the two terms of G first, one at a time.

Observe that Minkowski’s and Holder’s inequalities yield

/ot /R G*(t—r,z—v)i(r,v)*0,(v) dodr

p/2
< t [ G e=ra— oot v

<C

for some constant, C, depending on p, f, and 7. Similarly, apply Burkholder’s inequal-

ity and the fact that ¢» € D? to get

‘ /Ot/R(/:/RG(t—8,1‘—y)w(s,y)as(y)W(ds,dy)>2dvd7“ y

< [ L[ [ ipevtonizaar)ee s - oras
<C

for some constant C'. Using Minkowski’s inequality, we obtain

‘ /0 t /R crr(v)2< / OoG(t—r,x—z)¢£”‘1>(z)dz)2dvdr »
<c [[([at-ra-2e ) ar

<

for some positive constant C’. By symmetry, we have the same bound for G5. To

handle G3, we perform similar computations after applying Burkholder’s inequality to
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see that

[( / / / / / G(t—s,a:—z)Drw(ﬁgn_l)(z)as(y)de(ds,dy))zdvdr>p/z]
scpEK/O /R// / Glt—s,2—2)D M@“()dz)

2 p/2
xas(y)zdyds> dvdr) 1

gCEK / t / / t / G(t—s,x—z)(Dmgbg"1)(2))2dzdsdvdr>p/2}
// (t—s,2—2) (||D¢S” ROl ]XR>dzds

// (t—s,x— ( )dzds

for some positive constant C’ depending on p, . and f. Again, by symmetry, we obtain
the same upper bound on (G3. Use the same arguments to obtain an upper bound for G4

of the same form. Putting these pieces together yields

¢
sup(ID( )<01+C'2/ sup<bg?m71)ds.
zeR 0 zeR

Therefore, by Lemma A.7, we have

sup @gj;) < 00.

n,t,x

That is, gbgn) ([E) - D17p_ Hence, g_d)(t,l‘) c Dl,p and
T

p
SUPE(HD )’ L2([o,t]xR)> <00
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. 0 .
Using the same arguments as above, we can show that 8_¢ (t,x) € D*P for all k. That is,
T

0
we have that —w(t,x) e D*™.
Oz

]

We now prove a fact regarding the norm of the Malliavin derivative of u, from which

we obtain the main result of the section.

Proposition 3.2.3. Suppose that o satisfies (H) and let u be the solution to (2.1). Then,

for fixed ¢, x, and all p > 2, we have
E(||Du(t,z)||}") < oco.

Proof. Fixa € (%, 1). It suffices to show that for all ¢ > 2, there exists ¢y depending on

a and ¢ such that

t
P( / / (Dy.ult,z)) dvdr < ea) < (1=l (3.10)
0 JR

holds for e < €. To see why this is sufficient, set X := || Du(t,z)||3, and notice that

E(X™P) :/OOOP(X_p > y)dy

o
<14 / P(X <y~ P)ay,
1
Then, make the change variables y = ¢ “? to get
00 1
/ P(X < y_l/p)dy = ap/ P(X < €¥)e P e,
1 0

Since 1 —a > 0, we can pick a ¢ large enough so that (1 — a)q > ap. Hence, by making

appropriate choices of €p and ¢, we apply (3.10) and see that this integral is bounded.
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Choose € > 0 such that o¢(z)?> > C > 0 on (t,7) € [0,1/€] X [20 — \/€, 70 + 1/€]. Now

using the mild formulation, (2.1), we get

x0+\f
// D, pu(t,x) dvdr>/ / 2G(t —r,x —v)*dvdr
!170+\f
— —G(t—s,x—y)u(s,
/te/xo\f/r/Ray< y)u(s,y)

2
X Drwu(s,y)dyds) drdv,

where the z( is what appears in (H). Using this hypothesis yields

xo+\f
/ / 2G(t—r,x—v)%dvdr > C/e

for some constant C'. Now, pick €y > 0 small enough such that 2¢* < C'/e holds for

0 < € <¢p. Hence,

t
P(/ / (Dr,vU(t7$))2dvd7“§€a)
0 JR
SP(/ / / /—G(t—s,:z:—y)u(s,y)Dr,vu(s,y)dyd3> drdv2€“>
t—eJwo—/e r JROY
a ZC()+\/E t
§€2PE'|:</ / //QG(t—S,I—y)
t—eJzo—y/e r JROY

2 p/2
xu(s,y)Dwu(s,y)dyds> drdv) }

Apply Cauchy Schwarz with respect to the measure given by -2 oy =G to get

t 0 G D dyd ’
(/T /R@_y (t — s,z —y)u(s,y) Dypu(s,y)dy 8>
t o 2
SCt,myp/r /R‘a_yG(t_Sax_y)‘<Dr,vu(5>y)> dyds
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for some constant C ;. ,, depending on ¢, z, p. Hence,

t 2/p
P(/ / (Dr,vu(t,l’))zdvdr < 6“)
0 JR
—a LEOJ,—\[ 2

Exchange the orders of integration to get

(/ / rvu t $ dvdr <e ) < Ce_?+% - Ceg(l_a)‘

3.3 More General Equations
We consider the class of semilinear stochastic partial differential equations given by

0 0? 0 PW
B u(t,z) = e U u(t,z) + f(t, x,u(t, x))+gg(t,ac,u(t,ﬂ:))+U(t,gz:,u(t,:zc))atam

(3.11)

for (t,2) € Ry x R, where IV is a Brownian sheet, and f and o have some appropriate
growth conditions. When f =0 =0, and g = —%u2, this is the classical (viscous)
Burgers’ equation. Furthermore, the case when the spatial domain is [0, 1], rather than
R, has been widely studied. For example, see [12] for existence and uniqueness results,
[18],[22],[27] for results regarding the probability density of solutions, and [12] for
comparison theorems. There are many more results regarding these equations on the
unit spatial interval. However, there are very few results on the unbounded spatial
domain. The primary goal of this section is to establish the existence and regularity of

a probability density for the solution at fixed points in time and space. To accomplish
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this, we use the standard tools from Malliavin calculus. Along the way, we prove a
comparison theorem for the solution which will aid in the proof of our main result of
the section. The approach we take is inspired by that in [12].

We say that an L?(R)-valued stochastic process u = {u(t) : t € [0,T]} which is
continuous and F;-adapted is a weak solution to (3.11) if for any test function ¢ €

C.(R), we have

t
/u(t,x)qb(:v)dx:/uo(x)gb(x)dx+/ /u(s,x)gf)”(x)dmds
R R 0 JR

t

—l—/ /f(s,a:,u(s,x))qb(a:)dwds
0 JR
t

[ [ otsuts.a))of(a)dods
0 JR
t

+ [ [ otsmuts. oo (ds.do)
0 JR

almost surely for all ¢ € [0,7'], where the last integral is understood in the Walsh sense

(see [26] for a detailed treatment of this). On the other hand, we say that u is a mild so-

lution of (3.11) if for all (¢,x), u almost surely satisfies the following integral equation

t
u(t,x)Z/RG(t,x—y)uo(y)der/o /RG(t—37$_?J)f(5a?/7u(8,y))dyds
Lroo
_/O /Ra_yG(t_S’x_y>g(8ayyu($7y))dyds

+/0 /RG(t_57;(;—y)a(s,y,U(S,y))W(dS,dy)a

where G is the heat kernel on the real line
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Under suitable conditions, which we state below, Gyongy and Nualart proved the equiv-
alence of weak and mild solutions for this class of equations. Furthermore, they proved
global in time existence and uniqueness for a solution to (3.11), and that the solution
has a continuous version. We impose the following conditions on the coefficients in

(3.11):

(A1) The initial condition u(0,x) = ug(x) is nonrandom with ug € L?(R).
(A2) f,0:[0,T] x R? — R are Borel functions satisfying the following linear growth

and Lipschitz conditions

ft,z,r)] < fi(x)+Crl
|f(t,z,r) = f(t,z,5)] < Llr—s|

lg(tz,r)| < gi(x)+ga(@)lr|+Clrf?
9(t,z,r) —g(t,z,s)| < (g3(x)+ L|r[+ Ls|)|r —s|

lo(t,z,7)] < h(z)+C|r|
lo(t,z,r)—o(t,z,s)] < Llr—s|,

forallt € [0,7], z,r, s € R, and for some positive constants C, L and some non-negative
functions f1,91,93 € L?(R), and go, h € L?*(R) N L4(R) for some ¢ > 2. Additionally,

we again assume o is continuous and impose the following nondegeneracy condition:

There exists z¢ € R such that o(0,zg,7) # 0 for all € R. (3.12)

3.3.1 Comparison Theorem

In this section, we prove a comparison theorem which will aid in establishing regularity

of a density function for the solution to this class of SPDEs. To obtain the comparison
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theorem, we approximate the coefficients and of the noise in (3.11), use [t6’s formula on
an appropriate functional of the difference of solutions to show that the positive part of
this difference is zero, then prove convergence of the approximations to the solution of
(3.11). This approach is similar to the method that was originally developed by Donati-
Martin and Pardoux in [11], which has since been implemented in other contexts (e.g.

[12D.

Theorem 3.3.1. Suppose ug,vg € L*>(R) are such that ug(z) < vo(x) for all x. If u

and v are the solution to (3.11) with initial conditions ug and vy, respectively, then

u(t,x) <wv(t,x) a.s. forall (t,z) € [0,T] x R.

Proof of Theorem 3.3.1.  Let ug,vg € L?(R) be such that ug(z) < vo(z) for all z € R.
Define the following approximating sequence of functions which are globally Lipschitz
continuous in the third argument
flt,x,r) if|r|<n
fu(t,z,r) = :
0 if || >n
Define g, in terms of ¢ in an identical way. Next, fix an orthonormal basis {¢y} of

L?(R) such that this sequence is uniformly bounded in k, and define

Wi(t) := /Ot/Rcbk(x)W(d&dw)

The collection {Wy(t),t > 0} consists of mutually independent F;-Wiener processes.

Now, with n fixed, we consider the following evolution equation

dun (t) = An(t, un(t))dt + > B(t, un(t))dW(t)
k=1 (3.13)

un(0) = ug

72



in the Gelfand triple H' — L?(R) = L?(R)* < H~!, where A,(t): H' — H~! and

By (t) : H' — L?(R) are nonlinear operators defined by the following actions

An d n\t,4, —Yn\by Ly ! d
(Anlt0,0) == [ W@ @nt [ (fultea0@)o(0) = gult, (@)l ) da
<Bk<t,¢>,h>3 [ ottavta)ononie)ds

for any ¢,9 € H'and h € LQ(R). It is known that (3.13) has a unique solution u,, €

C([0,T]; L*(R)) that satisfies

T
/ Hun(t)H%{ldt <00
0

almost surely (see chapter 7 of [9] or chapter 5 of [20]). Let w,, := u,, — vy, Where u,,
and v, are solutions to (3.13) with initial conditions uy and vy, respectively, such that

up(x) < vo(z) for all z. We show that
|wa(t,x)|, =0, fordz —ae. z €R (3.14)

almost surely for all ¢ € [0,7], where |f|1 = max(6,0) is the positive part of 6. For

each k € N, let p; : R — R be defined by

2kz  forz € [0, 4]
pi(2) =
21,50 for z ¢ [0, ]

Then, set

h py
Yr(h) 3=1h>0/0 /0 pr(2)dzdy.
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It’s easy to see that ¢, € C%(IR), and satisfies 0 < 1, (z) < 2|z[+, 0 < ¥}/(2) < 21,0,

and Yy, (z) /* |z|2 as k — oo. Now, define the functional @y, : L*(R) — R by

By (h) = /R Pr(h(z))dz.

One can show that ®;, is twice Frechet differentiable at every h € L?(R), that P (h) =
). ;, is a continuous linear functional on L?(R), and that ®Y(h) = @} ;, is a continuous
bilinear form on L?(R) x L?(R). Furthermore, these Frechet derivatives are given by

the following

@, (1) = /R (k) ha (x)da

¥ (b, he) = [ G () (0)ho()da

for h1,he € L?(R). With this, we apply Itd’s formula” to get

t
D1 (wn(t)) = My (1) + (10 (0)) + /O (An(3,un(5)) = Au(5,00(5)) U (wa(s) ) ds

B

+%/0 ;@Z(wn(s))[a(un(s))—o(vn(s))]gzsi, [O'(Un(s>)—o'(vn(8))]¢i> s

for some continuous local martingale M,, ;. satisfying M,, 1,(0) = 0 a.s. We control each

of the three terms of A one at a time. First, using the chain rule yields

/R((%wn(s,x) . %wff(wn(s,x))dx = /]R (%wn(s,x)>2¢g(wn(s,x))dx >0

2See, for example, [9] or [20] for this generalized version of Itd’s formula for Hilbert space valued
processes.

74



since }/(-) > 0. Furthermore, since f,, is globally Lipschitz and ¢} (-) < 2|- |4, we

have

/R [fn(‘S?x?un(S?x)) - fn(s,x,vn(s,x))}z/zfg(wn(s,m))dm < LHwn(S? )JFH%Q(R)

for some positive constant L. Lastly, since g, is Lipschitz, apply the basic inequality
2ab < a?+b%to get
9
[gn(s,x,un(s,x) — gn(s,x,vn(s,x))] awk(wn(s,x))dx
R
1 0 2
< Clluns. )+ ey +5 [ (Grumls.)) .

Finally, using the fact that o is assumed to be Lipschitz, and the boundedness of our

basis functions, we easily obtain

t
E[0g(wn(tAT))] < c/o (5 AT )4 |22 ds

for some positive constant C' and any stopping time 7. Finally, choose an appropriate
sequence of stopping times {7j}x>1, let k tend to infinity, and apply Gronwall’s in-
equality to get [[wn (¢, )+ L2(r) = 0. Hence, uy(t,2) < vp(t,x). Now, we just need to
show that these approximate solutions converge to the solution of (3.11). Indeed, for

any ¢ € H', it is easy to show that

t 0
/ sup Elun(s,z) —u(s,z)|*ds < C’/ sup Eluy(s,x) —u(s,z)|*ds
0 zeR 0 zeR

since the coefficients of (3.13) are Lipschitz. From this, we have convergence of the

approximating sequence of solutions.
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3.3.2 Density by Truncating Solutions

In this section we assume that
1 2
g(t,x,u(t,z)) = —éu(t,x) .

The idea of the approximating procedure in this section is that we truncate the solution
operator. In particular, we restrict our function space to an L?(R) ball of radius N, and
let N tend to infinity. Fortunately for us, the proofs in this section work the same way as
the related proofs found in [27] due to the standard bounds on space-time convolutions
with the heat kernel found in [13] and [27]. That said, we still provide most of the

details for the sake of completeness.

We again assume (A1) and (A2) as before. We will use Theorem 3.3.1 in our proof

of the following theorem, which is the main result of the section:

Theorem 3.3.2. Suppose (Al) and (A2) hold. Then, the solution, u(t,x), to (3.11) has

a density which is absolutely continuous with respect to the Lebesgue measure.

Now, we perform the following truncation on solutions which will serve as a se-
quence of processes which localize the solution to (3.11). For fixed NV, define the map

7y : L*(R) — By by

u, if [ul| L2y < N,
T (u) =

mu, lfHUHLQ(R) >N

Consider the operator A defined by

Au(t,z) = (G(t,-) xup)(x) + (G* fn) (t,z) — (8366’*7,@\,) (t,z)+ (G®on)(t,x),
(3.15)
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where the above notations are shorthand for the following convolutions

(G(t,) *up)(x) = /R Gt —y)un(y)dy

(G f) (t.2) = / Gt — 5,0 — y) s,y (mvu) (s.y)dyds,

(0,t)xR
0
(@;G*u?\;)(t,x):/(m) Ra—yG(t—s,a:—y)((wNu)(&y))Qdyds,
1) x

(G®on)(ta) = /(O o GO0 )5 )W (s )

Proposition 3.3.3. Let u be the solution to (3.11). Then, for ¢, x fixed, we have u(t,z) €

il

loc*

Proof. Let u0) .= ug and define the Picard iteration scheme u®) .= AuF=D for k >1.
Using identical arguments as in [13], one can show that this sequence converges con-
verges to the solution of (3.11) in a suitable Banach space. Hence, it suffices to show
that u(¥) (¢, ) € D! for all k. In fact, we actually prove u(*) (¢, z) € D2,

First, observe that for F, () := 11 ,2)(6) + 51731 (12 00) (0), We can write
T (w) = wFN(||w||%2(R)).

Moreover, it is clear that |F,(f)| < 1 and |F),(0)| < %1(,12,00)(9). Hence, if w =
{w(§), £ € R} is a Malliavin differentiable process which is suitably integrable, we

can see that the derivative of 7w satisfies

D(mn(w(€))) =D(w (&) Fn(w]72g))

€ Fi(0lBaqey) | 21u(@)lsign(w(©) Dlw(©)ds.
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Therefore, by Holder’s inequality, it follows that

| D(mn (W)l L2 ;) < 201 Dw|| 2w,y (3.16)

Next, we show that if u(t,z) € D2 it follows that Au(t,z) € D2, where A is the
truncated solution operator defined in (3.15). Indeed, by the chain rule, it is easy to see

that

t
DG f)t) = [ [ Glt=s0 =)L) (50) Dl (),

(1)

where L’ is an adapted process which is bounded by the Lipschitz constant L. Hence,

using (3.16) and (A.9), we have

t
HD(G*fN><t7')HL2(R;H) = C/o HDU(S")HLQ(R;H)(ZS'

In a similar way, it is easy to see that

t
|D(0:G ) () gy < CN /O (t =)~ | Duls, )| o g

Calculate the Malliavin derivative of the stochastic integral to get

Dm<(G ® JN)(t,x)) G(t—r,x—v)o(r,v, (Tyu)(r,v))
/ / (t—s,x—y) L( )(s,y)Dm}(WNu(s,y))W(ds,dy),
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where L%) is an adapted process which is bounded by the Lipschitz constant L. Hence,

in the same way, we get

HD(G®O—N)(t’)HL2(R,H) §01+02/0 (t—S HDU HLQ(R,H)dS

Thus, Au(t,z) € D'2 by integrating ¢ on [0, T']. Furthermore, it is clear that this deriva-

tive satisfies the following equation

t
Drsu(ta) = [ [ Gt sy =)L (5.0) Dty
t
—/T /R%G(i—s,m—y)wN(u(s,y))Dmu(s,y)dyds

+G(t—r,x—v)o(r,v, (myu)(r,v))

/ /G (t—s,x—y)L ()( Y) Dy (Tnvuls,y)) W (ds, dy).

]

Proposition 3.3.4. Let u be the solution to (3.11) with g(u) = —u?/2. Then, for any
€ [0,T], x € R, we have

IDu(t, )|l >0 a.s.

Proof. Here we employ a clever technique which can be found in [24] and [27] which
allows us to maintain the multiplicative noise framework. Fix ¢,z € [0,7] x R. Let u,

be the solution to (3.15) and define the sequence of stopping times

T i=1nf{t > 0 [lun(t, )| 2@) = n} AT
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Since o is assumed to be continuous, there exists a neighborhood (ag,bg) of z¢ and a

stopping time 7 > 0 such that
o(t,x,u(t,z)) > >0

on I' := [0,7] X [ap, by, for some constant dy. Pick another neighborhood (a,b) of

such that [a,b] C (ag,bo), and define & := do(b— a). It is enough to show that
b
(s, ) ::/ Dy, yu(s,x)dv>0 a.s.
a

on {r € [0,T]:r <7, AT}. The process £ = {{(s,x),s € [r,T]} satisfies the following

integral equation

b

£(s,x) = / G(s—r,x—v)o(r,v,mu(r,v))dv
w [ [ o= 00- 0Ll 6.0) - 5 Gls 0.~ maut.0) €(6.)dut
/ /G (s—0,z—y)L L )(9 Y)W (do,dy).

We show {(t,z) > 0 a.s. on I'. Uniformly partition the interval [, T’] into m subintervals

(m)

with endpoints given by r," :=r + i(T —r)fori=0,1,...,m, and define
m

i—1
m d

1 t
a:=—= inf / G(—,y—v)dv>0.
2 1<i<m J, m

y€la,b+ 7% d]

Then, for 1 <7 < m, define the sequence of sets

E; ;:{5(r§m),y)25a11[ beiq®), Yy ERINT.

m
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Once we prove the following, we are done:

Claim: Let € > 0 be given. Then, for all m large enough and 2 =1,...m — 1, we have

(B |EiN--NE) < —. (3.17)
m

To see why this claim implies the result, observe that for any m > 1, we have

P({&(t,x) > 0}NT) = P(Ep)
> P(E1N--NEy)

= P(Em|E1N--NEp_1)P(Em_1|E1N---NEp_3)--- P(E1).
Then, if (3.17) holds for all m large enough, we see that

P{(t,x) > 0}ND) > (1—%)7” >1—e

Hence, since ¢ is arbitrary, we may conclude that {(¢,2) > 0 a.s. on I'. We proceed

with the proof of the claim. Consider the time evolution of the process £ on the interval

[rgm), Z( +1) |, starting at £ ( m) ,+). This process satisfies

/G s—r , v)f(rgm),v)dv
R
/ G s—0,0—y)L\" (0, y)—gG( — 0,2 —y)mpu(0,y)|£(0,y)dydd

/m 7
[

+
%

+ / (s—0,x—y)L L )(9 Y)W (dO,dy).

%
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Next, let ( be the process which solves the same equation, but with initial condition

5ai1[a,b+%d}’ That is, ¢ solves

Clsa) =6’ [ Gls=r{Ma =)ty s g (010

/ o | [615= 0.0 =0 LE 0.0 = 565 =0, — pyman(6.1)]| (6. 9)dyas

/ / (s — 6,2 — y) LS (0,5)WV (d6),dy)

for s in [T§m), z(—i-l)] Then, on the set £y N---NE;, fori=1...,m — 1, the comparison
theorem (3.3.1) implies that

&(s,2) > ((s,2) >0

with probability one.

Now, note that

(m+1)
(™ ayz 20t [ T e <02y LY (0.y)
rim R
- %G(é’”*” 0,2 —y)meu(6,)| C(6,y)dydd
T(m—i—l)
+ /() / Gri™ ™D — 0,2 —y) LS (0,5)W (b, dy).
m R

Furthermore, on Ef | NT', there exists y € [a,b+ %d] such that C(r,gmH) y) < dattl,

Hence,

P(E{NT|E1N---NE;) < E(Sup’51—52+73\p ’ Elﬂ"'ﬂEZ),
y

(5a)?
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where

T(m—i—l)

S= /o;) /RG(TZWH) 0,2 —y) LY (0,4)¢(0,y)dydd

(m+1)
T, a m
J2:/< ) /a_G(n( “)_979[;_y)ﬂnu(e,y)g(e,y)dydé’
rim R OY

T(m+1)

J3 :/ ‘ /G(T(W—O—l) _07x_y)L§")(9,y)W(d0,dy)

rgm) R ‘

Using the uniform bounds in Lemma A.9 leads to

(T(m+1)_r(m))7 t
P(E, NT|Eyn---NE;y) < Z /E(Hg(@,-)Hp | Bin-ng;)do

for some v > 0. By Lemma A.9 and Gronwall’s inequality, this integral is bounded by

a constant. Furthermore, since

we have

P(Ef+1ﬂr Elﬂ--'ﬂEi)S

which yields the claim.
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3.3.3 Density by Truncating Coefficients

In this section, we consider the same set of equations as in (3.11), assuming the coeffi-

cients depend only on the solution

9 2
9 utyz) = %u(m) + f(ult,x)) + %gw’x)) +0<“<t*’f>>gt;z'

(3.18)

Once again, f and o have linear growth, and g has quadratic growth. The main idea of
this section is that we perform an approximation by truncating the coefficients. Assum-
ing the coefficients are “nice,” we are able to prove Malliavin differentiability, which in
turn implies local Malliavin differentiability for the solution to (3.18). We then prove
positivity of the norm of the Malliavin derivative of the solution to (3.18) at fixed points.
This will yield the existence of a density which is absolutely continuous (with respect
to Lebesgue). Throughout the section, we assume f and g are locally Lipschitz and that
o is globally Lipschitz. Furthermore, we impose the following growth conditions on

the coefficients:
f.g.0 € CHR)

(H) fl.o' € L*(R)
lg(w)| < C(1+u?)
To achieve local differentiability of the solution to (3.18), we will assume that ¢’ is

bounded, which will serve as our approximating procedure.
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Proposition 3.3.5. In addition to (H), assume that ¢’ is bounded. Then it follows that

u(t,r) € DI and its derivative satisfies

t
D?«,Uu(t,x):/ /RG(t_va_y)f/(U(Say))Dr,vu(S,y)dyds
- / /R%G(t_S’x_y>g/(“(37?J))Dr,vu(s,y)dyds

t
+ [ [ 6t =52 =)0 ulo) D)W (s )

+G(t—r,x—v)o(u(r,v)).

Proof. We proceed by using a Picard iteration scheme in the same way as we did in the

proof of Proposition 3.2.2. Set ug(t,x) = (G(t,-) *up)(z) and for n > 1, define

¢
Un+1(t, ) Zuo(t,x)+/0 /RG(t—Svf—y)f(un(s,y))dyds
Lroo
_/o /R3_yG<t_S’$_y)g(“n(sjy))dyds

+/0 /RG(t_5733—y)a(un(s,y))W(dsady)-

Then, due to the restrictive hypotheses on the coefficients, it is easy to see that

t
supE(]unH(t,:c) —un(t,x)|p) <C supE(]un(s,a:) —un,l(s,:c)]p)ds
reR 0 zeR

which leads to

ZStUPE(WnH(t»iB) —up(t,z)P) < oo

n %
in the same way as before. Therefore it is enough to prove differentiability of the

process u,(t,x). Once again, we prove this by induction. Since the coefficients are
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assumed to have bounded first derivatives, it follows that

E (1Dt s (40150 11y )

<C’1+C'2//< t—s,x—y)2+‘(%G(t—s,x—y)D

X E(HDun(t,x) b

I oty ) .

Using the induction hypothesis gives us u,,(t,z) € DP. O
Now, set g(u) = —gu? for the remainder of the section.

Proposition 3.3.6. Suppose that o satisfies (H) and let v be the mild solution to (3.11).

Then, for fixed ¢, x, and all p > 2, we have
E(||Du(t,z)||}") < oo.

Proof. In a similar way as in Proposition 3.2.3, we show that for a € (%, 1) fixed, and

all ¢ > 2, there exists €y depending on a and ¢ such that

t
P( / / (Dyyult,)) dvdr < ea> < ¢(l-4a) (3.19)
0 JR

Since ¢ is assumed to be continuous, there exists € > 0 such that o (¢,7)> > C > 0 on

(t,x) € [0, ¥e] x [xg — e, x0 + €]. Now, note the following

x0+\f
// Mutaz dvdr> / / 2G(t —r,x —v)%dvdr
0

zo+ e 2
—/ / (IC1 (t,x,r,v)+ Kot z,r v)) dvdr,
t—eJxg— f
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where
t
Kiltr.ro) = [ [ Glt=s0—)f (uls.0) Dol y)dyds
r JR

and

t
Kaltsro) = [ [ SLG(—s.0=p)uls)Dra(s.y)duds.
r JR

Again, pick €p > 0 small enough so that

ivo-ﬂf
/ / 2G(t—r,x —v)’dvdr > C¥e > 2

holds for all 0 < € < ¢3. Hence, for all such ¢, we have

P(/Ot/R(Dmu(t,x))?dvdr < ea)
< 6ap/2 K/t e/x:m:: (/C1 (t,z,r,v0) + Kalt,x,r U))dedr)pm}

We apply Minkowski’s inequality and bound each term, one at a time.

zo+ e )
/ / [KC1(t, 2, r,0)|| dvdr
t—e xo— e
$0+§/E t )
SC/ / / /G(t—S,x—y)HDr,Uu(s,y)H]%dde) dvdr
t—eJxog— f r R
sc/ /G(t—s,m—y)/ /(t—r)}}Dr,uu(s,y)||§dvdrdyds
t—eJR t—eJR
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for some positive constant C' depending on sup, , E|| Du(t,z)|[3,. The other term can

be controlled as follows.

zo+ Ve 9
/ / ‘Kg(t,x,r,v)devdr
t—e Jxg— /e /e

g/H/R(/Tt(/R\%a—s,x—y>)||u<s,y>2updy)”2
2
X (/ ‘g—G(t—s,x—y)‘H(Dnvu(s,y))Zdey)Ust) dvdr

<C/t 6/ 7/4/ 1/4/ ’_ (t—s.2—1) ’||(D,,Uu(s,y))2\|p
gC/t_e(t s) "3/ 4ds

= 061/4,

where C'is a constant depending on  sup, , E||Du(t,x)||;,. Finally, with these bounds

in hand, we get

P(/Ot/R(Dr,vu(t,x))dedrge“) 2 2
< (—:ap/2 K/t G/w:ﬁf (/cl (t,,7,0) + Ka(t,2,r v)> dvdr)p/ }

< Cew/? (€+61/4)p/2

< 06%)(1_460.

Hence, we have the result.
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Now, define the sequence of sets

Qp, == {w € Q|sup |u(t,z)| < n}.

t,x

Clearly, we have €2,, /) an — oo. Then, let g, be a sequence of functions of class
C with bounded first derivatives such that
g(u) ifjul <n
gn(u) :== :
0 iffu>n
Now, let u,, denote the solution to (3.18) with g, instead of g. Then, u,(t,x) =
u(t,x)|q,. Hence, since u, is Malliavin differentiable, it follows that u is locally
Malliavin differentiable. Thus, by Proposition 3.3.6, it follows that u(t,x) has a density

function which is absolutely continuous with respect to the Lebesgue measure.
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Appendix

Here we state a couple results that are used in the paper. The following Gronwall-type
lemma is very useful and not too difficult to prove by iteration.

Lemma A.7. Let {h,(t),t € [0,T]}n>1, hn : Ry — R4 be a sequence of nonnegative,
Borel-measurable functions. Suppose that for all n > 1, we have

t
hp+1(t) < C/ hn(s)ds
0
for some positive constant C. Then, it follows that

Zsup hn(t) < 00.
t

The following calculation is used many times in this work, but not explicitly referred to
as it is straightforward.

Lemma A.8. Let G(t,x) = (47Tt)_1/26_x2/4t be the heat kernel on the real line. Then,
for any a > 0, we have

/ |z|°G(t, x)dx < Ct2,
R

The following useful estimates on space-time convolutions with the heat kernel and
its derivative can be found in [13] and [27] for example:

Lemma A.9. Let G(t,z) be the heat kernel as above.

(i) For anyp > 1, we have

t
‘//G(t—s,-—y)n(s,y)d@/ds
0 JR
tr oG

—(t—s,-— s,y)dyds
| [ Gott=se=unts.aay

t
gC’/ S, ) 7 p @S
@) A (s, )l (R)

¢ 1 1
< — )72 ||y(s, - ds.
L2p(R)_C/0(t )2 s o eyds
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(ii) For any p > 2q > 2, we have

// (t—s,a—) (sy)stdy)H p(R)SE/OTHn 20wy

(iii) For any p > 1, we have the following uniform bounds

E sup
t€[0,T

G(t — ST y)n(say)dyds

t
<c /0 (=) 5. )]| oy s

SC’/O (t—s) —3- 2PH77 HLP(R)ds.

—(t—s,2—y)n(s,y)dyds

(iv) For any q > 1 and p > max <2q7 —q1>, we have
sup / / t—s,x—y)n(s,y)W(ds,dy) <C’E/ ||7] ’LQq
tw )€[0,T]xR

The proofs of these results are interesting in their own right and employ a “factor-
ization” technique which was developed in [7], and can be found in [27] and [13] for
example.

Lastly, the following result can be used when one has moment estimates of an expo-

nential type. Its proof and some applications to stochastic heat equations can be found
in [5] and [6].

Lemma A.10. Let X be a nonnegative random variable that satisfies
BE(XP) < CPe?’

for all p, and some constants a,C' > 0, b > 1. Then, for all a € (O, b_Tl . 4), it

(ab)l/(b—l)
follows that
et 00V

Y

where log, X :=log(X V 1) and log denotes the natural logarithm.
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