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Abstract:

Games with strategic complements have the property that best response set of a player is
increasing in the strategies of opponents in the standard lattice set order. Normal form games
with strategic complements have been extensively studied in the literature. Such property in
extensive form games are less well studied and turns out to be hard to analyze. This dissertation

studies strategic complements in extensive form games.

Echenique (2004) has a definition for extensive form game with strategic complements. We
show in Chapter 2 that there are many cases of interest that are beyond his definition. Even
simple two-stage 2 X 2 game does not satisfy his definition. More generally, we characterize
when two-stage 2 x 2 game have strategic complements. This shows the aspects of strategic

complements not captured by standard definition.

Another way to analyze 2-stage games is to look at their reduced normal form (Mailath,
Samuelson and Swinkels (1993)). In Chapter 3, we show that standard ordinal strategic comple-
mentarity conditions imposed on the reduced normal form are not sufficient to generate strategic
complements in the extensive form. Semi no crossing conditions are added to make it sufficient.
Moreover, I provide conditions on the reduced normal form to characterize strategic complements
in the two-stage games. I also show how to recover the extensive form from the reduced normal

form by applying the algorithm in (MSS (1994)).

In Chapter 4, I study strategic complements in more general two-player multi-stage games.
I show that in response to different classes of opponent’s strategies, the corresponding best
response sets must include strategies that can generate certain paths of play once the conditions
are met. [ then characterize the structure of best response sets necessary to exhibit strategic

complements.
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Chapter 1

1 Introduction

Games of strategic complements (GSC) and Games of strategic substitutes (GSS) formal-
ize basic strategic interactions and have widespread applications. In GSC, best response
of each player is weakly increasing in actions of the other players, whereas GSS have the
characteristic that the best response of each player is weakly decreasing in the actions of

the other players.

This paper focused on games with strategic complements. A few key papers laid the
theoretical foundation for this line of research. Supermodular games were first introduced
by Topiks (1979), followed by Bulow, Geanakoplos, and Klemperer (1985), Lippman,
Mamer, and McCardle (1987), Sobel (1988). And further analyzed by Vives (1990) and
Milgrom and Roberts (1990) in which they slightly weakened the definition of supermodu-
lar games, contributed to new examples and extended the analysis to broader equilibrium
concepts. Milgrom and Shannon (1994) provided ordinal notions of complements and
thus defining a more generalized class of games with complementarity property. In this
body of work, static games with complements have been investigated. Strong results on
the existence of Nash equilibria have been derived, along with comparative statics theo-
rems. Along with Milgrom and Roberts (1994), Zhou (1994), Shannon (1995), Villas-Boas
(1997), Edlin and Shannon (1998), Echenique (2002), Echenique (2004) and Quah (2007),
among others. Extensive bibliographies are available in Topkis (1998), in Vives (1999),

and in Vives (2005).



The toolbox commonly used to deal with complements are monotone comparative stat-
ics. This technique is used to exploit fully both order and monotonicity properties. Two
critical concepts were introduced, that is, supermodularity and increasing difference. In
Euclidean applications, supermodularity means that increasing any subset of the decision
variable raises the incremental returns associated with increases in the others. Similarly,
increasing differences means that increasing a parameter raises the marginal return to ac-
tivities. As Topkis (1978) indicates, supermodularity and increasing differences are easily
characterized for smooth functions on R". Quasi-supermodularity conditions and single
crossing conditions used in Milgrom and Shannon (1994) are weaker than the two cardinal
notions. In particular, supermodular functions are important subset of quasisupermod-
ular functions. The actual relation between supermodularity and quasisupermodularity

involves transformations on restricted domains.

Games with strategic substitutes (GSS) in which the payoff function satisfying decreas-
ing single-crossing condition cannot always be considered as a GSC. Roy and Sabarwal
(2012) used a three-player Hawk Dove game to demonstrate the standard technique of
reversing the order on strategy space of a play in a GSS to yield a GSC failed to apply to

more than one player.

This class of games have deeper connection with strategic situations such as arms
races, banks runs, currency crisis, Research and development race, technology adoption
and many other topics (Milgrom and Roberts (1990), Topkis (1998), and Vives (1999)).
Thus normal form games with strategic complements are considered to be very common

and useful game structure.

However, researches has been done but not exhaustively explored beyond the scope of



static games and into dynamic games with strategic complements.

Within the scope of dynamic games with strategic complements, two directions have
been explored, that is, extensive form games (Echenique(2004)) and stochastic games

(Amir (1996, 2010), Curtat (1993), Balbus, Reffette and Wozny (2014)).

Echenique (2004) extended the static concept into extensive form games and defined
extensive form game of strategic complementarities, that is, all normal form of the sub-
games in the extensive form are normal form games with strategic complementarities
respecting Milgrom and Shannon’s definition. He showed that the set of subgame-perfect
equilibria in this class of games is a non-empty, complete lattice. The result is limited
because extensive-form games of strategic complementarities defined in this way turned

out to be a very restrictive class of games.

Full characterization of the set of equilibria of a stochastic game is an intractable
problem in many cases, due to the complex dynamic structure of these equilibria. The
literature choose to look at a relatively tractable objective, Markov equilibria. In a Markov
equilibria, player’s action at each period are a function of current state variable only. Even

those equilibria with relatively simple dynamic structure are difficult to analyze.

Curtat (1993) proved the existence of stationary Markov equilibria in pure strategies
for a class of stochastic games with assumption of complementarity, monotonicity and di-
agonal domiance. In Amir(2001), with one-period rewards and state transitions satisfying
some complementarity and monotonicity conditions, the existence of Markov-stationary
equilibria is proved for the finite and infinite horizon game. Balbus, Reffette and Wozny
(2014) studied infinite discounted stochastic games with strategic complementarities and

proved the existence of a stationary Markov Nash equilibrium as well as provided method



for constructing this least and greatest equilibrium via a simple approximation schemes.

I focused on extensive form games and strategic complements, in particular, an im-

portant class of extensive form games: multi-stage games.

In Chapter 2, we study a simple two-stage 2 x 2 game. Under differential payoff to
outcome assumption, we first characterize when a player exhibits strategic complements
in this game. Echenique (2004)’s definition for extensive form game with strategic com-
plements, an extension of standard ordinal complementarities conditions in normal form
games, rules out all such cases. Moreover, we show when a player exhibits strategic com-
plements in a general two-stage 2 x 2 game removing the payoff restrictions. This shows

the aspects of strategic complements not captured by standard definition.

For extensive form games, the dimensions of strategy space can be huge. This im-
posed considerable difficulty in analysing strategic complements. In Chapter 3, we show
that it is possible to properly reduce the strategy space (MSS(1994)) to facilitate the
process without loosing generality in a two-stage 2 X 2 game. we show that standard
ordinal strategic complementarity conditions imposed on the reduced normal form are
not sufficient to generate strategic complements in the extensive form. Semi no crossing
conditions are added to make it sufficient. Moreoever, I provide conditions on the reduced

normal form to characterize strategic complements in the two-stage games.

In Chapter 4, I study the strategic complements in general multi-stage 2-player games.
I show that in response to different classes of opponent’s strategies, to generate strategic
complements, the corresponding best response sets must include all strategies that gener-
ate certain paths of play once the conditions are met. I characterize the structure of best

response sets necessary to exhibit strategic complements.



Chapter 2

2 Two-stage Games with Strategic Complements

2.1 Example

We start with a motivating two-stage 2 x 2 game example. We show that this simple
extensive form game exhibits strategic complements. We also point out that it is ruled

out by the existing definition of extensive form game of strategic complements.

It is commonly accepted that a game exhibits strategic complements if player i’s best
response sets weakly increase in the standard lattice set order when player i’s opponents
increases their strategies. Consider the following two-stage 2 x 2 game with the assigned

payoffs. In the first period, a 2 x 2 game is played with the normal form in Figure 1.

Figure 1: Stage 1 game

Depending on the outcome in the first period, a second stage game is played with the
normal forms in Figure 2. In particular, game 1 is played if A? and B? are played in the
first stage, game 2 is played if A? and BY are played in the first stage. Following a play
of A and BY, game 3 is played. And if AS and BY is played, then game 4 is played in the

second stage.



Al |15 15|10, 5 A?|5 5|0, 15
A;|5 10(0, O A3 |15, 0|10, 10
B} B3 B} B3
A3lo, 0|5 15 A%|15 15|5 0O
A3|15, 5|10, 10 Ajlo, 5|10, 10

Figure 2: Stage 2 games

Figure 3. is the extensive form of the two stage game with payoff assigned at terminal

nodes. We assume the discount factor is 6 = 0.8.

15 7 11 3 2 10 -2 6 1 13 5 9 8 4 0 4

Figure 3: Example

Impose the following order on the actions: A7 < A}, B < By, n=0, 1, 2, 3, 4. For
convenience, we denote the subgame reached when A? and BY are played in the first stage
Subgame 1. Similarly, we denote from left to right Subgame 2, Subgame 3 and Subgame

4. For player 1, it is easy to see that whenever Subgame 1 is reached on the path of



profile, choosing action A}l will yield a strictly higher payoff for player 1 in response to

any player 2’s choice in that subgame.

When respond to player 2’s strategy with BY played in the first stage, selecting A? in
the first stage to reach subgame 1 then choosing Al will yield strictly higher payoff for
player 1 than any other strategies. Similarly, in response to player 2’s strategy with B
being played in the first stage, player 1 will best respond by playing AY in the first stage
then playing A2 in Subgame 2 and indifferent among the choices in rest of the subgames.

It is easy to see that this game exhibits strategic complements.

However, this game does not satisfy quasi-supermodularity conditions and single cross-
ing conditions imposed by Echenique (2004) thus is not an extensive-form game of strate-
gic complementarities. In fact, we showed in Section 2.3 that under differential payoff to
outcome assumption, the two-stage games with payoff assignments satisfying the exist-
ing conditions have measure zero. However, the measure of two-stage games exhibiting

strategic complements with differential payoff at terminal nodes is strictly positive.

2.2 Basic Framework

Consider a two-stage two-player game played in the following way. In the first stage,
player 1 and 2 plays game 0. Player 1 chooses between A} and AY, player 2 chooses in
BY and BY. Depending on the outcome in the first game, a different second-stage game
is played. If A? and BY is chosen, game 1 is played; if AY and BY is chosen, game 2
is played; if AY and B} is chosen, game 3 is played and if AY and BY is chosen, game

4 is played. And depending on the game played, player 1 chooses between A} and A}



and player 2 chooses between B} and By, n = 1,2,3,4. The set of player 1’s strategy is
S ={(s" s, 5% 83 ") : sme St ={A}, A'},n=0,1,2,3,4} and player 2’s strategy set

is T={(t° ¢, 2, ¢3,t*): t" e Sy ={By, By},n=0,1,2,3,4}.

Figure 4: More General Game

Figure 2. is the extensive form I' of the two-stage game with payoffs assigned at

terminal nodes.

Suppose A7 < A} and B} < By for n = 0,1,2,3,4. Notice here pick any s,5 € 5,
s < 5ifVn e {0,1,234},s" < § and I n' € {0,1,2,3,4} such that s < §".
Similarly, ¢ < 3 if V n € {0,1,2,3,4}, t* < {" and there exist n’ € {0,1,2,3,4} with

/ !
th < s™.

Definition 1: Player i has strategic complements in I' if for all subgames, player i’s
best response sets are increasing in strong set order with respect to player (-i)’ strategy

in that subgame.

Definition 2: The extensive form game I' has strategic complements if both players

have strategic complements.



Lemma 1. Consider a game with differential payoffs to outcomes and suppose player 1
exhibits strategic complements.
For every t,t € T, for every § € BR'(t), and for every 3 € BR'(t), if * = °, then

sV =30

Proof. Notice that the assumption of differential payoffs to outcomes has the following
implications for the structure of best responses. For every t € T, and for every §,5 €
BR'(t), the subgame reached on the path of play for profile (3,¢) is the same as the
subgame reached on the path of play for profile (§,¢). Moreover, the actions played by
each player in the subgame reached on the path of play for profile (3,¢) are the same as
the actions played by each player in the subgame reached on the path of play for profile
(5,t). Furthermore, every s € S that has the same actions as § on the path of play for
profile (8,t) is also a member of BR'(t).

To prove the lemma, fix ,Z € T, 3 € BR'(t), and 5 € BR'({)

Suppose first that {0 = 2 = BY, and suppose that §° = A9 and 3° = AJ. Notice
that the structure of the best response of player 1 implies that §' = (A9, A}, A2 53, A3) €
BRY(t). Form t = (BY,t',#2,#>,#*) and consider 3 € BR'(f). Then { < 7, and using
strategic complements for player 1, it follows that § Vs € BRY(%). In particular, subgame
4 is reached with profile (' V 5,1), and therefore, 3 = (AY, Al, A2 A3 A]) € BR(?).
Moreover, £ < t implies 3 = 5 A § € BR'(t). Notice that on path of play for profile

(5, %), subgame 3 is reached and the action played by player 1 in subgame 3 is A?.

Consider § € BR'() and notice that the structure of best response of player 1 implies

that &' = (A%, 5", A2, A3, A1) € BR'(t). Let t = t At and consider s € BR'(t). Ast < t,



strategic complements for player 1 implies that s A 8 € BR(t). Notice that on path
of play for profile (s A §,t), subgame 1 is reached, and therefore, the structure of best
response for player 1 implies that s’ = (A9, s' A 51, A2 A3 AY) € BR'(t). Usingt <t
and strategic complements for player 1 implies that s’V & € BR'(#). Notice that on path
of play for profile (s’ V &,t), subgame 3 is reached and the action played by player 1 in
subgame 3 is A3. As shown above, this is different from the action played by player 1 on

path of play for profile (§', ), contradicting that both §" and s’V §’ are best responses of

player 1 to . The case where 8° = AJ and 3° = A is proved similarly.

Now suppose 1° = £ = BY, and suppose that 5 = A9 and §° = AY. As subgame 2 is
reached on path of play for profile (3, 1), it follows that & = (A%, AL, 52, A3, AY) € BR(1).
Form t = (BY,t',#2,#,#*) and consider s € BR'(t). Then t < ¢, and using strategic
complements for player 1, it follows that & A s € BR'(t). In particular, subgame 1 is
reached with profile (sA§, t), and therefore, s’ = (A, A1, A3, A3, A1) € BR'(t). Moreover,
t <t implies s’ = s’V &' € BR'(t). Notice that on path of play for profile (s, ), subgame

2 is reached and the action played by player 1 in subgame 3 is A3.

Consider 5 € BR'(f) and notice that the structure of best response of player 1 implies
that & = (A9, A}, A2, A3 %) € BR'(f). Let T = ¢ V1 and consider 5 € BR'(f). Ast <1,
strategic complements for player 1 implies that § Vs € BR!(f). Notice that on path
of play for profile (§' V 5,t), subgame 4 is reached, and therefore, the structure of best
response for player 1 implies that 5@ = (A9, A}, A2, A3, 5* v §*) € BR'(f). Using t < 1
and strategic complements for player 1 implies that ' A5 € BR!(f). Notice that on path
of play for profile (§' A &, 1), subgame 2 is reached and the action played by player 1 in

subgame 2 is A?. This is different from the action played by player 1 on path of play for

10



profile (s, 1), contradicting that both s’ and &’ A3 are best responses of player 1 to . The

0

case where §8° = AY and 5° = A? is proved similarly. I

Lemma 2. Consider a game with differential payoffs to outcomes and suppose player 1
exhibits strategic complements.

(1) If there exists t € T and 3 € BR'(t) such that t° = BY and 8° = A3, then for every
t € T and for every s € BR'(t), s = AJ.

(2) If there exists t € T and 8 € BR'(f) such that t* = BY and 8° = A9, then for every

t € T and for every s € BR(t), s = A°.

Proof. Notice that the assumption of differential payoffs to outcomes implies the following
about the structure of best responses: For every ¢ € T, and for every 8,5 € BR(t),
80 = 3%, To prove statement (1), fix f € T and § € BR'(t) such that {* = By and 3° = Aj.
Form t = (BY, B}, B? B}, Bf) € T and let s € BR'(t). Then by the previous lemma,
0 = 5% = AY. Now fix arbitrarily ¢t € 7' and s € BR'(t). As t < t, strategic complements
implies that s Vs € BR'(t). As s = AY, it follows that (s V s)° = AY. Finally, as noted

above, differential payoffs implies that s* = (s V s)° = AY, as desired. Statement (2) is

proved similarly. 1

Lemma 3. Consider a game with differential payoffs to outcomes and suppose player 1
exhibits strategic complements.

(1) If there exists t € T and 3 € BR'(t) such that t° = BY and 8° = A, then for every
t € T and for every s € BR'(t), if t* = BY then s' = Aj.

(2) If there exists t € T and 8 € BR'(f) such that 1* = BY and 8° = AY, then for every
t € T and for every s € BR(t), if t° = BY then s3> = A3,

(8) If there exists t € T and 3 € BR'() such that 1° = BY and 8° = AY, then for every

11



t € T and for every s € BR(t), if t° = BY then s' = Aj.
(4) If there exists t € T and 8 € BR'(f) such that t* = BY and 8° = A9, then for every

t € T and for every s € BR'(t), if t° = BY then s* = A3.

Proof. To prove statement (1), fix £ € T and § € BR'(t) such that {° = B} and
8% = A). Fix arbitrarily ¢t € T, s € BR'(t) such that t° = B}. By lemma 1, s° = A9,
and therefore, s’ = (A, s', A2 A3 A1) € BR'(t). Let t = (BY, t',?,¢3,t') € T and
5 € BR!(t). Structure of best responses implies that s = (3°, A}, 3%, A3 5%) € BR(1).
Moreover, t < t and strategic complements implies that s'AS € BR'(t) and consequently,

structure of best responses implies that s' = (s’ A3)! = Aj.

To prove statement (2), fix £ € T'and § € BR'(f) such that {° = BY and §° = A9. Fix
arbitrarily ¢t € T, s € BR!(t) such that t° = BY. By lemma 1, s® = AJ, and therefore,
s' = (A3, A, A3, s3 A3) € BRY(t). Let t = (B9, t',1?,t3,t') € T and 5 € BR'(). By
previous lemma, 3° = A, and therefore, 3 = (A9, A}, A2, A3 5%) € BR(f). Moreover,
t < t and strategic complements imply that (A5, A}, A2, A3 A3 AsY) = s’ NS € BR(t)

and consequently, structure of best responses implies that s3 = (s’ A5')3 = A3,
Statements (3) and (4) are proved similarly. I

Whenever some subgames are reached on the best response path, Lemma 3 locates the

unique action that must be chosen in that subgame to generate strategic complements.
Definition 1. For m, n € {1, 2, 3, 4}, 4, j € {1, 2}, A" strictly dominates
A7 if subgame m and n can be reached under the same stage 1 action for player 2, and

regardless of which action player 2 plays in subgame n, action A" in subgame m gives

player 1 a higher payoff than A7.

12



Notice that this definition restricts comparison within the same subgame or between
subgame 1 and 3 only and between subgame 2 and 4 only. For example, for a com-
parison between subgame 1 and 3, action Al strictly dominates action A% implies that

min{ai, ay} > max{a?, ai}.

Theorem 1. Consider a game with differential payoffs to outcomes. The following are

equivalent.

1. Player 1 has strategic complements
2. Exactly one of the following holds

(a) Al dominates AL, A3 and A3, and A3 dominates A%, Al and Aj.
(b) Al dominates A, A3 and A3, and A5 dominates AT, A3 and A3

(c) A3 dominates A3, Al and AL, and A5 dominates A}, A3 and A3

Proof. For this proof, let T = {t € T : ! = B} and T = {t € T : t* = BY}. For

sufficiency, suppose player 1 has strategic complements.

As case 1, suppose there exists £ € T, there exists § € BR'(f) such that 3° = AJ.
Then lemma 3(2) implies that action A? is strictly dominant for player 1 in subgame 3.
In particular, whenever player 2 plays BY in the first-stage game, player 1 chooses to reach
subgame 3 over subgame 1, and to play A% in subgame 3, regardless of player 2 choice
in the second-stage game. Therefore, the minimum payoff to player 1 after playing A3
in subgame 3 must be larger than any given payoff to player 1 in subgame 1. Thus A3
strictly dominates Al and A} in subgame 1. Moreover, lemma 2(1) implies that for every

t € T and s € BR!(t), if t* = BY, then s' = A9, and therefore, lemma 3(3) implies that

13



action Aj is strictly dominant for player 1 in subgame 4. Reasoning as above, A3 strictly

dominates A% and A2 in subgame 2, and therefore, statement 2(c) holds.

As case 2, suppose for every ¢t € T, for every § € BR'(t), § = AY. Then lemma 3(1)
implies that action Al is strictly dominant for player 1 in subgame 1, and reasoning as
above, it follows that Al strictly dominates A% and A3 in subgame 3. Now consider 7.
As subcase 1, suppose there exists ¢ € T, there exists § € BR!(t) such that §° = A9.
Then lemma 3(4) implies that action A3 is strictly dominant for player 1 in subgame 2,
and that A2 strictly dominates A} and A3 in subgame 2. Therefore, statement 2(a) holds.
As subcase 2, suppose for every ¢ € T, for every 5§ € BRY(t), 3° = AY. Then lemma 3(3)
implies that action A3 is strictly dominant for player 1 in subgame 4, and that A3 strictly

dominates A7 and A3 in subgame 2. Therefore, statement 2(b) holds.

The reasoning above shows that one of the statements 2(a), 2(b), or 2(c) holds. Fur-
thermore, it is easy to check that the inequalities in these three statements imply that no
more than one of the statements holds, from which it follows that exactly one of these

three statements holds.

For necessity, suppose exactly one of 2(a), 2(b), or 2(c) holds. Suppose statement 2(a)
holds. In this case, for every ¢t € T, player 2 plays BY, and given that action Al is strictly
dominant for player 1 in subgame 1, and min{a}, a3} > max{a?, a3, a3, a3}, it follows that
player 1 chooses to reach subgame 1 over subgame 3. Therefore, the structure of best

response of player 1 is given by

BR!(t) = {(A), A}, s% 5% s") € S :s" € {A}, Ay} ,n = 2,3,4}.

14



Notice that this is a sublattice of S. Similarly, for every ¢t € T, player 2 plays BY, and
given that action A2 is strictly dominant for player 1 in subgame 2 and min{a3, a3} >
max{af, a3, a3, a3}, it follows that player 1 chooses to reach subgame 2 over subgame 4,

and therefore, the structure of best response of player 1 is given by

BR'(t) = {(A),s', A}, 5% s*) € S :s" € {A}, Ay},n = 1,3,4}.

Notice that this is a sublattice of S as well. Now consider arbitrary ¢, € T such that
t < t. If £ = #°, then the structure of best responses shows that BR'(f) = BR'(#), and
therefore, BR'(f) C BR'(#). And if {* = BY and #° = BY, then from the structure of best
responses, it is easy to check that BR'(f) C BR'(f). Thus, player 1 exhibits strategic

complements.

The cases where statement 2(b) or 2(c) holds are proved similarly. il

In particular, statement 2(a) is equivalent to the corresponding payoffs min{ai(>
), ad(> ah)} > max{ad, af, af, ), minfad(> @2), G3(> )} > max{al, b, al}. State
ment 2(b) is equivalent to min{ai(> al),ad(> a})} > max{a?, a3, a3, a3}, and min{aj(>
a}),aj(> a3)} > max{a?, a3, a2, a3}. Statement 2(c) is equivalent to min{a3(> a3), a3(>

%)} > max{al, a}, a}, a1}, and min{ad(> ad), al(> ab)} > max{a?, a3, a3, a3},

15



From now on, we drop the assumption of distinct payoffs at terminal nodes. Lemma
4 indicated which subgames will be reached under strategic complementarity assump-
tions. Lemma 5, 6, 7 and 8 showed how strategic complementarities restrict on-the-path
subgames’ structures. We will show that after removing the payoff restrictions, strategic
complementarities allows richer subgame structures. However, some common structure

remains.

A few notations is introduced here to clarity the concept of strategic complementarities
in subgame n. Let S™ be the set of all strategies s € S that allows subgame n to
reached on the path of (s,t) for some ¢ € T. Similarly, 7" is defined as the set of all
strategies t € T that allows subgame n to be reached on the path of (s,t¢) for some
s € S. In particular, subgame 1 and subgame 2 can be reached when s° = A? thus
St =52 ={s e 5] s = A}, also denote S = {s € S| s = A%}, Similarly, it is
easy to see that S? = S* = {s € S| s = A}} , T' =T% = {t € T| t°* = BY} and
T?=T*={teT|t°=DBYJ}. Denote {s € S|s"=A43} =5, {teT|t"=DB)} =T and
{teT|t"=DBY} =T.

Definition 1b. For m, n € {1, 2, 3, 4}, i, j € {1, 2}, A" weakly dominates A}
if subgame m and n can be reached under the same stage 1 action for player 2, and action

AJ" in subgame m gives player 1 the same payoff or a higher payoff than A’ regardless of

what player 2 plays in subgame m and n.

Definition 2a. For m, n € {1, 2, 3, 4}, 4, j, s, t € {1, 2}, A" at B strictly
dominates A} at B} if subgame m and n can be reached under the same stage 1 action
for player 2, and action A}" in subgame m gives player 1 a higher payoff than A? when

player 2 plays Bj" in subgame m and B}’ in subgame n.
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Definition 2b. For m, n € {1, 2, 3, 4}, 4, j, s, t € {1, 2}, A™ at B™ weakly
dominates A} at By if subgame m and n can be reached under the same stage 1 action
for player 2, and action A" in subgame m gives player 1 the same payoff or a higher payoft

than A7 when player 2 plays Bj" in subgame m and B;' in subgame n.

The definition of strategic complements applied to the two-stage game has the following

general implications.

Lemma 4. If player 1 exhibits strategic complements, then for arbitrary t, t € T, t* <
and t* < t*, BR'(t) C BR'(1). It has the following implications:

(i). If subgame 4 can be reached on the best response paths to t, then subgame 4 can be
reached on the best response paths to t

(i3). If only subgame 4 can be reached on the best response paths to t, then only subgame
4 can be reached on the best response paths to t

(iii). If subgame 2 can be reached on the best response paths to t, then subgame 2 can be
reached on the best response paths to t and subgame 1 can be reached on the best response
paths to allt € T.

(iv). If only subgame 2 can be reached on the best response path to t, then only subgame
2 can be reached on the best response path to t and only subgame 1 can be reached on the

best response paths to allt € T'.

Proof. Fix such , t € T. Form t' = (BY,#' v t',#2,#3 v £3,{*). Since t < t, strategic
complements implies that BR'(f) C BR'(t'). Since * = t° = BY, only subgame 2
and 4 can be reached with ¢ and ¢'. Since > = ¢? and ¢* = ¢! in subgame 2 and 4,
BR'(t) = BR*('). Thus BR'(f) C BR'({).

(i). Fix £ and f. Since there exists § € BR!(f) such that §° = A9, pick arbitrary
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§ € BR'(t). BR'(t) C BR'(f) implies that 5V § € BR'(f) and moreover, (3 V §)° = AY.

Thus BR'(1) NS # .

(ii). Fix ¢ and #. Suppose there exists § € BR'(f) such that §° = AY. Pick arbitrary
§ € BR'(f). BR'(t) C BR'(f) implies that § A § € BR'(#), in particular, (5 A §)° = A9,

Contradiction. Thus BR!(f) C S.

(iii). Fix ¢ and £. Pick arbitrary § € BR'(t), 3° = A} and § € BR'(t). BR'({) C
BR'(f) implies that 5§ A § € BR'(f), moreover, (5 A 5)° = AY. Thus BR'(t)NS # 0.
Pick arbitrary ¢t € T. Form ¢’ = (BY, t'v &', 3, t* Vv 3, t*) and t" = (B, t'v
t, 2, v £, tY). Since BR'(t') = BR'(t") and t < t", BR'(t) C BR'(t'). Form
t=(BY, ttv ', 2, *Vv 3, t*). Since t' < ¢ and BR'(f) = BR'(t'), BR'(t') C BR(%).
Thus BR'(t) C BR!(t). Pick s € BR'(t), BR'(t) C BR!(t) implies that s A § € BR(t),

moreover, (s A 5)° = AY. Thus BRY(t) NS # 0.

(iv). Fix £ and . Suppose there exists § € BR'(), 8° = AJ. Then pick arbitrary 5 €
BR'(t), 5V 5 € BR(f), moreover, (5V 3)? = A}. Contradiction. Thus BR'(#) C S. Pick
arbitrary t € T, form t' = (BY, t!, 2 A 2, 3, t* At*). Thus BR(t) = BR'(t'). Form ' =
(BY, tY, A2 3, tAA tY) and t7 = (BY, ' A1 2N 2 B3A 83 t2A 1), Since 1 < T and
BRY(f') = BRY("), BR'(f') C BR(f). Ast' < ¥, strategic complementarities imply that
BRI(¥) C BR'(¥') and BR'(t') C BR'(J). Since BR\(t) = BR\(t'), BR'(t) C BR\(i).
Suppose there exists s € BRY(t), s° = A9. Pick arbitrary § € BR*(t). BR*(t) C BR(t)

implies s V § € BR(), moreover, (s V §)° = AY. Contradiction. Thus BR'(¢t) C S. Il

Corollary 1. If player 1 exhibits strategic complements, then for arbitrary t, t € T,
' < t' and 2 < 3, BR'(t) C BR(1). It has the following implications:

(i). If subgame 1 can be reached on the best response paths to t, then subgame 1 can be
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reached on the best response paths to t

(ii). If only subgame 1 can be reached on the best response paths to t, then only subgame
1 can be reached on the best response paths to t

(i4). If subgame 3 can be reached on the best response paths to t, then subgame 8 can be
reached on the best response paths to t and subgame 3 can be reached on the best response
paths to allt € T

(iv). If only subgame 3 can be reached on the best response paths to t, then only subgame
3 can be reached on the best response paths to t and only subgame 4 can be reached on the

best response paths to allt € T.

Proof. Proved similarly to Lemma 4.

Lemma 5. Suppose player 1 exhibits strategic complements.

(1). If subgame 2 can be reached on the best response paths to somet € T, then A2 weakly
dominates A?.

(2). If subgame 4 can be reached on the best response paths to somet € T, then A3 weakly
dominates A} at t*.

(3). If subgame 4 can be reached on the best response paths to some t € T, then then for
every t € T such that subgame 2 can be reached on the best response paths, A? weakly
dominates A2 at t2.

(4). If A% weakly dominates A3 at B and there exists t,t € T such that t* = B}, t* = Bj,
t2 = 12, subgame 2 can be reached on the best response paths to t and subgame 4 can be

reached on the best response path to t, then A} weakly dominates Aj.

Proof. (1). Fix { € T and 8 € BR'(f) such that 8° = A% Form ¢ = (BY,{', B, *).

Since £ < #? and #* = #*, Lemma 4 implies that there exists § € BR'(f) such that 5 = A9,
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Since only subgame 2 is reached on the path of (3,%), & = (A%, A}, 3% A3, AY) € BR(%).
Pick arbitrary ¢ € T, Lemma 4 implies that there exists & € BR'(#') such that §° = A9,
Sine subgame 1 is reached on the path of (§,#), 8" = (A9,8", A2, A3, A3) € BR'(Y).
Lemma 4 implies that BR'(f') C BR!(f) thus §" Vv 8" = (A9, A}, A2 A3 A3) € BR\(2).
Since subgame 2 is reached on the path of (8" Vv §",#'), (3’ v s')? € BR>'(£?) that is, A2 €
BR*(B?). Since player 1 has strategic complementarities in subgame 2, A2 € BR*>!(B3).

Thus A2 is a weakly dominant strategy in subgame 2.

(2). Fix ¢ € T such that there exists § € BR'() and §° = AY. Pick arbitrary ¢ € T,
Lemma 4(1) implies that BR'(f) T BR'(f). Pick arbitrary § € BR'(f). Since only
subgame 1 or 3 can be reached on the path of (5,1), & = (3°,3', A2 33 A}) € BR\(2).
Thus & Vv § = (A9, 3" v §', A2,5° v 8%, A}) € BR'(t). Since subgame 4 is reached on the

path of (3'V §,1), A3 € BR“(#*).

(3). Fix £ € T such that there exists § € BR'({) and 5° = A} and fix £ € T such that
there exists § € BR!(f) and 8° = AY. Form # = { V , Lemma 5(1) implies that there
exists & € BR(t') such that §° = A9. Since subgame 4 is reached on the path of (5',#),
§ = (A9, Al A2 A3 §) € BRY('). t =< t' and strategic complements in player 1 implies
that & A § = (A}, A} A2 A3 5 A §) € BRY(f). Since subgame 2 is reached on the path

of profile (8' A §,1), A2 € BRY(#?).

(4). Since BR'(#) NS # 0, there exists § € BR!(#) such that §° = A9 and moreover,
subgame 4 is reached on the path of (3,7). Since {* = B} and A} € BR'Y(B}), § =
(A9, 81,82, 8% AY) € BRY(t). Since BR'(f) NS # (), there exists 5 € BR'(t) such that
5% = A9 As only subgame 2 is reached on the path of (5,1), & = (A9, A} 5% A3 A}) €

BR'(t). Since t* < {* and > < #?, Lemma 4 implies that BR'() = BR'(f). Thus
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§v§ = (AY AL 5%V 82 A3 Al) € BRY(1). Since subgame 4 is reached on the path of

profile (3'V &,¢) and #* = B3, A} € BR*(B;)1

Corollary 2. Suppose player 1 exhibits strategic complements.

(1). If subgame 3 can be reached on the best response path to some teT, then A3 weakly
dominates A3

(2). If subgame 1 can be reached on the best response paths to somet € T, then Al weakly
dominates A} at !

(8). If subgame 1 can be reached on the best response paths to some t € T, then for all
t € T such that subgame 3 can be reached on the best response paths, A3 weakly dominates
A3 at £3

(4). If A} weakly dominates Al at BY and there exists t,t € T such that t* = B}, t* = Bl,
3 < 3, subgame 1 can be reached on the best response paths to t and subgame 3 can be

reached on the best response path to t, then A} weakly dominates Al.

Proof. Proved similarly as Lemma 5

Lemma 6. Suppose player 1 exhibits strategic complements, if subgame 3 can be reached
on the best response paths of some t € T and subgame 2 can be reached on the best response
paths of some t € T, then
i. BR'(t) = BR'(t) = S.

i. fort e {teT|t*=DB? t'=Blyu{teT|t =B} t*= B3}, BR'(t') = S.

Proof. i. Fixt € T and £ € T in the assumption. Then there exists § € BR'(f) such that
50 = AY in particular, & = (A9, A}, 5% A3 AY) € BR'({). And there exists § € BR(f)

such that 8° = AY, in particular, §' = (AY, A}, A2, 5%, AY) € BR'(%).
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Form ¢ = (BY,',?,43,t*) and # = (BY,#',2,#3,1*). Thus BR' (') = BR'({) and
BR'(t") = BR(t). ¥ = " and strategic complements in player 1 implies that & V § =
(A9, AL, A28 A1) € BRY(f') = BR'() and & A & = (A% AL 8% A3 A1) € BR'(!') =
BR'(t). Thus A € BR*'(#*) and A} € BR“'(#'). Lemma 5(2) implies A3 € BR*'(#*),

thus S C BR'(f). Similarly, as Al € BRM ('), S C BR(1).

Since SN BRY(f) # 0 and SN BRY(f) # (), Lemma 5 implies A2, A2 € BR*!(t). Thus

S C BRY(f). So S = BR!(f). Similarly, S = BR({).
ii. It is implied by Lemma 4 and Corollary 1.

Lemma 7. Suppose player 1 exhibits strategic complements. For allt € T and s € BR'(t)
such that subgame n is reached on the path of (s,t),
(1). If ALY weakly dominates A} at B}, then AY weakly dominates Al

(2). If A" weakly dominates Ay at BY, then A} weakly dominates AY.

Proof. (1). Since s € BR!(t) and subgame n is reached on the path of (s,t), A} €
BR™(BT). Pick arbitrary s € BR™!(BY). As player 1 has strategic complements in

subgame n and B} < BY, A} € BR™'(BY).
(2). Proved Similarly as (1). I

Lemma 8 is the additional best response structure inherited from two-stage game

structure only.

Lemma 8. Suppose player 1 has strategic complements, if subgame 2 can be reached on
the best response path of some t € {t € T| t> = B2, t* = B3}, and subgame /4 can
be reached on the best response paths of some t € {t € T| t* = B} t* = B3} and
te{teT|t*= B2 t'= B}}, then
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i. player 1 is indifferent between A2, A2 and Al

ii. A2, A2 and A3 weakly dominate Aj.

Proof. Since 2 < t? and #* < t*, Lemma 4 implies subgame 2 can be reached on the
best response path of ¢ and subgame 4 can be reached on the best response paths of t.
Lemma 5 implies that a? = a2 = a] > a3 and a3 = aF = a} > aj. Thus @ = a3 = a3 =
a2 = a} > a3. Similarly, for #, subgame 2 can be reached on the best response path and

=a?=aj > a}. Thus @} = a3 = a3 = a = a} = aj > max{a3,a}}. Thusi and ii are

Corollary 3. Suppose player 1 has strategic complements, if subgame 4 can be reached
on the best response path of some t € {t € T| t* = B}, t* = B{}, and subgame 2
can be reached on the best response paths of some t € {t € T| t* = B?, t* = B} and
te{teT|t*= B2 t*= B}, then

i. player 1 is indifferent between A2, A2 and Al

ii. A2, A2 and A3 weakly dominate Af.

Corollary 4. If both subgame 1 and 3 can be reached on the best response path for all t
in T\{t € T| t* = B}, t> = B}}, then both subgames can be reached on the best response

path for all t in T. Similarly for allt € T\{t € T| t' = B}, t* = B3}.

Now let’s study exactly under what conditions the 2-stage 2 x 2 game can exhibit

strategic complements.

Case 1: Suppose only subgame 1 can be reached on the best response paths to all
t € T. Corollary 2 indicates that A} weakly dominates A} and strongly dominates A3

and A3.
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A.

Between subgame 1 and 3:

a3} =a} and a} =a} or a} >a} and a} > a

ai(z a}), aj(= a}) > max{aj, a3, a3, a3}

And between subgame 2 and 4

(al) subgame 4: af = a3 and a3 =af or af > aj and a} = af
ai(z a3),a3(= a}) > max{af, a3, a3, aj}

Or

(a2) subgame 2: a2 = a3 and a3 =a? or a? > a? and a3 > a?
ai(z a3),d3(= af) > max{at, a3, a3, af}

Or

(a3) subgame 4: a} = a3 and a3 =a} or a} > a} and ai > af

a?=a?>a}(za}) >ai=a}>ai(=al) or

aj(za}) >ai=a3a?=a3>ai(=a}) or

aj(zad)>a?=a3>ai(zal) >ai(=a3) or

af = a3 > aj(= a3),a3(= a}) > a(= aj)

(ad) subgame 4: af = a3 and a3 =af or af > aj and af > af
atza) >af =af =ai(zad) >ai(zaj) or
af=af=a}(za}) >a} =af>aj(za}) or

af = af =aj(z a}) > aj(z af) > af(z af) or

a?=a%>a}(zad) >ai(zaf)=a%=al or
aj(za) >al=a3>al(zaf)=at=al or
af =a}>a} =af=afj(za}) >ai(zal) or
a?=a%=a%(=a}) =at(=ad) >ai(=a?) and if af =a? then aj =a} or
aj(zad)>a?=a3=a3=al=ai(=a}) or
af =d}=a}(za}) >af=af=aj(za}) or
al=ai=di=al=a}(za}) >ai(=al) or

a3>a?=a=a}(=a}) =ai(=a}) and if a} =a} then a}=a}f or

2 2

az =az; = a 3

az

ai(=a}) = a%(= a}) and if af then a3 = a}

Figure 5: Case 1
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i. if only subgame 4 can be reached on the best response paths to all t € T, then

Lemma 5 indicates that A3 weakly dominates A} and strongly dominates A? and A2.

ii. if only subgame 2 can be reached on the best response paths to all ¢ € T, then

Lemma 5 indicates that A3 weakly dominates A? and strongly dominates A7 and Aj.

iii. if subgame 2 can be reached on the best response paths to some ¢t € T' and subgame
4 can be reached on the best response paths to some other ¢ € T but never at the same
time. Lemma 4 indicates that all t € {t € T| t> = B?, t* = B}}, only subgame 2 can
be reached on the best response path and for all t € {t € T| t* = B2, t* = B3}, only
subgame 4 can be reached on the best response paths. Lemma 5 implies that player 1
is indifferent between A} and A3 at Bf. And A? and A3 at B} strongly dominates A}
and A} at B}. Lemma 5 also implies that A} weakly dominates A} at Bj and strongly

dominates A% and A3 at B2.

iv. if both subgame 2 and 4 can be reached on the best response paths to some t € T,
then Lemma 4 indicates that for all t € {t € T| t* = B?, t* = B}}, subgame 2 can be
reached on the best response path and for all ¢ € {t € T| t* = B2, t* = B3}, subgame 4
can be reached on the best response paths. Lemma 5 implies that player 1 is indifferent
between A? and A% at B?. And A? and A% at B? weakly dominates A{ and Al at Bf.
Lemma 5 also implies that A3 weakly dominates A] at Bj and weakly dominates A? and
A% at B32. If subgame 2 is reached on the path, player 1 is indifferent among A? and A2.

Similarly, if subgame 4 is reached on the best response paths, A3 weakly dominates Af.

Lemma 7 restricts payoffs within subgames to ensure strategic complements in sub-

games. The possible payoff assignments of Case 1 are included in Table 1.
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Case 2. Suppose only subgame 3 can be reached on the best response paths to some
t € T and only subgame 4 can be reached on the best response paths to all t € T. Lemma

5 indicates A3 weakly dominates A} and strongly dominates A3 and A3.

B.

Between subgame 2 and 4

subgame 4: aj = a3 and ai =af or at >a} and at >a}
a}(= ad),at(= a}) > max{a?, a3, a2, a3}

And between subgame 1 and 3

(b1) subgame 3: a3 = a3 and a3 =a} or a} >a and a} >d}

ai(z a3), af (= af) > max{ai, a3, a3, ai}

(b2) subgame 1: a} =al and a} =a} or a} >a} and a} > al
al(za)>al=a}>al(za))>ai(zad) or
aj=aj>aj(=a})ai(za3)>ai(=ad) or
ai=al>al(zad)>a=a}>al(zal) or
ai(z a3) > af = a3, a = af > aj(= ai)

Or

(b3) subgame 1: a} =a} and a} =a} or al >a} and a} > a}
ai=al>al(zad)=ad=a}>al(zal) or
alza)=d=d>a(=ad)>a(=add) or
al(za)=a}=a}>al=a}>al(zal) or
al(zad)>ai=a}>a=a}=al(zal) or
ai=al>al(zad))>ai=a}=a3(=a}) or
af(za))=ad=a}=a}=a}>al(=a}) or

1

aj=a3>al(zad)=a a} and if a} =a} then af =a} or
3
1

=a

)
al(zad)=ai=da}>a

Table 1: Case 2

i. if only subgame 3 can be reached on the best response paths to all t € T, then

Corollary 2 indicates A? weakly dominates A3 and strongly dominates A} and Aj.

ii. if subgame 1 can be reached on the best response paths to some ¢ € T and subgame

3 can be reached on the best response paths to some other ¢ € T, but never at the same
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time. Corollary 1 indicates that all ¢ € {¢t € T| t' = B, t* = B}}, only subgame 1 can
be reached on the best response path and for all ¢t € {t € T| t* = Bj, t* = B3}, only
subgame 3 can be reached on the best response paths. Corollary 2 implies that player
1 is indifferent between A3 and A3 at Bi. And A% and A3 at Bj strongly dominates Aj
and A} at Bi. Lemma 5 also implies that A} weakly dominates A} at B} and strongly

dominates A} and A3 at B}.

iii. if both subgame 1 and 3 can be reached on the best response paths to some t € T',
then Corollary 1 indicates that for all ¢ € {¢t € T| t' = Bj, t* = B}}, subgame 1 can
be reached on the best response path and for all ¢t € {t € T| t* = Bj, t* = B3}, only
subgame 3 can be reached on the best response paths. Corollary 2 implies that player
1 is indifferent between A% and A3 at Bs. And A} and A3 at Bj strongly dominates Aj
and A} at Bj. Corollary 2 also implies that Al weakly dominates Al at B] and weakly
dominates A? and A3 at B?. Moreover, if subgame 3 is reached on the best response path
to some t € T, player 1 is indifferent among A? and A3 at 3. Similarly, if subgame 1 is

reached on the best response paths at some ¢t € T, A} weakly dominates Al at ¢'.

Lemma 7 restricts payoffs within subgames to ensure strategic complements in sub-

games. The possible payoff assignments of Case 2 are included in Table 2.

Case 3. Suppose subgame 3 can be reached on the best response paths to some ¢t € T,

for all of those t, subgame 1 can also be reached on the best response paths.

i. if only subgame 4 can be reached on the best response paths for all ¢t € T, thus
Lemma 5 indicates that A3 weakly dominates A? and strongly dominates A} and Aj.
Corollary 1 indicates that for all t € {t € T| t* = B}, t* = B3}, both subgame 1 and

subgame 3 can be reached on the best response paths and for all t € {t € T| t! = B}, 3 =
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C.

(c1) Between subgame 2 and 4:

Or

(c2

)

subgame 4: aj = a% and ai=af or at>a}

and a% >

ai(2 a3),a3(= a}) > max{af, a3, a3, a3}

And between subgame 1 and 3:

subgame 1: a} =al and a} =a} or al >d}

ai(za3) >a3(za}) =a3
al(zap) =a3(za}) =a3
ai(za}) > a3z a;) = a3

ai(z a3) = a3(z a}) = af

Between subgame 1 and 3:

al=al>al=al=d}=
at=al=al=a}=d}=
al=al>al=a}=a}=
ad=al=dl=a}=a}=

aj=ai>a?=a3=al=
a?=ai=at=al=a}=
aj=aj>a?=a3=a=
a?=a3=a3=a2=af=

and a3 >
=a}>al(=ad) or
=a}>al(=dd) or

3 _ .3

a3 =a} i

if ay=a;

if ai =

and

3 _ 43

a3 =a} i

and a;

a3 >ai(zadd)
aj >ad(=add)
or

=a%=a§

=ag=a2

at > a3(= a?)

a3 > ai(=a?)

S

Q

or

Il

Q

wa WOa
Il

Q
ES'SIAYN

Table 2: Case 3
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B3}}, subgame 1 can be reached on the best response paths. One immediate result obtained
from Corollary 2 is that A} weakly dominates A}, A? and A3. The dominance between
Al and A3, A3 can be strict if only subgame 1 can be reached on the best response path.

Corollary 2 also implies that player 1 is indifferent among A3 and A3 at B and A} at Bj.

ii. if subgame 2 can be reached on the best response paths for some ¢ € T, then
Lemma 4 indicates that for all t € {t € T| t* = B?, t* = B}}, subgame 2 can be reached
on the best response path and for all t € {t € T| t* = B2, t* = B3}, subgame 4 can
be reached on the best response paths. Lemma 5 implies that player 1 is indifferent
between A? and A% at B?. And A? and A% at B? weakly dominates A] and Al at Bj.
Lemma 5 also implies that A3 weakly dominates A} at Bj and weakly dominates A?
and A% at B5. The dominance can be strict, if only one subgame is reached on the best
response paths. In that case, if subgame 2 is reached on the path, player 1 is indifferent
among A? and A2. Similarly, if subgame 4 is reached on the best response paths, Aj
weakly dominates A}. Corollary 1 indicates that for all ¢t € {t € T| t' = Bj, > = B3},
both subgame 1 and subgame 3 can be reached on the best response paths and for all
t € {t € T| t* = B}, t3 = B}, subgame 1 can be reached on the best response paths.
One immediate result obtained from Corollary 2 is that Al weakly dominates A}, A3 and
A3. The dominance between Aj and A2, A3 can be strict if only subgame 1 can be reached
on the best response path. Corollary 2 also implies that player 1 is indifferent among A3

and A3 at B3 and A} at Bi.

Lemma 7 restricts payoffs within subgames to ensure strategic complements in sub-

games. The possible payoff assignments of Case 3 are included in Table 3.

We can also show that with the payoff assignments, the two-stage game exhibits strate-
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gic complements. For example,

Suppose Case 1 holds. Foreveryt € T, BR'(t) = {(AY, 8!, 52, 53, s1)| ' € BRL(t!), s" €
{A? Azt on € {2,3,4}} and BRY(#') is increasing in strong set order with respect to
t' € {B}, Bi}. Thus for every t,t' € T, if t* = ¢'* then BR'(t) = BR*(t) and if ¢! < "
then BR'(t) C BR(Y).

Ini, for all 7 € T, BRY(T) = {(A4Y,s',s2,s3,8%)| §* € BR¥(T"), s" € {A", A}, n €
{1,2,3}} and BR*'(¢%) is increasing in strong set order with respect to t* € {B}, B3}.
Thus for every 1,7 € T, if I =" then BR'(7) = BR'(I') and if ' < I* then BR(f) C
BRY(¥). For arbitrary t € T and T € T, BR'(t) ¢ S and BR'(f) C S and since
Al € BRM (tY) for t! € {B{, B3} and A5 € BRY(t*) for t* € { B}, B3}, BR'(t) C BR(?).

Thus player 1 exhibits strategic complements.

All the other cases can be analysed in the same way.

2.3 Compare with Previous Work

In Echenique (2004), an extensive form game with strategic complementarities is defined
as a game with payoffs that satisfies quasi-supermodularity conditions and single crossing

conditions in all the subgames.

The payoff function U;(s,t) : S x T'— R is quasisupermodular if for all ¢t € T" and
for any s, 5" € S, u(s A s’ t) < u(s,t) implies u(s',t) < u(sV s, t) and u(s A, t) < u(s,t)
implies u(s’,t) < u(sV s',t). The definition is equivalent to u(s’,t) > u(s V §',t) implies

u(s N s'yt) > u(s,t) and u(s’,t) > u(sV s, t) implies u(s A s',t) > u(s,t).

Claim 1. Suppose Ui(s,t) is quasisupermodular, then Al, A2, A3 and A3 are weakly
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dominant strategy in subgame 1, subgame 2, subgame 3 and subgame 4 respectively.

Proof. Pick arbitrary 3 € S and s € S such that 5% = 53, 5' = Al and s # 5* and pick

arbitrary ¢, € T such that t3 = ¢, t' = B} and ' # t!.

Ui(5,t) = Uy(s V3, t) and quasisupermodularity implies Uy (s A5, t) > Ui (s, t), that is,
a}l > a}. Similarly, U;(5,t') = U, (s V3, t') and quasisupermodularity implies U; (s A5, t') >
Ui(s,t'), that is, al > al. Whenever subgame 1 is reached on the path if arbitrary profile
(s,t), Aj offers higher payoff to player 1 in subgame 1. Thus A} is a weakly dominant

strategy in subgame 1.

Pick arbitrary 5 € S and s € S such that 3 = s* 52 = A2 and s? # 5% and pick
arbitrary 7,7 € T such that ' =7, T = B2 and I~ £ 7.

Ui(3,t) = Ui(s VS, t) and quasisupermodularity implies Uy (s A'S, ) > Ui(s, t), that is,
a? > a2. Similarly, U (5,7) = Uy(s V3,1 ) and quasisupermodularity implies U; (s A5, T ) >
Ui (s, f/), that is, a3 > a2. Whenever subgame 2 is reached on the path if arbitrary profile
(s,t), A? offers higher payoff to player 1 in subgame 1. Thus A? is a weakly dominant

strategy in subgame 2.

Pick arbitrary 5 € S and s € S such that 3' = s', 3 = A% and s® # 5® and pick

arbitrary ¢, € T such that t* = ¢!, t3 = B and ¢ # 3.

Ui(SAs,t) = Up(s,t) and quasisupermodularity implies Uy (3,t) < U;(s VS, t), that is,
a} < a3. Similarly, U;(s A s,t') = Uy(s,t') and quasisupermodularity implies U (5,t') <
Ui(s V5,t), that is, a3 < a}. Whenever subgame 3 is reached on the path if arbitrary
profile (s,t), A3 offers higher payoff to player 1 in subgame 3. Thus A3 is a weakly

dominant strategy in subgame 3.
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Pick arbitrary 5 € S and s € S such that 52 = 5%, 5 = A} and s? # 5* and pick
arbitrary 7,7 € T such that ©* =, 7 = B and " £ 7.

Ui(5As,t) = Up(s,t) and quasisupermodularity implies Ui (5,t) < U;(s V8, t), that is,
at < ai. Similarly, Uy (5 A s,T) = Uy(s,t) and quasisupermodularity implies U;(3,%) <
Ui(s V'3, f,), that is, a3 < a}. Whenever subgame 4 is reached on the path if arbitrary

profile (s,t), A3 offers higher payoff to player 1 in subgame 4. Thus A} is a weakly

dominant strategy in subgame 4.1

The payoff function U;(s,t) : S x T'— R satisfies single crossing condition if for
all t,t' € T such that t < t' and for all s,s' € S such that s < &, u(s,t) < u(s',t)
implies u(s,t') < u(s',t') and u(s,t) < u(s',t) implies u(s,t’) < u(s’,t'). The definition
is equivalent to u(s,t') > wu(s',t') implies u(s,t) > wu(s',t) and u(s,t’) > u(s',t') implies

u(s,t) > u(s,t).

Claim 2. Suppose U,(s,t) satisfies single crossing condition, the A, A3, A3 and A} are

weakly dominant strategy in subgame 1, subgame 2, subgame 3 and subgame 4 respectively.

Proof. Pick arbitrary 5,5 € S such that 5 = 5, 3% = A% and 3° = A3. And pick
arbitrary ¢ € T and 7 € T such that ¢3 = 7.

Ui(GAF,tVt) = U (3,tVt) and single crossing condition implies that Uy (SAF, ) >
Ui(3',t), in particular, 3 = B} implies a3 > a3 and > = Bj implies a3 > a3. Thus

whenever subgame 3 is reached on the path if arbitrary profile (s,t), A? offers higher

payoff to player 1 in subgame 3. Thus A? is a weakly dominant strategy in subgame 3.

Pick arbitrary 5,5 € S such that 3% = 33, 5* = A} and 5" = A}. And pick arbitrary

t €T and €T such that ¢4 =7
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Ui(SAT,tAt) = Ui (3,t At) and single crossing condition implies that Uy (SAF,¢) >
Uy(s,7), in particular, I' = B implies a* < a? and I* = B} implies a} < a!. Thus
whenever subgame 4 is reached on the path if arbitrary profile (s,t), A3 offers higher

payoff to player 1 in subgame 4. Thus A} is a weakly dominant strategy in subgame 4.

Pick arbitrary s,s’ € S such that s? = s s! = A} and s = Al. And pick arbitrary
tcTand? €T such that t* =7

Ui(sNs',tVt) = U (st Vi) and single crossing condition implies that Uy (s A s/, 1) >
Ui(s',t), in particular, ' = B{ implies aj > al and t' = Bj implies a} > al. Thus

whenever subgame 1 is reached on the path if arbitrary profile (s,t), Aj offers higher

payoff to player 1 in subgame 1. Thus Aj is a weakly dominant strategy in subgame 1.

Pick arbitrary s,s’ € S such that s' = s, s? = A% and s = A2. And pick arbitrary

t € T and f € T such that 2 = 7°.

Ui(sA\s',tAt) =U(s',t At) and single crossing condition implies that Uy (s A s/, t) <
Uy(s,7), in particular, I = B? implies a> < a2 and i* = B2 implies a2 < a2. Thus
whenever subgame 2 is reached on the path if arbitrary profile (s,t), A2 offers higher

payoff to player 1 in subgame 2. Thus A2 is a weakly dominant strategy in subgame 2.1

Claim 3. Under differential payoff to outcomes assumption, the set of two-stage game

with strategic complementarities has measure zero.

Proof. Quasisupermodularity condition requires A? to be weakly dominant in subgame
2 and A3 to be weakly dominant in subgame 3. Single crossing condition requires A2 to
be weakly dominant in subgame 2 and A? to be weakly dominant in subgame 3. Thus

al = af and af = a} must be true for n € {2,3}. Contradiction to the assumption on
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payoft. 1

Claim 4. If there existt € T such that there exists s € S and3 € S and U,(s,t) < Uy (3,1),
then for allt € T, s € S and 3 € S, Uy(s,t) < U.(5,1), that is, max{a? a2, a2,a2} <

min{ay, a3, ag, a3}.
Proof. Lemma 4 indicates that for every s’ € {s € S| s! = s'}, 5 € {s € S| s* = 5}
and t' e {t e T|t' =t' and 13 = 3}, Uy (s, t') < U, (3, 1).

Let § = (BY,t', B2, T°, BY), pick arbitrary i € {t € T| t! = t' and * = 3}, 5 € {s €
S|st=s"and s> =3} and € {s€ S| s' =s', ¥ =7, s> = 4% s' = §'}. Thusi~1¢
and § = 4. Since Uy(5,t) < Uy(3,1), single crossing condition implies Uy (3,%) < Uy(3,1).
Thus it is easy to see that all payoffs in subgame 2 is lower than payoffs in subgame 4,

that is, maz{a?, a3, a2, a2} < min{af, a3, a},al}. 1

Claim 5. If there evistst € T, s € S and 5 € S such that Uy(s,t) < U,(5,t). Then the

following must be true:

a If st = Al, t' = B{, then maz{a},al,al,a}} < U,(5,1).
b If st = Al, t' = B, then maz{al,al} < Ui(5,1).

c If st = AL, t' = B{, then maz{a},al} < Ui(5,t).

d If st = AL, t* = Bl, then a} < U,(5,t).

m If 3 = B}, then Uy(s,t) < min{a} = a3, a3 = a3}.

n If 3= B3, then Uy(t,t) < a3 = aj.
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Proof. (a). Form ¢’ = (BY, B3, t*,t3,1%), thus ¢’ = t. Single crossing conditions require
that as U1(§7 t) = a% < Ul(ga t)7 Ul(ﬁa tl) = CL% < Ul(§7 t/) As t,3 = tsa Ul(§7 t,) = Ul(§7 t)
1

Thus ay < Uy(5,t). Since A is weakly dominant in subgame 1, aj > a} and al > aj.
Thus maz{aj,ad, al,al} < U (5,1).

(b). Follow directly from the assumption and A} is weakly dominant in subgame 1.

(c). Form ¢ = (B}, By, t?,t3,t*), thus ¢’ = t. Single crossing conditions require that
as Ul <§7 t) = CL-}) < Ul (57 i), U1(§7 El) = azll < Ul (§7 t,) As tlg = 237 Ul (57 f) = Ul (37 Z_f) Thus
a}l < U (g, i)

(d). Follow directly from the assumption.

(m). Form t' = (B}, t!,t? B3, t'), thus ¢’ = t. Single crossing conditions require that
as Ui(s,t) < Ui(5,t), Ui(s,t') < Ui(5,t'), since A3 and A3 are both weakly dominant
3

strategy in subgame 3, Uy(s,t) < a} = a3 and Ui(s,t) < a3 = a3.

(n). Directly follow the assumption and a3 = a3. I

It is easy to see that if (a) is satisfied then (b), (¢) and (d) are satisfied and moreover,

both (b) and (c) imply (d). Also if (m) is satisfied, then (n) is satisfied automatically.

Now consider that there exists t € T, s € S and 5 € S such that Uj(s,t) < U,(5,1),

then Claim (4) indicates that maz{a?, a3, a3, a3} < min{ai, a3, a3, ai}.

Case 1: there exists t € T such that a] < U;(5,t). Since (a) implies (b), (c) and (d),

maz{ay,a},a;} < Uy(5,t).

1. If there exists t € T with t* = B] and > = B} and s € S with s' = A} such

that Uj(s,t) < Ui(5,t), then (m) and (a) implies maz{a},al,al,al} < min{a} =
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3 3 _ 3
ag, Gy = (l4}.

. If aj > a? = a3 and there exists t € T with t' = B} and > = B3 and s € S with
st = Al such that U,(s,t) < U,(5,t), then (a) and (n) implies a3 = a3 > al > a3 =
a3 and maz{a}l,a},ai ai} < a3 = a3l. Thus (b), (c) and (d) must be satisfied with
(n).
(a) If there exists s € S with s! = A}, t € T with t! = Bl and > = B? such that
Ui(s,t) < Uy(5,t), then (b) and (m) implies a3 = a3 > a] > a} = a3 > al > a}.

i. If there exists s € S with s = Al t € T with t! = B} and t3 = B} such

==

that Uy(s,t) < Ui(5,t), then (c¢) and (m) implies a3 = a3 > a}l > a3 =
a3 > maz{al,al > a}}

ii. If there exists s € S with s' = A}, t € T with ¢! = B} and t3> = B3 such
that Uy (s, t) < U1(5,t), then (c) and (n) implies a3 = a} > a] > a} > a} =
as > al > al

(b) If there exists s € S with s' = Al and ¢t € T with t' = B] and t* = B3 such
that Uy(s,t) < Ui(5,t), then (b) and (n) implies a3 = a} > mazx{a},al} >
min{ai,ay} > a3 = a3

i. If there exists s € S with s' = Al and t € T with t! = B} and t3 = B} such

that Uy (s,t) < U;(5,1), then (c) and (m) implies a3 = a3 > maz{al, al} >
min{al, al} > a3 = a} > maz{al,al}

ii. If there exists s € S with s! = Al and ¢t € T with ¢! = B{ and t3 = B}

such that Uj(s,t) < Ui(5,t), then (¢) and (n) implies a3 = a} > af >

maz{al,al} > min{ai,al} > a3 = a3
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A. If there exists s € S with s' = Al and £ € T with ¢! = B} and t3 = B}
such that U;(s,t) < U;(5,t), then (d) and (m) implies a3 = a3 > a} >
mazx{al, a3} > min{al,al} > a3 = a3 > a]

B. If there exists s € S with s' = A} and ¢t € T with t! = Bj} and
t* = B3 such that U(s,t) < U,(5,t), then (d) and (n) implies that

3_ 3o 1 11 1 R TS I | 3_ 3
ay = a3 > a; > maz{ay, ay > ay} > min{as, a3 > a;} > ay = a3

Payoff assignments in Case 1 are summarized as (1). maz{al > a},ad > al} <
min{a} = a3,a3 = a3}; (2). ad = a} > af > @} = a3 > maz{d,dd > ai}; (3).
ay =aj >ai > ai >a} =a3 >ay > ay; (4). a3 = al > maz{al, a3} > min{ai, a3} >
a} = a3 > max{al,al}; (5). a3 = al > al > max{al, al} > min{al, al} >a} =a3 > d}

and (6). a3 = a? > a} > max{al, a} > al} > min{a}, a} > a}} > a3 = a3.

Case 2: al > maz{a}, a3, a3, a3} and there exists t, ¢ € T such that a} < U,(5,1)

and a} < U;(5,t'). Since both (b) and (c) imply (d), a} < min{U,(5,t),U;(5,t)}.

1. If there exists s € S with s' = Al and t € T with t' = B} and t* = B} such that
Ui(s,t) < Uy(5,t) , then (b) and (m) implies that aj > maz{a} = a3,a3 = a3} >

min{a} = a3, a3 = a3} > al > a}

(a) If there exists s € S with s = Al and t € T with ¢! = B} and > = B} such
that Uy (s,t) < Uy (5,t) , then (c) and (m) implies that aj > maz{a} = a3, a3 =
ai} > min{a? = a3, a3 = a3} > maz{a}, a3 > aj}

(b) If there exists s € S with s' = Al and ¢t € T with t' = B} and 3 = B3 such
that Uy(s,t) < Uy(5,t), then (c) and (n) implies that aj > a3 = a3 > al >

3

aj = a3 >al > al.
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2. If there exists s € S with s' = A} and ¢t € T with t! = B} and t3 = B3 such that

Ui(s,t) < Uy(5,t), then (b) and (n) implies that aj > a3 = a3 > a} > a} = a3.

(a) If there exists s € S with s = Al and t € T with ¢! = B} and > = B} such
that Uy(s,t) < Uy(5,1), then (c¢) and (m) implies that ai > a3 = a > al >
a} = a3 > max{ai,al}.

(b) If there exists s € S with s' = Al and t € T with t! = B{ and t* = B3
such that U (s,t) < Ui(5,t), then (c) and (n) implies that aj > a3 = a3 >
mazx{a}, al} > min{al,al} > a} = a3.

i. If there exists s € S with s' = Al and ¢t € T with t' = B} and t* = B}
such that Uy(s,t) < Uy(3,t), then (m) and (d) implies that a} > a3 = a >
maz{al, al} > min{a},al} > a} = aj > al.

ii. If there exists s € S with s! = Al and ¢t € T with ¢! = B; and t3 = B}
such that Uy (s,t) < Uy(5,t), then (n) and (d) implies that a] > a3 = aj >

maz{al > al,al} > min{al > a},al} > a} = a3.

Payoff assignments in Case 2 are summarized as (1). a] > maz{a? = a3, a3 = a3} >

min{a = a3, a3 = a3} > max{al,al > al}; (2). at > a3 =ad >al >ad =d} > al > al;
(3). a} > a3 =a} > ay > a} = a3 > max{al,al}; (4). al > a3 = a} > maz{a},al} >

min{a,al} > a? = a3 > a} and (5). ai > a3 = a} > max{ad > al,al} > min{al >

1.1 3_ .3
ag,az} > aj = aj;.

Case 3: a} > a} > max{a3, a3, a3, al} and there exists t € T such that a < U, (5, t).
Since (b) implies (d), aj < U;(5,t).
1. If there exists s € S with s' = Al and t € T with t' = B} and t* = B} such that
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Ui(s,t) < Ui(5,t), then (b) and (m) implies that a] > ai > maz{a? = a},a3 =

3 03 _ 03 03 _ 3 1S 1
ag} = min{ay = ag, a3 = a3} > a; > ay,

2. If there exists s € S with s' = A} and ¢t € T with t! = B} and t3 = B3 such that

Ui(s,t) < Uy(5,t), then (b) and (n) implies that aj > a > a3 = a3 > a} > a} = a3.

(a) If there exists s € S with s = Al and t € T with ¢! = B} and > = B} such
that U (s,t) < Uy(5,t), then (m) and (d) implies that aj > a} > a3 = a >
ay > ai =a3 > aj

(b) If there exists s € S with s! = Al and t € T with t' = B} and t* = B3 such

that Uy(s,t) < Uy(5,t), then (n) and (d) implies that al > a} > a3 = a3 >

1 1 3_ .3
ay > ay > aj = ag

Payoff assignments in Case 3 are summarized as (1). af > a3 > maz{a} = a3, a3 =

az}t > min{a = a3 a3 =al} > ad > al; (2). al >al > a3 =a} > al > a} =da} > a} and

I 1> 3 _ 3o 1~ 1o 3_ 3
(3). a1 > a3 > a3 = aj > ay > ay > aj = aj.

Case 4: min{a},al} > max{a3 a3 a3 a3} and there exists t € T such that a} <

Ui (5,t). Since (c¢) implies (d), aj < Uy(5,t) .

1. If there exists s € S with s' = A} and t € T with t' = B{ and > = B} such that
Ui(s,t) < Uy(5,t), then (c) and (m) implies that min{ai, a3} > maz{a} = a3, a3 =

@3} = minfa? = a3, a3 = a3} > maa{al, al)

2. If there exists s € S with s' = A} and t € T with t! = B{ and t3> = B3 such that
Ui(s,t) < Uy(5,t), then (c) and (n) implies that min{a}, a3} > a3 = a3 > ai >
aj = a3.
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(a) If there exists s € S with s' = A} and ¢t € T with ¢! = B] and t*> = B} such
that U(s,t) < Ui(5,t), then (m) and (d) implies that min{a}, al} > a3 =
ai >ai >a}=ad>ad}

(b) If there exists s € S with s' = Al and ¢t € T with t' = B} and #3 = B3 such
that Uy(s,t) < Uy(5,t), then (n) and (d) implies that min{a], a3} > a3 =

ai > max{al, al} >=min{al, al} > a3 =ad

Payoff assignments in Case 4 are summarized as (1). min{ai, a3} > maz{a} =
i o} = al) > minfal = o, o} = af) > mar{al, al); ). minfal, al} > a} = o} >

ay > a3 = al > al and (3). min{ai, ai} > a3 = a3 > mazx{al, al} > min{al, a}} >

aj = as.

Case 5: min{al,a},at} > mazx{a3,a3, a3, a3} and there exists t € T such that a} <

Up(5,t).

1. If there exists s € S with s' = A} and ¢t € T with t' = B} and > = B} such that
Ui(s,t) < Uy(5,t), then (m) and (d) implies that min{a} > ai, ai} > max{a? =

3 3 _ 3 (3 — 3 o3 _ 3 1
ag, ay = a3} = minfay = a3, a; = ay} > ay.

2. If there exists s € S with s' = A} and t € T with t! = B} and t3> = B3 such that

Ui(s,t) < Uy(5,t), then (n) and (d) implies that min{aj > a}, al} > a3 = a} >

aj > a? =as.
Payoff assignments in Case 5 are summarized as (1). min{a] > ai, a}} > maz{a} =
a3, a3 = a3} > min{a} = a3, a3 = a}} > aj and (2). min{a] > a}, ad} > a3 = a} >

1 3 _ 43
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Claim 6. If for everys € S, 5€ S andt € T, Uy(s,t) > U,(3,t) and there exists t € T,
§¢€ S and 3 € S such that U,(5,t) = U,(5,t), then for everys € S,5€ S andt € T,

Ui(s,t) < Uy(5,1), that is, maz{a?, a3, a3, a3} < min{aj,as, a3, aj}.

Proof. Similar as Claim 4, Lemma 4 indicates that for every s’ € {s € S| s' = s'},

ge{sels=5andt e {teT|t' =t and 3 =*}, Uy (s, ¥') = U, (3, 1).

Let £ = (BY, ', B2,T°, BY), pick arbitrary { € {t € T| t* = t' and t3 = 3}, 5 € {s €
S|st=s"and s> =3} and € {s € S| s' =s', =3, s = 3% s* =5} Thust -1
and § = 4. Since U,(5,1) = U,(3,1), single crossing condition implies U;(5,1) < Uy(3,1).
Thus it is easy to see that all payoffs in subgame 2 is no higher than payoffs in subgame

4, that is, max{a?, a3, a3, a3} < min{a}, a3, a3, aj}. 1

Claim 7. If there existst € T, s € S and 5 € S such that Uy(s,t) = U,(5,t). Then the

following must be true:

a If st = Al, t' = B{, then maz{a},al,al,al} < U, (5,1).
vV If st = Al, t' = B), then maz{al,a}} < U,(5,1).

¢ If st = ALt = B}, then max{al,ai} < U,(5,1).

d If s* = AL, t* = Bl then aj = U,(5,1).

m' If t* = B}, then Uy(s,t) < min{a} = a3,a3 = a3}.

n' Ift3= B3, then Uy (t,t) < a3 = aj.

Proof. Proved similarly as Claim 5. 11

41



Now consider the scenario that for every s € S, 5 € S and t € T, Uy(s,t) > U,(5,1)
and there exists € T, § € S and 5 € S such that U,(,7) = Uy(3,%). Claim 6 indicates
that maz{a?, a3, a3, a3} < min{af, a3, a3, a}}.

Case 1': there exists t € T such that a] = U, (5,t). Since (a) implies (b), (c) and (d),

mar{a}, al, al} < Uy (5,1).

1. If there exists t € T with ¢*> = B} such that a] = U;(5,t), then (') and (m/) imply

1_ 1 _ 1 _.1_ 3_ 3_ 3_ 3
) = Q3 =0y = Qg = a1 = a3 = Ay = Ay

2. If al > a? = a3 and there exists t € T with t* = B35 such that aj = U;(5,t), then

Q
—w
I
Q
wWw

(a’) and (n/) imply a3 = a3 = a} = ad = al =a} >

Payoff assignments in case 1’ are summarized as a3 = a3 = a] = a} = a} = a} > a? = a}.

Case 2: af > max{a3, a3, a3 a3} and there exists t € T such that a} = U, (5, ¢).

1. If there exists t € T with t* = B? such that a} = U;(5,t), then (¥') and (m') imply
al >al=a,=adl=a3=a3=a3. Mfal=adal, thenal >al=dal=dal=a

3_ 3_ .3_ 3
ay = a3 = Gy = Gy

3 _ .3 el 1 1 S RS |
ay; = ay and if a; > a; then a; > a3 > a; = a4

2. If al > a3 = a3 and there exists ¢t € T with t* = B3 such that a} = U, (5, 1), then (')

and (n') imply af > a3 = a3 =ad =a} > a} =a3. If a} = al, then a] > a3 =a} =

1_ 1 1 3 _ .3 o1 1 1 1 3_.3_,1_ 1 .3_ 3
ay = ay = a3 > a; = a3 and if ag > ay, then a; > a3 > a3 = a; = a3 = ay > a) = a3

1_ 1 1 3 _
ay = ay = a3z > aj = ay

Payoff assignments in case 2’ are summarized as a} > a3 = a3
s 1o 3 _ 8 _ 1 _ 1< .3_ 3
and a; > as > a; = a; = ay = a, > a; = as.
Case 3': al,ad > mar{a3 a3, a3, a3} and there exists t € T such that ai = U, (5,1).
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1. If there exists t € T with t* = B} such that a} = U;(5,t), then (¢/) and (m/) imply
min{a}, a3} > a} = aj = a} = a3 = a} = a}.
2. If a} > a3 = a3 and there exists ¢t € T with t* = Bj such that a} = U;(5,t), then

(¢) and (n') imply min{a},al} > al =a} = a3 =a} > a3 = a3

Payoff assignments in case 3’ are summarized as min{ai,ay} > al =a} =a3 =a} > a3 =
as.
Case 4': a},ai > maz{a}, a3 a3, a3} and there exists t € T such that ai = U (5,1).
1. If there exists t € T with t* = B? such that a} = U;(5,t), then (¥') and (m/) imply
al >al>al=al=ad=ad=dad=d}

2. If a} > a3 = a3 and there exists ¢t € T with t* = Bj such that a} = U;(5,t), then

(V) and (n) imply ai > a} > ad =a} = a3 = a3 > a3 = a3.

Payoff assignments in case 4 are summarized as a} > a} > a} = a} = a3 = a3 > a3 = al.
Case 5': al,al, at > max{a3,a3, a3, a3} and there exists t € T such that a} = U, (5,1).
15 g, 3 1> G2, A3, Ay 4
1. If there exists t € T with ¢* = B} such that aj = U;(5,t), then (d') and (m/) imply
min{ai > ai,al} > ay = ad = da} = a3 = a.

2. If a} > a3 = a3 and there exists t € T with t* = Bj such that aj = U;(5,t), then

(d') and (n') imply min{a] > a3, a3} > aj = a3 = a3 > a3 = a3.

Payoff assignments in case 5’ are summarized as min{a! > al,al} >al =ad =a3 > a3 =
1 35 Ao 4 2 4 1

3
as.
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Claim 8. If there evistt € T, s € S and 5 € S such that U,(s,t) > U,(5,1), then for
everyt € T, s € S and s € S, Ui(s,t) > Uy(5,t), that is, min{a}l > a},al > a?} >

max{al = a3, a3 = a3}.

Proof. Proved similarly as in Claim 4. 1

Now consider the scenario that there exists t € T, s € S and 5 € S such that U; (s,1) >
Ui (3,1), then Claim (7) indicates that min{ai > al,al > a3} > mazx{a} = a3, a3 = a3}.
Case 6: Suppose there exists £ € T such that a} < U,(s,t), payoff assignments are
2 9 2

summarized as (1). max{aj > ai,a] > a3} < min{a? = a%,d3 = d3}; (2). o} =

4 2 _ 9 4 4 4. 2 _ 2 4 4 2 _
a; > ay > a5 = aj > maz{az, a3 > ai}; (3). a7 = a3 > ay > a3 > a5 = aj >

ai > af; (4). a3 = ai > max{a}, aj} > min{a}, a3} > a3 = a3 > maz{a},al};
(5). a3 = a2 > max{a} > a3, ai} > min{a} > ai, ai} > a3 = a2 > a} and (6).

2 _ 2 45 4 A4 Cfad s 4 A 4 2 _ 2
a; = a3 > max{a; > a3, a3 > ai} > min{a; > a3, a3 > aj} > a3 = aj.

Case 7: Suppose at > maz{a?, a2, a, a2} and there exists f, ¢ € T such that ai <
Uy(s,T) and ai < Uy(s,7), payoff assignments are summarized as (1). a} > maz{a =
az,a? = a3} > min{di = a%,a® = a2} > max{aj,aj > al}; (2). aj > @ = a3 >
ay > a3 = a3 > ai > af; (3). aj > at = a2 > aj > a3 = a2 > mazx{ai,ai}; (4).
ai > a? = a2 > max{a},ay} > min{ai,aj} > a3 = a3 > af and (5). a} > @} = ai >
maz{aj > aij, a3y} > min{a3 > af,a3} > a3 = a3.

Case 8 Suppose ai > a3 > max{a?, a3, a? a2} and there exists £ € T such that
a3 < Uy(s,t), payoff assignments are summarized as (1). aj > a3 > maz{a? = a%,d} =

2 L2 2 22 2 4~ 4. As 4 2 2 Ao 2 2 4
aj} > min{ai = a3,a5 = a3} > a3 > aj; (2). aj > a3 > af = a3 > a3 > a3 = aj > a] and

A4S A 2 2 A 4 2 2
(3). a3 > a3 > aj = a3 > a3 > aj > a3 = aj.
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Case 9: Suppose min{a},ai} > mar{a?, a3,a2, a2} and there exists £ € T such that
a3 < Uy(s,t), payoff assignments are summarized as (1). min{aj, a3} > maz{a? =
a3, a3 = ai} > min{a? = a3, a3 = a3} > max{a}, a3}; (2). min{aj, a3} > a} = a3 >
a3 > a3 = a? > af and (3). min{a}, ai} > a} = a3 > maz{ai, a3} > min{a}, a3} >
a3 = aj.

Case 10: Suppose min{aj, a3, a3} > mazx{a? a3, a2,a?} and there exists £ € T such

that a < Ui(s,t), payoff assighments are summarized as (1). min{a} > a3, a3}

IV

max{a? = a3, a3 = a3} > min{a? = a3, a3 = a3} > af and (2). min{a} > a3, a3} >

2 _ 2 4 2 _ 2
ay = az > aj > a3 = aj.

Claim 9. If for every s € S, 5 € S andt € T, U(s,1) < Uy(3,1) and there ex-

|

istst € T, § € S and § € S such that Uy(3,t) = U,(5,1), then min{a},al,al,al} >
ma{a?, a3, a3, a3},
Proof. Proved similarly as in Claim 6. 1

Now consider the scenario that every s € S, 5€ S and t € T, Ui(s,) < U,(5,%) and

there exists £ € T, § € S and § € S such that Uy(3,1) = U,(5,1).

Case 6": There exists f € T such that a} = U, (s, 7). Payoff assignments are summarized

— 2 4 4 _ 4 _ 4 2 _ 2
as a] = az = aj] = ay = a3 = a; > a3 = aj.

Case 7': a} > max{a? a2,a? a2} and there exists t € T such that ai = U(s,?).

Payoff assignments are summarized as aj > a} = a2 = aj = a] = a3 > a2 = a? and

4 4 2 _ 2 4 _ 4 2 _ 2
ay = ay > Q] = a3 = A3 = a7 > a3 = aj.

Case 8 af,ay > max{a? a? a2, a2} and there exists ¥ € T such that aj = U(s,?).

Payoff assignments are summarized as min{aj,ai} > a3 = af = a? = a3 > a3 = a3.

45



Case 9" a},ay > max{a? a? a2, a2} and there exists ¥ € T such that a = U(s,?).

Payoff assignments are summarized as af > a3 > a3 = a] = a} = a3 > a3 = a3.

Case 10" a}, a3, a3 > max{a2,a2, a2, a?} and there exists f € T such that a} = Uy (s, ).

Payoff assignments are summarized as min{a}j > a3,a3} > af = a? = a3 > a3 = a}.

Claim 10. The two-stage game is extensive form game with strategic complementarities

if one of the following is true:

1. Between subgame 1 and 3 are payoffs in Case 1 — 5 and between subgame 2 and 4

~ 2 _ 2 2 _ 2 Y O R
is max{as = a3, a3 = aj} < min{ay > a3,a3 > aj}

2. Between subgame 1 and 3 are payoffs in Case 1" — 5 and min{aj > ai,ad > aj} >
maz{a} = a3, a3 = a}} and between subgame 2 and 4 are payoffs in Case 6' — 10/

and maz{a3 = a3, a3 = a3} < min{a] > a3,a3 > af}

3. Between subgame 1 and 3 is min{ai > a3, al > al} > maz{a? = a3, a3 = a3} and

between subgame 2 and 4 are payoffs from Case 6 — 10

Proof. 1. Claim 4 indicates that if payoff are from Case 1 — 5, then maz{a3 = a%,a3 =
a2} < min{a} > a3,a3 > ai}. And max{ai = a3,a3 = a} < min{a] > a3,ai > ai}
allows Case 1 — 5 to be satisfied under quasisupermodular and single crossing conditions.

2. If payoff are from Case 1’ — 5, then Claim 6 indicates that maz{a3 = a3,a3 =

az} < min{aj > a3, a3 > aj} and moreover, under quasisupermodular and single crossing
conditions requires payoff from Case 6/ — 10’ or max{a3 = a3,a3 = a3} < min{a] >

a3, as > ai} to be satisfied. And if payoff are from Case 6’ — 10/, the Claim 9 indicates

payoffs from Case 1" — 5" and min{a] > a},aj; > aj} > maz{a} = a},a} = a3} to be

46



satisfied. min{a] > ai,ad > aj} > maz{a} = a3,a3 = a}} allows Case 6’ — 10’ and

maz{a3 = a3, a3 = a2} < min{aj > a3, a3 > ai} to be satisfied under quasisupermodular
and single crossing conditions. And maz{a3 = a3,a3 = a3} < min{aj > a3,aj > af}

!/

allows Case 1’ — 5" and min{a] > a},ad > a}} > maz{a’ = a3, a3 = a}} to be satisfied

under quasisupermodular and single crossing conditions.

3. If payoffs are from Case 6 — 10, then Claim 8 indicates min{al > ai,ad > al} >

max{al = a},a3 = a3} to be satisfied. And min{ai > a},a} > al} > maz{a? =

ay,as = a3} allows Case 6— 10 to be satisfied under quasisupermodular and single crossing

conditions. 1
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Chapter 3

3 Two-stage Games and Restricted Strategic Comple-

ments

We can easily observe that for general extensive form games, the dimensions of strategy
space can be huge. This imposes considerable difficulty in analysing strategic complemen-
tarity property directly. However, this paper shows that it is possible to properly reduce
the strategy space to facilitate the process without loosing generality. It is worth noting

that this is a case study focusing on two-stage 2 x 2 games. So the results are very limited.

Mailath, Samuelson and Swinkels (1993, 1994) established that strategic indepen-
dence, a property of extensive-form games and information sets can be captured in the
reduced normal form. They proved a close relationship between these normal form struc-
tures and their extensive form namesakes. In particular, they developed three types of
the extensive-form presentation of the normal form game. A weak representation can
allow (though never force) a player to make a decision between elements in the normal
form information set while knowing only his opponents have restricted themselves to a
larger set. A strong representation requires that player does not choose between elements
in the normal form information set until the extra information that the opponents have
chosen from their normal-form information set is available. Since there exists satisfactory
non-strong representations, parsimonious representation is introduced as an intermediate
notion of representability that exclude information dominated sequences of actions. In

particular, a weak representation is parsimonious if and only if it has no information dom-
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inance. If a game has a strong representation, then that representation is parsimonious
and any parsimonious representation of the game is also a strong representation. They
have also provided an algorithm that generates a representation whenever one exists. In

this paper, I will implement their method and terminology.

3.1 Motivation

Let’s have another look at the example we showed in Chapter 2. We have showed that
the two-stage game assigned with the corresponding payoffs at terminal nodes is not an
extensive form game with strategic complementarities (Echenique (2004)). However, it
exhibits strategic complements as the best responses sets are increasing in strong set order

with respect to opponent’s strategies.

Figure 6: Example

Instead of the normal form of the extensive form and its subgames, we will be looking

at the reduced normal form of the two-stage game.
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521(1,1) S;l(l,Z) 521(2,1) S;(Z,Z) 522(1,1) 522(1,2) 522(2,1) 522(2,2)

jan |15 15 11 11 5 5 1 1

1 15 15 7 2 2 10 10
Jaz |15 15 11 11 13 13 9 9

1 15 15 7 -2 -2 6 6
gen |7 7 3 3 5 5 1 1

1 5 5 3 2 2 10 10
g |7 7 3 3 13 13 9 9

1 5 5 3 -2 -2 6 6
g2an | 72 2 —2 2 8 0 8 0

1 1 13 13 8 —4 8 —4
20 | 72 2 -2 2 -4 4 -4 4

1 1 13 13 0 4 0 4
g2en |10 6 10 6 8 0 8 0

1 5 9 9 8 —4 8 —4
;2 |10 6 10 6 -4 4 -4 4

1 5 9 9 0 4 0 4

The targeted reduced-form strategies {51(

1,2)

781

2(1,2)

Figure 7: Reduced Normal Form

pand {7,

2
So

(1’2)} were selected

to resemble the strictly dominant strategy within subgames in Chapter 2. Single crossing

conditions applied on the targeted reduced form strategies and no single crossing con-

ditions were used to represent the concept of dominant strategies between subgames in

Chapter 2. I showed in Section 3.5 that since the payoff assignments satisfy the conditions,

the corresponding extensive form game exhibits strategic complements.

3.2 Initial Set-up

At each stage t € {1, 2}, a 2-player simultaneous game is played in which player 1 and 2 is

choosing from action set A%, i = 1, 2. In stage t, player i’s action set is A* = {a’ *, a? *}.

2

We assume that a)’ b < a’ ?. Payoffs are assigned at terminal nodes. The extensive form

of the two-stage game is denoted as I'. The set of all information sets is denoted as H,
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Figure 8: 2 — stage extensive form

in particular, player 1’s set of information sets is H; and player 2’s set is Hs. Actions
available on each information set h is denoted as set A(h). h° is the initial node. We

assume h° € H;.

Let h' denotes player 1’s information set reached right after a;” ' being played at h°
and aé’ ! being played at hY. Denote player 1’s strategies that allows information set h!

to be reached on the path as S} (h'), player 2’s strategies that reaches h} as S5 (hd).

Similarly, let A2 denotes player 1’s information set reached right after ai’ ! being played
at h® and aj > being played at k9. Denote player 1’s strategies that reaches h? as ST (h?),

player 2’s strategies that reaches h2 as SI(h3).

Let h? denotes player 1’s information sets reached right after ai’ 2 being played at h"
and ay ' being played at hJ. Denote player 1’s strategies that reaches h® as ST (h?), player

2’s strategies that reaches h3 as S} (h3).

Let h* denotes player 1’s information sets reached right after ai’ ? being played at h°

51



and aj  being played at hJ. Denote player 1’s strategies that reaches h* as ST (h*), player

2’s strategies that reaches hj as S} (h3).

Strategy 61, o1 € S] are equivalent if for every oy € S}, Uy(61, 03) = Uy(G1, 09).

The set of all strategies that are equivalent consists of an equivalent class.
First, consider player 1:

Now for arbitrary 61, &, € {0y € ST| 01(h°) = ay ', oy(hY) = a> ', oy(h?) = a} '}

and for arbitrary oy € S5, we have Uy (61, 03) = Uy(d1, o). Thus denote s,V as a

representation of the strategies in {oy € ST| o1 (h%) = a;’ ', oy(hY) = a7 ', o1(h?) = a} '}

Similarly, strategies in {0y € S| o1(h°) = ay ', ou(R}) = a¥ ', oy(h?) = a} '},

i€ {1, 2} and j € {1, 2}, yield same payoff with respect to arbitrary player 2’s strategy
oy € SI. And denote 1% 7 as a representation of the strategies in {oy € ST| o1(R°) =
ay ', ou(hY) = a¥’, oy(h?) = a} 7}, For arbitrary o, € S, Ul(si(i’ 2 oy) = Uy (61, 02)
with 6, € si(i’ 7,

Strategies in {s} € ST| sT(h0) = ap %, sT(h3) = a2 ", sL(hY) =a> 7}, i € {1, 2} and
j € {1, 2}, yield same payoff with respect to arbitrary player 2’s strategy sb € S5. And

(4, ) 1

denote 53 7 as a representation of the strategies in {sT € ST| sL'(h%) = ab 2, sT(h?) =

a> ', sT(h*) = a7}, For arbitrary sb € ST, Uy (52" 9| s0) = Uy (87, sb) with &0 € 2+ 9.
Reduced normal form strategy space for player 1is S; = {s}(i’ j), s?(i’ j)| i, j €41, 2}}.

The order on the normal-form strategies for player 1 is assigned in the following way:

(i). For normal-form strategies within S = {s}(l’ Doglh 2 gl e 2)}, s =
D) ) 1) D e | 10,2) g2 e,
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(ii). For normal-form strategies within S? = {33(1’ b s%(l’ 2, 33(2’ b, s%@’ 2)}, sf(l’ =

2(1, 2) 2(2, 1) 2(1, 2) 2

S1 A 8] < s s 2D sf(l’ 2) S§(2, 1) _ sf@’ 2)

(iii). The orders between elements in S] and S? is assigned in the following way: for

arbitrary s; € S] and s} € 57, sy =51 As] < sV 8| = s].

In particular, Figure 1. showed the order on elements in Sj.

’____—
|
.

’
1(2,1) 1(2,2)7.2(1,1)
51 51 /} 51

s100 5102

Figure 9: order for S;

Now for player 2,

Denote h9 as the information set of player 2 such that S'(h%) = S¥(RY).

For arbitrary 8§, & € (s} € S5 sL(h0) = ab !, sE(hd) = a2 1, SE(hD) = a2 )
and for arbitrary s € ST, we have Us(sy, 80) = Us(s¥, &0). Thus denote ss™ " as a

representation of the strategies in {sh € SY| sy (h9) = ay ', so(hd) = a3 ', so(hd) = as '}

Similarly, strategies in {s5 € SI| sb(hY) = ay ', sh(R)) = a3 ’, sh(h3) = ay '},

i€ {l, 2} and j € {1, 2}, yield same payoff with respect to arbitrary player 1’s strategy
s' € ST, And denote 55" 7 as a representation of the strategies in {s5 € SI| sb(h9) =
ay ', s(hd) = a3 ', s§(h3) = a3 7}, For arbitrary T € ST, Uy(s], s 7) = Un(sT, 3F)

with 85 € s 7).
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Strategies in {s5 € SL| sb(hY) = ay °, sh(h3) =ay ', sh(hd) = a3 '}, i€ {1, 2} and
j € {1, 2}, yield same payoff with respect to arbitrary player 1’s strategy s} € ST. And
(i, 5)

denote s as a representation of the strategies in {s} € S¥| s} (h9) = ay *, sh(h3) =

a2’ sE(hd) = a2 7}, For arbitrary st € ST, Uy (s, s2 9y = Uy (st 85) with 8 € 52 7).
Normal for strategy space for player 2 is Sy = {ss 7 27| i je {1, 2}}.

The order on the normal-form strategies for player 2 is assigned in the following way:

(i). For normal-form strategies within Si = {sé(l’ b, sé(l’ 2, s;@’ b, 35(2’ 2)}, sé(l’ =
D) ) ) 10D e | a2y de ) _de. )

(ii). For normal-form strategies within S2 = {sa("" V) o212 2@ D - 20 2y - 20 1) _
G002 22 2002 220 L 20,2 20,1 _ 2022)

(iii). The orders between elements in S3 and S3 is assigned in the following way: for

arbitrary sy € S5 and sh € 53, sp = Sp A sh < 53V 55 = sh.

In particular, Figure 7. showed the order on elements in Sj.

Figure 10: order for S,

Figure 10 showed the reduced normal form of the two stage game with the corre-
sponding payoff obtained from the extensive form. In particular, for arbitrary oy € S}
and oy € S}, there exists s; € S; and s, € Sy such that o, € s; and 0y € s9 and

(o1, 09) = m(s1, S2). Since no strategy s; € S; agrees with any element of s;\{s;} on
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S_;, Figure 10 is indeed the pure strategy reduced normal form of the two stage game.

510D

bi

LH

LH

5102

bi

b

b

51D

b}

b3

b3

51

b}

b3

b3

$20D

b

5202

b

526D

b3

Figure 11: Reduced Normal Form

3.3 Main Results

Lemma 9. Suppose single crossing condition is satisfied on St

$20

b3

X Sy, then there exists

st € Si such that for arbitrary s, € Sy and sy € Si, U1(8%, s9) > Uy(s1, s92), 1 € {1, 2}.

Proof. Notice that s}(l’ 2

1
< 5

(

L2 and infSy < s for arbitrary s, € S2. Since

Ul(si(l’ b sé(l’ 1)) = Ul(si(l’ 2 sé(l’ 1)), single crossing condition implies that Ul(s}(l’

1)7 82) <

Ul(si(l’ 2), sy) for arbitrary s, € S;. And for arbitrary s; € Si and s, € S2, as

Ul(si(l’ v, Sy) = Ul(si@’ Y, Sy) and Ul(si(l’ 2, Sy) =

Ui(s1, s2). As 51(1, O, 5}(1, 2)

Ul(si(z’ b 33(2’ 2)), single crossing condition implies that Ul(si(l’ b, s3) > Ul(s}@’ v,

for arbitrary s} € Si. For arbitrary s; € St and s, € S}, as Uy (s

, 89 < supSs for arbitrary s, € Si, since Ul(s}(

1(1, 2)
1

) 82)

Uy (

1, 1)

752

1(1, 1
S D

2(2,

U1(8}(2’ 2), S2), U1(5}(1’ 2), S9) >

2)) _
$2)

) SZ)

and Ul(si(Q’ 2, S9) = Ul(s}@’ b, S2), Ul(s}(l’ 2, S9) > Uj(s1, s2). Thus for arbitrary
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sy € Sy and s| € S}, Ul(si(l’ 2, So) > Ui(s), s2). Similarly, for arbitrary s; € Sy and

s € 5%, Ul(sf(l’ 2 50) > Uy(sh, s2). I

Let 8} denote the strategy in the reduced strategy space Si that is always included in
player 1’s best response set to arbitrary player 2’s strategy in Si. Lemma 1 showed that

i . . . i i(1, 2
s1 always exists. And in particular, 5] = 511( ),

Function Ui (sy,$2) : S1 X Se — R satisfies semi-no crossing conditions between
sy € 51 and sy € Sy at §, € S4, 1 € {1, 2}, if Uy(s1, 82) > Uy(s}, $2), then for all sy € Si,

Ul(Sl,Sg) > Ul(Sll, 82).

The reduced normal form game exhibits restricted strategic complements in
player i if player i’s payoff U;(s;, s_;) is quasisupermodular on S;, U; satisfies single

. . . . . " 1(1,2
crossing conditions on S x S5, and U; satisfies semi-no crossing conditions between si( )

and s°*?) at {infS!, infS2}.

Theorem 2. If the reduced normal form game exhibits restricted strategic complements,

then the two-stage game exhibits strategic complements.

Proof. Let’s consider player 1 here. The case for player 2 can be handled in similar ways.

Suppose the reduced normal form game exhibits restricted strategic complements in

player 1, then single crossing conditions on 57 x S, and semi-no crossing conditions are

(17

satisfied. Lemma 9 indicates that 5} 2 is the optimal in S, that is, a] > ai, a} > aj,

e 2(1,2) . . . .
a? > a? and a2 > a2. Similarly, s7% is optimal in S2, that is, @® > a2, @3 > a2, a} > a?

and aj > aj.
If Ul(s}(m), infSy) < Ul(sf(m), infSs), then single crossing conditions on S; x
. 1(1,2) 2(1,2) :

Sy imply that Uy(s; ™, s2) < Up(s] ™, s2), for all s € S,. It is easy to see that
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min{a}, a3} > max{ai, ai} and min{ai,al} > max{a3,a3}. This result along with
Lemma 9 corresponds to case (3) in Theorem 1 in which A% dominates A3, A} and A}, and

A3 dominates A}, A? and A2. Thus the two-stage game exhibits strategic complements.

Now consider the scenarios that Ul(s}(m), infSy) > Ul(sf(m), infSy). Then semi-
no-crossing condition between s'? and 33(1’2) on infS, indicates that for all sy € S1,
U ( 1(1,2) U 2(1,2) Th : 1,1 3431 Al ith L

1(s777, s2) > Ui(sy 7, s2). Thus min{a;, a3} > max{aj, a3}. Along with Lemma

9, A} dominates A}, A3 and A3.

If Ul(si(m), infS3) < Ul(s?(m), infS3), then single crossing conditions on S; x
Sy imply that Uy(si"?, s5) < Uy(s7?, sy), for all s5 € S2. Thus min{al, ai} >
maz{a3, a2}. With Lemma 9, A} dominates A}, A? and A% Thus this corresponds to

case (2) in Theorem 1. Thus the two-stage game exhibits strategic complements.

If Ul(si(m), infS3) > Ul(si(m), infS3), then semi-no-crossing condition between
s102) and 52 on infS2 indicates that for all sy € S2, Uy(si?, s5) > Up(si?, sy).
Thus min{a3, a3} > max{a3, aj}. Along with Lemma 9, A2 dominates A7, A} and Aj.
This corresponds to case (1) in Theorem 1. Thus the two-stage game exhibits strategic

complements. 1

Theorem 2 indicates that standard ordinal strategic complementarity conditions im-
posed on reduced normal form are not sufficient to generate strategic complements in the

extensive form.

If Ul(si(m), infSy) < Ul(s?(l’z), infSs) is satisfied, then single crossing condition im-
posed on S; xSy alone can generate case (3) in Theorem 1. Similarly, if Ul(si(l’z), supSsy) >

Ul(sf(lg), supSs), then single crossing condition alone on payoffs indicates case (1).
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But without the semi-no-crossing conditions, standard ordinal strategic complemen-
tarity conditions can also result in cases where strategic complements are violated in the

extensive form.

In the case that Ul(s}(m), infSy) > Ul(sf(l’m, infSs) and Ul(s}(m), infS3) <
Ul(si(m) , infS2%), single crossing condition can allow the scenario such that there exists
9 € S3\infSy and Ul(s}(m), §9) < Ul(sf(m), S9). For example, at 35(1’2), Ul(s}(l’m, 55(1’2)) <
Ul(sf(l’m, 55(1’2)), that is, a} < a3, single crossing condition can be supported here. But
an immediate result would be a} > a} and a] < a3, thus both subgame 1 and 3 can be
reached on the best response paths thus violating Lemma 1 which clearly states that only

one subgame can be reached on the best response path whenever opponent’s first stage

action is fixed.

To see why, suppose player 2’s strategy increases from BY — B} — (B?) — B? — (B7)
to BY — B{ — (B?) — B3 — (B}). al(> a}) > a3(> a3) indicates that player 1 will choose
AY then play Al in subgame 1, in particular, s; = (A9, A}, A2, A3, A]) is included in the
best response set with respect to BY — B} — (B}) — B} — (B}). a}(> ai) < a3(> al)
indicates that player 1 will choose A then strictly prefer to play A% in subgame 3 and
indifferent among the choices in other subgames, in particular, §; = (A9, A}, A2, A3, A})
is included in the best response set with respect to BY — B{ — (B?) — B3 — (B}). But
s1V 8 = (A9, AL, A2, A3 A]) is not a best response to BY — Bl — (B2?) — B3 — (BY}), thus
strategic complements is not supported here.

1(1,2)

. . L 2(1,2
Semi-no crossing condition between s; (1.2)

and s; on infSy ensures that such sce-
narios will not arise. And in particular, enables case (2).

Now we move on to find a characterization of strategic complements on two-stage
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games.

Function U;(sq, s2) : S1 X So — R satisfies no crossing conditions between §; € S}
and 5, € S] at 5, € S5, i, j, k€ {1, 2}, if Uy(31, 33) > Ui(51, $2), then for all 5, € S

and sy € Sg, U1(§1,82) > Ul(Sl, 82).

Lemma 10. If player 1’s payoff satisfies single crossing conditions on {51(1’2), sf(m)} X

{sé(l’g) 2(1, 1(1,2)

52 2)} and no crossing conditions between s; and 527 at {s)H? 2D

then the reduced normal form game exhibits strategic complements.

Proof. Player 1’s payoff satisfies single crossing condition in {5}, §2} x {8}, 83}, thus
there exists three scenarios. In scenario 1, U;(81, 83) < Uy(52, 8}) implies Uy (381, 53) <
Ui(8%, 83); in scenario 2, Uy(51, 83) > Uy(82, §3) implies Uy (8], 83) > U1(5%, 83) and in

scenario 3, Uy (8], 83) > U1(83, 83) and Uy(8], 83) < Uy(83, 83).

In scenario 1, as U; (8], §3) < Uy(82, §3) and 85 € S3, no crossing conditions in S X Sy
imply that for arbitrary s, € S5 and s; € S;\8%, Ui(s1, s2) < Up(82, s9). Similarly, as
Ui(8], 83) < Uy(83, 83) and 53 € S3, no crossing conditions implies that for arbitrary
sy € 52 and for arbitrary s; € S1\82, Ui(s1, s2) < Uy(83, s9). Thus for arbitrary s, € S3,
BR(s5) = {s°" V), 3 2} and for arbitrary sy € 52, BR(s0) = {52, s*® 1. Thus

this normal form exhibits strategic complementarities.

In scenario 2, as Uy (51, 83) > U;(5%, §3) and 8% € 57, no crossing conditions in Sy x Sy
imply that for arbitrary s, € Sz and s; € S1\81, Ui(8}, s2) > Ui(sy, sp). Similarly,
as Uy(81, 83) > U,(82, 8)) and 8} € Si, no crossing conditions imply that for arbitrary
sy € S3 and for arbitrary s; € S;\8}, Ui(81, so) > Uy(s1, s2). Thus for arbitrary s, € S3,

BR(s5) = {si" V), 51 2} and for arbitrary s, € 52, BR(s2) = {s1" %, si® ?}. Thus
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this normal form exhibits strategic complementarities.

In scenario 3, as Uy (8], 83) > U;(8%, 53) and 8} € S;, no crossing conditions imply that
for arbitrary sy € S3 and s; € S1\81, U1 (8], s2) > Ui(s1, s2). Similarly, as U;(57, 83) <
U(82, 52) and 82 € S2, no crossing conditions imply that for arbitrary s, € S3 and

22 52 1 (L, 1) 11, 2) 1
s1 € S1\57, Ui(s1, s2) < Ui(57, s2). Thus BR'(s2) = {s; "/, s 7} for so € S,
1 _or2,2) 0 22, 2) 2 : 2 1 :
and BR'(sq) = {s7 7, s1 7} for s € S5. For arbitrary $o € S, and arbitrary
So € 53, 89 < 39, since BR'(53) £ BR'(3y), this normal form game exhibits strategic
complementarities.

Lemma 11. Player 1’s payoff satisfies single crossing conditions on {31(1’2), 33(1’2)} X

{sé(l’m, 53(1’2)} and no crossing conditions between 3}(1’2) and sf(w) at {sé(m), 33(1’2)} if

and only if one of the three conditions is satisfied

(1) a3 > a3, a3 > a3, min{a3, a3} > max{ai, a}, al, a}} and a3 > ai, a} > a3,
min{aj, aj} > max{a}, a3, a3, ai};

(2) ai > ai, ay > ai, min{aj, a}} > max{al, a3, ai, a}} and a3 > a3, @i > a3,
min{a3, ai} > max{a}, a3, a3, aj};

(3) ai > ai, a} > al, min{al, ai} > max{da}, a3, a3, a3} and af > a}, § > a3,
min{as, a3} > mazx{a?, a3, a3, ai}.

Proof. Suppose the reduced normal form game exhibits restricted strategic complemen-

tarities, then the payoff assignments in scenario 1 are a} > a3 and a3 > maz{a}, al, ai, a}},

3o 3 3 11 1 1y 4 4 4 2 2 2 2y 4. 4
ay > aj and a3 > maz{ay, a3, a3, az}, a3 > aj and a3 > maz{ai, a3, a3, aj}, ay > a;

4 2 2 2 2
and ay > maz{ai, a3, a3, aj}.

The payoff assignments in scenario 2 are aj > al and a} > maz{a?, a3, a3, a3},

al > a} and a} > maz{al, a3, a3, a3}, a2 > a? and @2 > max{a}, a3, ai, ai} and
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2 2 4 4 4 4
a; > a3 and aj > maz{ai, a3, a3, aj}.

The payoff assignments in scenario 3 are aj > ai and aj > max{a3, a3, a3, a}},

1 1 3 .3 .3 3 4 4 4 2 2 2 2
ay > ay and ay > max{aj, a3, a3, aj} and a3 > af and a3 > max{a}, a3, a3, a;i},

4 4 2 2 2 9
as > ay and a3 > maz{ai, a3, a3, aj}.

If one of the following three conditions are satisfied, then it is easy to check that both
single crossing condition and no crossing conditions are satisfied.

Suppose (1) is satisfied, then single crossing condition {57, §2} x {8}, 32} is satisfied
as a5 > al and aj > a%. No crossing condition is satisfied as for arbitrary s, € Si
and s; € S1\89, Ui(s1, s2) < Ui(82, s9) and for arbitrary s, € S3 and s; € S1\83,
Ul(Sl, 82) S Ul(éf, 82).

Suppose (2) is satisfied, then single crossing condition {5], §2} x {8}, 32} is satisfied
as a3 > aj and aj > a3. No crossing condition is satisfied as for arbitrary s, € S5
and s; € S1\87, Ui(s1, s9) < Uy(8%, so) and for arbitrary s, € S3 and s; € S;\87,
Ui(s1, s2) < UL(83, s2).

Suppose (3) is satisfied, then single crossing condition {5], §2} x {8}, 32} is satisfied
as al > a3 and a3 < aj. No crossing condition is satisfied as for arbitrary s, € Si

and s; € S1\87, Ui(s1, s9) < Uy(8%, so) and for arbitrary s, € S3 and s; € S;\87,

Ul(Sl, 52) S Ul(gf, 82).

Thus the reduced normal form game with those payoffs exhibit restricted strategic

complementarities. il

Theorem 3. Under differential payoff to outcome, the following claims are equivalent:

i. player 1’s payoffs satisfies single crossing conditions on {s} , 1 2) } {35 1(12) 3(1’2)}
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and no crossing conditions between 3}(1’2) and sf(m) at {55(1’2), 33(1’2)}

1. the two-stage game exhibits strategic complements in player 1.

Proof. We can invoke the Theorem 1 in chapter 2 and Lemma 11 to prove the equivalence

between those two claims.

Corollary 5. For every best response sets in the reduced normal form game with restricted
strategic complementarities, their extensive form correspondence are also best response sets

m a two-stage game with strategic complementarities.

Corollary 6. For every best response sets in a two-stage game with strategic complemen-
tarities, their reduced normal form correspondence are also best response sets in a reduced

normal form game with restricted strategic complementarities.

Lemma 2 indicates that there are three possible best responses for the reduced normal

form game with restricted strategic complementarities.

In the first case, BR(s5) = {57 V), s P} for s, € S} and BR!(s) = {57 2, 23 9}
for s, € S3. The corresponding best response sets in the extensive form is the fol-
lowing: BRY(s)) = S0 DU 202 = (s € ST sD(R0) = ab 2, sF(h3) = o> '} for
sy € {sh € SY| s5(h9) = ay '} and BR'(s5) = 51" VU 51 P = {s] € ST| s[(h) =
a;?, si(h') = ay *} for 55 € {sj € S| s5(hg) = ay *}

In this case, BR'(s}) are complete sublattices for s € {s} e SI| sL(h9) = a) '}.
Similarly, BR'(s}) are complete sublattices for sy € {s) € SI| sb(hY) = ay *}. Pick
arbitrary 85 € {s} e SI| sL(hY) = ay '} and 88 € {s} e SF| sL(hY) = ay ?} such

that 85 < 3%, pick arbitrary 87 € BR(8}) and 3} € BR(8)), 55 A &) € BRY(s)) and
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85 v 8) € BRY (). Thus for extensive form games with such best response sets, they

exhibits strategic complementarities.

In the second case, BR!(sy) = {s}(l’ b s}(l’ 2)} for s, € S3 and BR(sy) = {S}(l, 2) 51(2, 2)}

Y

for s, € S3. The corresponding best response sets in the extensive form is the fol-

lowing: BR(s}) = 51(1’ Uy s}(l’ 2 = {sT' e ST sT'(h%) = ap ', sT(h') = ad '} for
1,1 1(1, 2 1(2, 2

s € {sh € 51 s5(hY) = ay '} and BR'(s) = 5" P U 5% = {s] € ST| s{(h") =

ay ', si(h?) = ay 7} for s} € {s} € S3| sy(h9) = ay *}.

In this case, BR'(s}) are complete sublattices for all s} € {sf € SI| sL(h9) = ay '}.
Similarly, BR'(s}) are complete sublattices for all s} € {s} € SI| sL(h)) = ay *}. Pick
arbitrary 55 € {sb € SV| sL(h) = ay '} and 3L € {s) € SI| sb(h9) = ay *} such that
s) < 8, BRY(8Y) C BR!(8}). Thus for extensive form games with such best response

sets, they exhibits strategic complementarities.

In the third case, BR!(s5) = {s1" V. s1" P} for s5 € S1 and BR!(s,) = {5 ¥, s2* 2}
for s € S2. The corresponding best response sets in the extensive form is the fol-
lowing: BR!(s}) = 81(1’ Uy s}(l’ 2 = {sT' e ST| sT'(h%) = ap ', s(h') = ab '} for
s € {s} € S| (k) = ay '} and BRY(s)) = 51" VU 5% Y = (] € S]] S](h7) =

ay®, si(h') = ay "} for s} € {s} € S3| sy(h9) = ay *}.

In this case, BR'(s}) are complete sublattices for s5 € {sf e SI| sL(hY) = ay '}.
Similarly, BR'(s}) are complete sublattices for s € {s} € SI| sb(hY) = ay *}. Pick
arbitrary 85 € {s} € SY| sL(hY) = ay '} and 35 € {s} € SY| sL(hY) = ay *} such
that s5 < 85, pick arbitrary s] € BR'(s}) and s} € BR(3}), s) A 5, € BR'(5)) and
s, v 8 € BRY(8)). Thus for extensive form games with such best response sets, they

exhibits strategic complements.
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I would like to point out that ordinal complementarity conditions imposed on the
reduced normal form are not sufficient to generate strategic complements in the extensive
form. We will show that standard ordinal complementarity conditions (single crossing
condition and quasi-supermodularity condition) and semi-no crossing conditions between

(17 2

s1 ) and sf(l’ 2 at {infS3, infS2} imposed on reduced normal form are sufficient to

generate strategic complements in the extensive form.

Single crossing conditions alone can generate case (1) and case (3) in Theorem 1.
Semi-no crossing conditions serves as a brutal force to enable case (2). Notice that, quasi-
supermodularity condition will not impose any additional payoff restrictions here, thus is
conveniently left out.

First of all, if Ul(si(l’z), infSsy) < Ul(s?(m), infSy), then single crossing conditions
on S x Sy imply that Ul(s}(l’z), S9) < Ul(sf(l’z), S9), for all s, € Sy. Along with Lemma
9, it is easy to check that case (1) applies.

Secondly, if Ul(si(l’z), supSs) > Ul(sf(l’Q), supSsy), then the contrapositive part of
single crossing conditions on S; x Sy imply that Ul(s}(l’g), Sg) > Ul(s?(m), S9), for all
Sy € Sy. Along with Lemma 9, it is easy to check that case (3) applies.

In the case that Ul(si(m), infSy) > Ul(sf(w), infSs) and Ul(s}(l’z), infS3) <
Ul(sf(lg), infS3), single crossing condition can allow the scenario such that there ex-
ists 85 € S3\infSy such that Ul(s}(l’z), Sg) < Ul(sf(m), 39). Thus violating Lemma 1 in
Chapter 2. Semi-no crossing condition between 3}(1’2) and sf(m) on infS; ensures that

such scenarios will not arise. And in particular, enables case (2).

Similarly, in the case that Uy (s7"?, supS1) > Uy (s supS1) and Uy (s;?, infS2) >
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2(1,2) : : i, 1(1,2 2(1,2 ,
Ul(sl( ) in f5%), semi-no crossing condition between 31( ) and sl( ) on in fS2 ensures

that case (1) will be satisfied.

3.4 Relating to MSS’s Work

For the purpose of current research, it worth noting that any extensive form game with
distinct terminal payoffs is necessarily a strong representation of the corresponding re-
duced normal form. With the stage game structure, their algorithm will recover the exact
same extensive form as the original two-stage games and it is a satisfying representation
of the normal form. Thus their research provided a sound theoretical foundation for us

to explore the reduced normal form of the normal form of the two-stage 2 x 2 games.

MSS(1994) showed that for extensive form game with distinct payoff at each terminal
nodes, it is a strong presentation of the corresponding PRNF (Theorem 9) and a rep-
resentation algorithm applied on such PRNF can find a strong representation (Theorem
8). T will show that the extensive form generated by the algorithm turn out to have the
exact tree structure as the original extensive form with differences in the way actions are

indexed.

Thus we are comfortable to say that by turning to reduced normal form, we will not

loose any strategic relevant aspect of a game.

For this game, the relevant information sets for both player 1 and 2 are the same, that

are:

S

XY= 51 Sh= oD, i, 0, 0 D 0, 08, 0, 2y
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1(1, 1 1(1, 2 1(2, 1 1(2, 2 2(1, 1 2(1, 2 2(2, 1 2(2, 2
:Sl1 X 522:{81( )7 81( )7 Sl( )7 81( )}X {82( )7 52( )7 82( )7 82( )}

21, 1) 2(1,2) 22, 1) 22 2) 11, 1) 1(1,2) 12, 1) 12, 2
:S%XS%:{SE( )7 31( )7 51( )7 51( }X{Sz( )7 52( )7 52( )7 52( )}

201, 1) 2(1,2) 22, 1) 22 2 21, 1) 2(1,2) 22, 1) 22 2
:S%X‘ng{sl( g 31( g 51( ) 31( )}X{52( g 52( g 52( g 52( )}

Apply the algorithm on the reduced normal form.

At initial node w, since S is strict for both players, select player 1. Then Wy(s) =
{{S1}, {S%}}. Thus player 1 has 2 choices to make at w, labeled S] and S? according to

the algorithm and leads to node ¢! and (? respectively where T'((7) = ST X Sy, 7 =1, 2.

At either node, player 2 is the only one who can move. For each ST x Sy, 7 =1, 2,
the unique strict information set for 2 which contains ST x S, is S, and so X¢" = S. Now,
Uy(s) = {{S3}, {S%}}. Thus at the node (7, player 2 chooses between S5 and S, leading

to two nodes ¢'™ and ¢*" with T'(¢'") = ST x Sy and T(¢*") = ST x S3, 7 =1, 2.

Both players can move at ¢! and (2" for 7 = 1, 2. Now X¢' = X! X&' =

S 3

player 1 chooses between {si"" sV and {s1® Y, s1® 2} at 1. Similarly, since

X2, X = X3 and X< = X% As U (X)) = {{s]") 52y {51V

U, (X?) = {{51(1’1), 21)} {57 112) , 51(2’2)}}, player 1 chooses between {51(1’1), 51(2’1)}
and {31(12, 31(2’2)} at (2. As U (X3) = {{sf(l’l), 33(1’2)}, {33(2’ 1), s%(z’ 2)}}, player

1 chooses between {52V, 231 and {2V 23V ap (12 And as ¥y (X?) =
{{sf(l’l), 2(2.1) } {s] 2(1.2) ; 2(22 }}, player 1 chooses between {s1 @, 1), sf(z’l)} and {53(1’2), 53(2’2)}
at (*2. Denote the two nodes following ¢*™ by (%7 and ¢*7 for k, 7 =1, 2.

Then,

T = s s P} xS T = {0 Y 9™ ) <8
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1(1, 1 1(2, 1 11, 2)  1(2, 2
T(CLZI) B {Sl( )7 51( )} X S227 T(CZQJ) {8 . ) 1 )} X 322
2(1, 1 2(1, 2 T 202, 1) 2(2, 2
1 (CLLQ) = {Sl( )7 51( )} X 5217 (CZLQ) {8 ( ) 51 )} X 521

2(1, 1 2(2, 1 2(1, 2 2(2, 2
T(C22) = {51 Y, si® V) x 83, (%) = {517, 51 V) x5

= 211 L2l C221

= XM = XL X = X

Only player 2 can move at those nodes. Now X

X2, X<1,1,2 _ X<2,1,2 _ X3 and X<1,2,2 _ XC2,2,2 _ X4.

Thus at (V5! and ¢*1!, player 2 is choosing from {s;(l’ b, s;(l’ 2)} and {sé(z’ b 53(27 2)}.
At the node node reached by T'(.) = {s}(l’ b si(l’ 2)} X {35(1’ b sé(l’ 2)}, payoff al and
bl is assigned for player 1 and 2 respectively. Similarly, payoffs (ai, bl) is assigned for
node reached by T(.) = {s]" V| s1" 2} x {3V 62 2 payoffs (al, bl) is assigned
for node reached by T(.) = {si® V), s1® 2} 5 {5201 102DV and payoffs (al, bl) is

assigned for nodes reached by T'(.) = {31(2’ b 31(2’ 2 x {352’ Dog® 2)}.

At ¢121 and ¢22!, player 2 is choosing from {s2 Y, 2 PV and {s2* Y, 23 2
At the node reached by T(.) = {51V, s;® V1 x {211 202 payoff a? and b2 is
assigned for player 1 and 2 respectively. Similarly, payoffs (a3, b3) is assigned for node
reached by T(.) = {si" V5] D1y {23 D 2@ havoffs (a2, b2) is assigned for node
reached by T(.) = {s;"" @, 5] P} x {201 53(1’ 2} and payoffs (a2, b?) is assigned for
nodes reached by T'(.) = {s}(l’ 2), 1@ } {52(1 b (1 2)}.

At (112 and (212, player 2 is choosing from {ss "V, ss@® Y1 and {si" P s 2y,
At the node reached by T'(.) = {sf(l’ b, s?(l’ 2)} X {sé(l’ b, 35(2’ 1)}, payoff a? and b? is
assigned for player 1 and 2 respectively. Similarly, payoffs (a3, b3) is assigned for node
reached by T'(.) = {sf(l’ 2 s2 2 } {31(1 2, } payoffs (a3, b3) is assigned for node

reached by 7'(.) = {33(2’ Y, 33(2’ 2)} X {sé(l’ b sé(z 1)} and payoffs (a3, b3) is assigned for
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nodes reached by T'(.) = {s?@’ b 53(2’ 2)} X {35(1’ 2, 55(2’ 2)}.

At (122 and (222, player 2 is choosing from {sa" V), s2® V1 and {s2" P 2 2y,
At the node reached by T'(.) = {sf(l’ D23 {33(1’ V23D bayoff af and b? s
assigned for player 1 and 2 respectively. Similarly, payoffs (a3, b3) is assigned for node
reached by T'(.) = {sf(l’ b 53(2’ 1)} X {53(1’ 2, 53(2’ 2)}, payoffs (a3, b3) is assigned for node
reached by T(.) = {s°" 2 §2@ D} 5 {201V 22 D and payoffs (ad, b?) is assigned for

nodes reached by T'(.) = {sf(l’ 2 g 2)} X {33(1’ 2 52 2)}.

It remains to construct information sets. Since node ¢! and (? belong to player 2
satisfy X ¢ = X¢ = § and have no predecessors, they are grouped together into one
information set. Since (*" belongs to player 1 have every X¢ ' assigned with different
X? each of them consist one information set. For each (”*" belongs to player 2 with
X" corresponding to X', they have the same predecessor ¢ which corresponds to X*.

71’1

Thus they are grouped together as one information set. For example (V%! and ¢?! are

grouped together as one information set.

It is easy to see that the extensive form obtained from applying the algorithm on
the two-stage PRNF yields the same tree structure as the original extensive form with

difference only in the way actions are labeled.

Moreover, for general multistage game with distinct payoff assigned at the final nodes,
the representation algorithm applied on the PRNF will recover the exact extensive form

as the original one with difference in the way actions are labeled.
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3.5 Example Revisited

We explicitly show here that the example exhibits restricted strategic complements. Fig-

ure 7 is the reduced normal form of the two-stage 2 x 2 game.

Single crossing condition is satisfied applying to {51(1’2), s?(l’ 2)} X {35(1’2), 53(1’ 2)}
as Ul(s}(m), sé(m)) =15 > Ul(s?(m), 35(1’2)) = 2 and Ul(si(m), 33(1’2)) =13 >
Ul(s?(m), 33(1’2)) = 4. No crossing condition is satisfied as 11 = min{15, 11} >
Ui(s1, s2), s1 € S? and s, € S and 9 = min{13, 9} > U,(s1, s2), 51 € S? and

sy € S2. Thus this two-stage game exhibits strategic complements.
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Chapter 4

4 Multi-stage Games with Strategic Complements

In this paper, we are trying to study what additional structure strategic complementarity
property implied on general multi-stage extensive form games. We will soon discover that
for stage game to exhibit strategic complements, interesting common structure on best
response sets arises. This will promotes a better understanding of dynamic games with

strategic complements.

As noted in previous paper, even in the simple framework, the complicated notations
require lots of attention. The need to deal with more general extensive form games calls for
a better notation system. The following section proposed a way to index information sets
in the stage game by identifying their corresponding strategies. By connecting information
set with their corresponding set of strategies, we can facilitate the study of strategic
complementarity which is a property essentially about the structure of best responses

sets.

4.1 Multi-stage Game

At each stage t, a 2-player simultaneous game is played in which player 1 and 2 is choosing
from action set AL, i = 1, 2. In stage t, player i’s action set is Al = {a? ' aﬁ’ S aﬁ’ nt}.
We assume that aﬁ’ < a';f’ " if m < n. There are in total T stage games played. Payoff

are assigned with respect to outcomes in the end of T stage. The set of all information

sets is denoted as H, in particular, player 1’s set of information sets is H; and player 2’s
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set is Hy. Actions available on each information set h is denoted as set A(h). H! denotes
the set of those information set h € H; such that A(h) = Al. And denote H' = Hi U Hi.

HT+! denotes the set of the ending nodes where payoffs are assigned .

For arbitrary information set h € H, S} (h) denote the set of player 1’s strategies that
are consistent with reaching h. Thus for arbitrary player 1’s strategy in s; € Si (h), there
exists player 2’s strategy s, € S3 such that information set h is reached on the path of

profile (sy, sp). Similarly, S} (h) denote the set of player 2’s strategies that are consistent

with reaching h. ST(h) = ST (h) x S§(h).
Now define some relative positions between information sets in the T-stage game.

(i). For arbitrary h € H' and ' € H" if t = ' and S"(h) = SU(I'), that is,
ST(h) = SF(R') and SY(h) = SY(R'), then h and I’ are reached at the same time,

denoted as h ~ h'.

(ii). For arbitrary h € H' and ¥ € H", if t > ¢’ and S"(h) & ST(K), that is,

St (h) G ST(h) and Sy(h) & S3 ('), then h is reached after h/, denoted as h > h/.

(iii). For arbitrary h, h’' € H, if ST(h) (S (K') = 0, that is, either ST (h) (ST (W) =0

or ST(h)SY (W) =0, then h is off the path of /.
(iv). h € H' is reached right after ' € H" if h is reached after b’ and ¢t =t/ + 1.

The stage game structure ensures the following claims to be true.

1. For arbitrary player 1’s information set h; € Hy, there exists a unique information

set reached at the same time as h;. Such information set belongs to the other player.
2. Given (hy, hy) € H! such that ST(h;) = ST(hy), for arbitrary a ™ € A;(hy)
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and ab ™ € Ay(hy), there exists a unique pair of information sets (hy, hy) reached

right after (hy, hg) such that for every s; € Sf(izl) and for every sy € Sg(ilg),

Sl(hl) = ai’ i and Sg(hQ) = a;’ 2

3. For every h € H™ and (ab ™, a5 ™) € Al x Al | there exists unique (hy, hy) €
H! x H} such that ST(hy) = ST(hy) and for all s, € ST(h), sy(hy) = ab ™ and for

all s, € ST(h), s5(hy) = ab ™.

4. Pick arbitrary information sets ill, hy € HY, hy is off the path of h;, that is, either

ST(ht) N ST(Rt) = 0 or ST(RL) N SE(hL) = 0 or both.

Lemma 12. There exists a unique path connecting arbitrary information sets in the ex-

tensive form of the multi-stage game to the initial node.

Proof. For arbitrary h € H, suppose h € H*, there exists (h}!, hi ') € H'~! such that h

_ t—1 t—1

is reached after (h'™!, h5') € H'™! with unique (af "™ ,ab "™ ) € A x A5 such
~ _ t—1 ~ _ t—1

that for all s; € ST(h), si(hy™) =a, "™ and for all s, € SE(h), so(hs ") =ay ™

Continue identify (hi2, h%?) € HI? such that (h{™', hi™') is reached right after

t—2 t—2
2, my t—2, m,

(Y2, hL?) with unique (ai_ , gy ) € A% x A2 such that for all s; €

t—2

ST(RE), s (R?) = ath’ i and for all s, € SY(h5™1), so(hb?) = a;Q’ 2

1, 1, m}
. m m2)

1
Continue until (h°, hJ) is reached on the path with the corresponding (a; ", ay

1

1

,m% 1, m

identified. Thus there exists a path connecting h to h® as (a} , ay ) at (kO hY),
2, m% 2, m% !

_ t— _ t—1
(@™, ay ™) at (h2, h2),.., ("™ ', ay "™ ) at the corresponding (hS', RSV in

which £ is reached right after.

To show uniqueness, suppose there exists two different paths reaching h from RC. In

particular, information sets reached on the two paths are same until stage ¢, ¢ < t in
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which i € H' is reached on path 1 and /' € H' is reached on path 2. Thus & is off the
path of &’ and ST (k) N ST(h') = 0. Since h is reached after h and A/, ST(h) C ST(h) and
ST(h) C ST(h'). Contradiction. Thus the path leading to arbitrary information set in the

multi-stage game is unique. 1

Thus we can properly index all the information sets in the multi-stage game by identify-

—ml t
ing the unique path leading to that particular information set. Denoting H

(mb, mt € {1,.., n'}) as the information sets in H' identified in the following way.

1
1, m;

Starting from choosing (ai’ m%, ay, %) at (hY, h9) and identify the corresponding (h?, h3)

as those information sets in H? such that for every s; € S}(h?) and for every s, €

ST(h2), si(h%) = ay ™ and s2(hY) = ay ™2 Choosing (a7 i ar mg) at the cor-
responding (h?, h3) and identify the corresponding (h$, h3) in stage 3 ,..., choosing

t—1 t—1

(ai_l’ " gt ™ ) at the corresponding (ALY, hLY) and identify the corresponding
Py > Fmsmd) e, i MY g
(h%, hb) in stage t, thus H = {ht, hi}.

The H construction can be related to the familiar subgame concept as a way to index

t—1 t—1
(m)yey my H(miTh)

_ml . e .
subgames. H * N H; = hy can be considered as the initial node in that

t—1, i—1
(m%)v"'v my (my )

-l
subgame. Denote Subgame H as the subgame that start with initial

—ml(ml),..., mi~(mi? .
node F"2" e 0 ST(h1) can be considered as the set of player 1’s strategy

t—1, i—1

—ml(ml),..., m my .
that allows subgame H 2(mies a0 4 he reached on the path. Similarly, S5 (hy)

—mi(ml),... m£71 m’g71
is considered as the set of player 2’s strategy that allows subgame H 2oy )

to be reached on the path. Thus for every s; € Sj(h;), there exists sy € S} (hy) such

—ml(mb),..., mi= (mi! .
that Subgame H 20m) me ) o veached of the path of profile (s1, sg). For every

1/,1 i—1, i-1
information set reached after H 2" 2 M )7 they denote subgames of Subgame

—ml(m}),...7 m;_l

H 2

(mi~t)
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. . . 1 . .
For convenience, if m! = infA} = a7y *, then m,(m}) is denoted as m} and if m! =

t. nt . J—
supAl =ay ™, then mh(m?) is denoted as 5.

For arbitrary ¢ € {1,.., T} and heH f, there exists a unique sequence of information
sets starting from (h°, h9) reaching (h2, h2) € H?,..., and (hi™", hi') € H'=! on the path
with (a? mﬁ, ay mé) played at each (hf, h%) at which A is reached right after (h}™", ht™),

571( f—l)

~ My Ty
thus h € h

Since ST (h) is defined as the set of player 1’s strategies that are consistent with reaching

h and Lemma 1 indicates that there is an unique path leading to k, ST(k), ST(h) can also
T 0 1, m% 2 2, m% t—1 i1, mti_l
be represented as {s; € S}| s1(h’) =a; ", si(hf) =ay ", ..., si(h] ) =q }.

Similarly, S5 (h) = {52 € S| s2(h9) = ay ™, sa(h3) = a3 "% sa(hE ) =y "),

For §; € BRY(s3), U1(51, s2) > Uy(s1, s2) for every s; € S;. Record the corresponding

=

s (p0y — ,Lomi oy _ Lmy o gmalmi) _2mi Z7ma(mi) _
51(h°) = ay "' and so(hy) = ay 2, S1(H NHy) =a; * and so(H N Hy) =

T-1, T-1 T-1, T-1
2 2 —m%(m}),, my (my ) T —m%(m%),, my T (my )

a; "2, 51(H NHy) = af’ "™ and so(H N Hy) =

mT . ~
aQT’ 2. It consists a path of profile (51, s3).

1 1 T—1 T—1 T T 1 P § 1
For every §; € SJ (™" M) hatis, 51 € {s1] s1(h0) = ay ™ s (HT 0

—ml(mb)... mI~t(mT ! ~ .
H) =d> i s1(H 2m1) my )ﬂHl) =a, mlT}, profile (81, s2) will have the same
—7n1 ml mT mT
path as (51, 82). As U1(§1’ 32) = Ul(gla 32), 5 € BRI(SQ). Thus S{(H 3(mq),..., ma ( 1)) C

BRl(SQ).
s, =infSY, that is, Vt € T, ¥ hi, € H, s,(ht) = al ',
5y = supSY, that is, Vt € T, V b, € HE, 5y(ht) =ab ™,

Let a; " be infsenri(s,)s1(h’) and ay ? be supy,cpri(sysi(h?). Lemma 2 indicates

that for every s, € S} and s; € BR'(sy), ay " = s1(h°) < a} ”.
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Lemma 13. For §,, 5, € ST,
(1). If 55(h3) # 52(h9), then all those information sets reached on the best response path

to 3o and reached after h° are off the best response path to 3.

77777

gg(hg) j §Q(h2), then BR1(§2) E BR1(§2)

Proof. (i) Pick arbitrary §; € BR'(5;) and 8, € BR'(8;). Information sets reached right
after h° and on the path of profile (51, 3o) as h and information sets reached on the path
of profile (3, §;) as h. h, h € H2. As SY(h) = {sy € S| s2(h3) = 52(h9)}, SL(h) = {5 €
Sy | sa(hg) = 52(h3)} and {s2 € S| s2(h3) = 82(h3)} N {s2 € S| s2(hy) = 82(h3)} = 0,
it is easy to prove that AN h = 0. For all i’ € {h| h = h}, ST(R’) C SY(h) and for all
W e {h| h=h}, SY(R') C SL(R), thus B’ NA =@ and {h| h = kYN {h| h = h} = . Thus
after h° and h9 all the information sets reached on the best response path to 3, are off

the best response path to s,.

.....

.....

Since information sets in Hs\ Um}e{l
of (s1, 8) for arbitrary s; € S}, BR'(3;) = BR(8,). Similarly, form 8, such that

_ml ml
for all hy € J ay{he € Hy| hy = H™™}, 3 (hy) = Fy(hy) and for all hy €

HQ\ Um%e{l

Since &, < 8, BR'(8,) C BR'(s}). Thus BR'(3,) C BR'(3,). I

miefl,...,

—Fm.

ay{hs € Hol hy = H™"™Y, &(hy) = supA(hy). BR'(3;) = BR'(3).

~~~~~
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4.2 Main Results

From now on, we will be looking at the best response structures with respect to opponents’

strategies under strategic complementarity assumption.

Player 2’s strategies are divided into three groups. Group 1 consist of extreme strate-
gies s, and Sy. Group 2 consists of strategies that assigns different actions from both s,
and 5, at hY. Group 3 consists of strategies that assigns the same actions as s, or 5, at
hy. Common structures of best response sets within each groups will arise after strategic

complementarities assumption is applied.

Denote mfsleBR1(§2)31(h0) = a}’ © and SupsleBRl(§2)51(h0) = a}’ j,

12,17 i),12,..., 1671, 1(mf)

Theorem 4. BR!(s,) = Sf(ﬁl(i)’ JUALUB with Ay C {Slr(ﬁl(

1, m i iy 1,0, 1, mi 1, j
{2,.., T}, ap €Al and BCT{S[(H ") ay"<ay ' <ay’}.

Proof. To prove the theorem, we want to prove the following claims:
—1(i), 12,..., 1T
(). ST ) € BR(s))
(ii). If there exists 8, € BR'(sy), 51(h°) = a'’, then {s; € S| s1(h°) = 5 (h)} C
BR'(s,).
1(3), 12,..., 1¥-1 —1(i), 12,..., 1i-1

(iii). If there exists s; € BR(s,) such that s; € ST(H 7~ "7"~ )and s, (H

N P N N — 10 2 qi-1 mt
H) =d" ™ e A\ab !, then ST(E' 1110y « BRY(s,).

(i). Pick arbitrary 3, € BR'(3;) and 4, € BR'(s,) such that 5 (h°) = a;’ and
51(h%) = ap’. Information set "9 is reached on the path of profile (81, 33) and

Information set "7 is reached on the path of profile (31, s,). Lemma 2 indicates that

information sets ﬁl(i) are off all the best response paths with respect to 55. Thus in

(@)

response to Sy, player 1 is indifferent among the choices at iakiabil 1.
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Pick arbitrary §; € BR'(5;) and §; € BR'(s,) and let §; (ﬁl(i) NH,) =a} '. Strategic
complementarities imply that §; A §; € BR!(s,), in particular, 5; A §;(h°%) = 5,(h°) A
5 (h%) = ay’, 5 A él(ﬁl(i) N Hy) = a>'. Thus there exists s; € BR!(s,) such that

51(h%) = ay * and sl(ﬁl(i) NHy) =ay .

Suppose there exists §; € BR'(s,), $1(h°) = a}’ *, §1(H1( 'n Hy) =a?b ', §1(H1( e

1t—

—1(7),... 2 _ —1(i).12....
H)=a*' . a@ Y nE) =t AsH

L 13 51
. >H1()andH1()areoff

all the best response paths with respect to 3, player 1 is indifferent among the choices

—71(0),1%,..., 1'~

on H © N H;. Pick arbitrary §; € BR'(5,), §1(ﬁ1(i)’“" 1

1
N Hl) = ai’ 1.

— (s t—1
Strategic complementarities imply that §;A8; € BR!(s,), in particular, 5, /\.§1(H1(2)"“’ .

Hy) = ab'. Thus there exists s; € BR(s,), s1(h°) = ay °, sl(ﬁl(i) NHy) =ay'.

—1(3),..., 1*71

Sl(Hl( s 1 ﬂHl):(li’ 1.
Let t = T, there exists s, € BR(s,), s1(h°) = a;’ ", sl(ﬁl(i) NHy) = ab .
—1(1),..., 1771 ..

sl(Hl( b 4 NH,) = al> ', This is a complete path of profile (s, s,). Thus those player

1’s strategy that together with s, have the same path as (s1, s,) are also player 1’s best

T oy _ 1, ¢ _1(1) 2,1 _l(i)z"'v lT_l
responses to s,. Thus {s; € S7| s1(h°) =ay ", ss(H " NHy) =ay ... s1(H N
T, 1 1 . r gl @)y, 1771 1T 1
Hy) =a;" "} C BR'(s,). In particular, S} (H ) € BR'(s,)
(ii). Form 3, such that 55(h9) = ay’ ' and for all m € {1, ..., n'} and hy > 7' N Ha,

5o(hs) = sy(hy) and for all n € {2,..., n'} and hy = H'™ N Hy, 5a(hs) = Salhy).

(m)

Since information sets H  are off the path of profile (sy, §,) for arbitrary s; € ST,

BR'(sy) = BR(33). s, < 3y and strategic complementarities imply that BR!(s,) is a

lattice.

Since 5, € BR'(s,) and 5;(h°) = a;’ *, denote 5,(h°) = a;’ " with t > i. Lemma 4
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1T—1’ 1T

) C BR'(sy) and ST(H' Y ) € BRI(s,). Pick
= 22 1 = 22/

—1(3).... T—1 T .
arbitrary §; € S{(Hl( b L ). Since T

+71()

hi = H

implies that ST (ﬁl(i),,,,7
are off the path of profile (51, s,), all

N H; are off the path of that profile, thus assign §;(h;) with arbitrary actions

1T—1

PR T
in A(hy). Pick §) = me{(Hl(t)’”" = ). Thus 8, V &, € BR!(s,). In particular,

(5, vV &)(h%) = ap ' thus H'" is reached on the path of (5; vV &), s,). And for all
hy = ﬁl(t), (51 V 8))(h1) = 31(hy). Since §; assigns arbitrary action at the information

sets reached after ﬁl(t), ST (ﬁl(t)) C BR'(s,). Thus (ii) is proved.

—1(4),..., 1t-1 mt
(iii). Pick such s; in the assumption, then s; € Sf(Hl()’ R 1)). Pick ar-

—1(3)..... 1T-1 1T L =—1(0),..., 7{717 m’g R nh ‘
bitrary §; € Sf(Hl()’ ol ) such that sl(Hl() L5 1m) A H) = o
Yy, 171 1(ml

is a reasonable assumption as information set 7 ) is off the path of pro-

file (51, s5). Thus (i) implies §; € BR'(s,). Thus §; V s; € BR!(s,), in particular,

1(i),..., 171, 1(mf)

—1(%),..., £71’ m£ ~ -7 { nA
51V s GSf(Hl() S 1)) and 5, V s1(H NHy) =a™ -

1(3),..., 1t-1

_ 7 £ —1(3).... t—1 mf
Pick arbitrary §; € BR'(3,), let &;(H """ ' NH,) = a® ™ and &, (F Pt 1

"
f+1, m’?rl . V. _ . . ~ N
Hy) = a, . Strategic complementarities and s, < S, implies that (5, V s1) A §; €

BR'(s,).

i ; (i) 11 (i
Thus for arbitrary g™ e Atl+17 there exists s; € BR! (s,) such that Sl(Hl(z),..., 1= 1(mi)

f+1,m§+l
Hl) = aq .

. i1 mitl - _ t—1 _ R .
Suppose for arbitrary aiJr e AT ai b e A1t —1 > %+ 1 there exists

t—1

—1(3),..., 171 mt mith . 1(m
51 € BR(s,) such that s, € SF(F "t Hmih Hme my

17-1 4T (i), 1571, 1(m)

Let §; € BR'(s,) such that 5, € ST ﬁl(i)""’ 'Y, As information sets H
2 1

are off the path of profile (s, s,), player 1 is indifferent among the choices on those infor-

7),... i-1 mf —1(7),... i-1
mation sets. Let §;(H (@ 175 K 1)ﬂﬂl) = sl(Hl( Jra B0 1

"AHD, ., 51 (H
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—1(3),..., 1171, 1(mi), 1(mith),., 1(m!~2?) 1(i),y 1671, 1(mb), 1(mbHY), 1(mi™h)

Hl) :81(]‘.[ ﬂHl) and§1(ﬁ N

H)) =a} " Strategic complementarities implies that §;Vs; € BR'(sy). Thus (5,V$;) €

11 1(mb), 1mith, ., 1(md ! 1(i),.ery 170, 1(mb), 1(mi™),., 1(m!™Y)

srE et )Y and (5,vé)(H NH,) =

1(7‘)7 7lt E 1(m1)

Let 3 € BR'(Sy). As information sets H is off the path of profile

(81, Sa), player 1 is indifferent among the choices on those information sets.

1(1) 7777 11;717 1(mt;)mHl) § (Fl(i),...7

() 171 1(md), 1(m{TY),, 1(mf )

mH1> and Sl(H B

—1(4),..., 1¥-1 mt ==
Let & (H "+ l)ﬂHl):sl(H

—=1(2),... mt m
Hl) — Sl(Hl( )7 71( 1)7 1( 1 m

Hy) =a} ml m} € Al. 53 = sy and strategic complementarities implies that (51 V s1) A

)7 * 1(7711) 1(mt+1)7 Al 1(77’1571

31 € BRYsy). Thus (5, V s;) A& € ST(H )) and (51 V s1) A

—=1(%),... mi mitt mt*1 mt .
§1(H1( oo 1mp), 2mg T s ﬂHl) —ay ™ for arbitrary m! € {1, ..., n' —1}.

? i+1 ~ t
Thus for arbitrary a'™" ™ € AM' a7 ™ € Al there exists s; € BR'(s,) such

i i—1 mt-‘rl
that s; € SF( 1()’ 5 17 1mi), 3 bt

At t = T, for arbitrary m'”rl e {1,.., n‘?“},..., mi e {1,..., nT}, there exists s; €

T-1

1) g i

(mq

BR(s,) such that §,(7°) = a %, &/ N H) = a® *...., 1(H NH) =
a?’ m?. As this denote one complete path of profile of (s1, s,), it is easy to see that
i —=1( —mli(mb),., mI~t(mI!

{s1 € ST| s1(h%) = a;' ", sl(Hl() NH) =ab', ..., si(H 2m1)ye0 mz )ﬂHl) =
@) "} € BR(sy).

—1(33),..., 171 mt % 161 mt —=1(2),... mt

ThusSf(Hl()’ 7l ,1( 1)):Um£+1 U {81€SF< 1( ” ’7 71( 1))|81(H1()7 71( 1)>_
1

i1, mitt —1(),., 1671, 1(mb), 1(mith),.., 1(m1T 1

a, sy S1(H N Hy) :al’mlT}gBRl(SQ). ]
Corollary 7. Consider the following,

—1(3), 12,.., 17

(i). For every sy € SY(H ), either BR'(sy) C BR'(s3) or BR'(s3) N {s; €
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ST| s1(h%) = ab 1} = 0.

—nl(j), n2,..., n
(ii). For every sy € SY(H AR ), either BR'(Sy) € BR'(s9) or BR'(sy) N {s; €

Sil s1(h?) =a® 7} =0.

Proof. (i). For s, € SI'(H JZ lT), if BR'(sy) N {s; € S| s1(h°) = ay '} # 0, then

1(3), 12,..., 1T

Iy

sy = S, and strategic complementarities imply that §; V § = 8§ € BR!(sy). Thus

S{(Fl(z)’ P 20 ) € BR!(sy). Pick arbitrary 8, € BR'(s,) and 5, = inf St (H
BR1(§1) Q BRI(SQ).

(ii). Similar to (i). I
Corollary 8. BR'(55) = ST(H" " ™ " \UAUB with A, C {ST(E™ V» T ™5 mmy g

TL 1 . m .
{2,...,T}, 1tmleAt} and B C {S}(H ))\ai’ljai’ 1<a1’3}

Proof. Proved similarly as Theorem 1. §

Theorem 1 implies that if Subgame H'? is reached on some best response paths of s,,

—1(3).... T—-1
then Subgame I

n' (5)

can be reached on some best response paths of s,. Similarly, if

1 ) ..... T -1

Subgame H is reached on some best response paths of S5, then Subgame " v

can be reached on some best response paths of s,.
The following denotes an important structure of ST (h) that will be used in later proofs.

For a given 8, and h = (hy, hy) € H' such that 8, € SY'(h), ST(h) = Unic. nip{s1 €

ST(R)| s1(hy) = a1 1} Since 85 (hs) = ag 2 , for each al ™ Al player 1’s information

‘mz(ml)

set reached right after o is hi*' = h NH,. Thus ST(h) = Umte{l U mitle(1.. nt+1}{81 €

N N n mf mt+1
ST(R)| s1(hy) = ab ™, s1(h ANH) =a™ ™y
7 > f, mg
fet niy - Unteqr, a5t € ST () si(hy) = ay ™.si(hy) =
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omiy o 7 Lomb _ 4 it Tmé(mi)
a; '}, with Sa(he) = ay 2 € AL, BT =h
m?"l(mfi"'l)

N b i+1 A R
A t+1 _ 1, my t+1 pi42

L i i+2, mb i Trmami).
82(h§+2) —_— 2 ¢ A§+2 ht—H pt 2

i+1
htt 9

Continue until ST (1) = Upicrr.. wiy - Unreqr, nry{s1 € SE(R)] s1(h1) = b ™ sy (hT) =
m ~ P omi - . il (mt) P
a" Y with So(he) = ab ™ € AL, REU = B . &(hT7Y) = ol b ™ g AT

mdnd )

hT = hT-1
Now consider player 2’s strategies other than the extreme ones.

Lemma 14. For every sy € SY\{sy, S}, s2(hd) = ay ™ and & € BR'(sg), 51(h°) =

o ™ A Y T Y = 0, then {1 € ST| s1(h%) = &, (h%)} € BR(s).

1 .
Proof. Pick arbitrary 3, € BR!(s,) such that 5, (h°) = a; *. AsH 2 ﬂ{H (])} —

_ml ml
0, H 201 are off the path of profile (31, §2). Player 1 is indifferent among the choices

—7ms(my)

on H my(m1) N H;. Let 31( H 2 NHy) = al , then strategic complementarities imply

that $,V 5 € BRY(sz). As ai'’ = 51(h°), (31 V 51)(h%) = $1(h°) V 51(h%) = ay ™ and
(51 V 51)(ﬁm2(m1) NHy) =a> "

Pick arbitrary § € BR'(3,) such that & (k%) = a;’?. As ™) s off the path

_ml ml
of profile (&}, $2), player 1 must be indifferent among the choices on H 20m) H,.
—=mi(mi m2 . ..

Let 8\ (H 2071 Hy) =da> ™, m?e{1,.. n2}, strategic complementarities imply that

. ml

(5‘1\/51)/\5’1 € BRl(SQ). AS §1(h0> j a}’ ], (§1\/§1>/\§/1(h0) == (§1\/§1)<h0)/\§/1(h0) == (li’ !
—ml(m! m2
and ((5, V&) AS)EH™™ nH) =a> ™.

—ml ml
Thus for arbitrary m? € {1,...,n?}, there exists s; € BR'(sz) such that s; € S} (H 2( 1))

and s (ﬁm%(m%) NHy) =a> mi
1 1) = a0y .

_ml ml
For arbitrary m? € {1,..., n?},...,mi™ € {1,..., n'™1}, let s5(hY) = ay’ mz, so(H e

3 3
m%(m%) m2(m1)7 amg (mi ) t—2 m2 -2

2 J—
Hy) = ag’ "2 sy(H NHy) =ay . Suppose there exists
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t—2

=2 l(m})v m2(m1)7 i) m2

mg(ml) m3(m2),..., mi=2(mt~ )) and §1(ﬁm2 (m!=?)

5, € BR!(sy) such that 8, € ST(H

t—
t—1, my

H]_) :al '

N

-1

Suppose 32(H 7O )HHQ) t L my

~ 1 ~ (1.0 1,4 . . Zmy(m})  gpmb(mi).. my H(miTh)
Let §; € BR'(s,) such that §;(h”) = a;” *. Asinformation sets H o H

Y Y

are off the path of profile (51, s,), player 1 is indifferent among the choices on those in-

t—2

m%(m}),...,m2 t_2)

L(m}) —m} (m!

formation sets. Let §1(ﬁm2 NHy) = 5(H 2(m1) N Hy),..., $1(H N

t—2

Hl) _ 31(ﬁm 3(mi)yesmy 2 (mf” )ﬂHl) and Sl(H —7mb(m}),.., m§~H(mi™h) ﬂHl) _ atl, nt' 5y < 82

and strategic complementarities implies that s; V §; € BR'(sy). Thus (5 V §;) €

_’I’)’L ml mt 1 mt—l —T)’Ll ml mt 1 mt 1
SI‘( 2( )5 My (Mg )) and (§1V§1)(H 3(m1) 5 (m] )ﬂHl) — t, nt

. 1iml i) ot (it

Let 8, € BR'(3,) such that §(h°) = a;’ 7. As information sets ™' 1),..., e e )

are off the path of profile (&}, 5,), player 1 is indifferent among the choices on those infor-

. ~/ ”L%(mi) oA ”L%(mi) m2(m1)7 ,m; 2(mt172) _
mation sets. Let &) (H NHy) =5(H NHy),..., $1(H NH,) =
~ mQ(m%)v 7mg 2(777/3_2) 2(77’11), ) m;_l(mi_l) t, ml t
S$1(H NH,)and &, (H " NHy) =a; *,mie{l,. —

1}. 55 = s and strategic complementarities implies that (5;V §;) A8, € BR!(sy). Thus

mQ(m%), ,m2 (m1

—ml(ml mi=1(m!
(51\/51)/\81€SF( )> and (§1V§1)/\81(H 2(m)r s ( 2 )ﬂHl):

t?

t
a; " for arbitrary m} € {1,..., n* —1}.

_ml ml
Thus for arbitrary m? € {1,..., n*},.... m} € {1, ..., nt}, let s5(hY) = ay’ 3 , so(H 20m)

2 1 1 t—2 t—2
Hy) =ay ™. SQ(FnQ(ml)m e ) Hy)) =ay " mg , there exists §; € BR!(sq) such
Lo gma(mi) my H(miY)

e | 1
that & (h°) = ar ™, & (H NH) =ad> ™. s @™ NH) =a ™.

At t = T, for arbitrary m? € {1,..., n?},..., m¥ € {1,..., nT}, let s9(h9) = ai’ mé’

1 m2 —ml(mD),..., mT2(mT 2 -1, . .
sg(HmQ(ml)ﬁHg) —as ™. sg(Hmz(ml) ma )HHQ) = a, ms there exists §; €
1 m} N MG _’mz(mi): R mg 1(m,{71)

BR!(s2) such that 3, (h%) = " ™ &, (A™""npH) = o> ™ .. 5,(H N

H,) = a'.lr, ™ As this denote one complete path of profile of (§1, s9), it is easy to see that

—mi(ml m —mi(m?),.., mT L (mT 1
{51 € Sf‘ Sl(ho) = a}’ m%’ Sl(H 2( 1)OH1) = a?’ %, 51(H 2(m1) 2 (m )ﬂHl) =

?
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a" ™Y C BR\(s,).

r g (mi) T 0 1, mi —5ms(m
Thus S} (H ) = m2e{l,..., n2} = Umfe{l ..... nT}{Sl € Syl si(h’) =ay 7, si(H
—mimd),..., mI T (mT !
H) =a>™ . sy (@™ 0 q gy = o8 ™) C BRY(s,).

It is easy to see that Lemma 5 applies to three general cases:

1. sy such that sy(h9) € AS\{ay ', }

2. Sy # 8, such that s,(hY) = ay ' and there exists s; € BR(s5), s1(h°) # ay”
3. 59 # 5, such that sy(h9) = ay " and there exists s; € BR(s3), 51(h°) # ay .

—ml(m?l —1(7
Lemma 5 implies if Subgame H 2( 1), different from Subgame H 1) and Subgame
—nl(§) . —mi(m}
H (J), is reached on some best response path of ss, then all subgames of Subgame H 2(m)

that are consistent with s, can be reached on some best response path of s,.

For player 2’s strategy that start with actions within A}\{ay ', ay ”1}, the following
structures on player 1’s corresponding best response sets are satisfied under strategic
complementarities assumption.

1

Theorem 5. Consider arbitrary s, € Sy, s2(h9) € A%\{a%’ 17 a%’ "y,
a. BR(sy) = B with B C {SF(—ml)| ap ' = ai’ my < ab iy,
1, m%

b. For arbitrary 35 € SY such that §y(hY) < so(h3) and let sy(hY) = ay "%, B(s;) C

B(infSY(H™)) C B(sy) T B(supSh(H™)).

Proof. a. For arbitrary 8, € BR(s3), 8; € {s; € ST| s1(h°) = 5, (h°)}. Let A(sy) =

{s1(h°)| s1 € BR'(s2)}. Then BR'(s2) C Uucarsyist € Sil s1(h°) = a}. Lemma 3

a€A(s

implies that U, .., 151 € ST/ s1(h°) = a} € BR'(s2). Thus BR'(s2) = U,ca(eis1 €

ST| s1(h%) = a}.
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b. Let s5(hY) = ay ™2 and 52(h) = ay ™2 Form &, such that for all hy € |J

H2| hy =~ ﬁmz(mﬂ}, §/2(h2> = §2(h2) and for all hy € HQ\ Um%e{l nl}{hQ c H2| hy =

.....

Fm%(m%)}, §5(ha) = infA(hs). Since information sets in Hs\ Um}e{l aylhe € Ha| ho =

-----

—ﬁll(

ml
H™ 1)} are off the paths of (s;, §2) for arbitrary s; € ST, BR'(3;) = BR'(5,). Sim-

ilarly, form s such that for all hy € Upcp. g the € Hol ho = H™"VY, sh(hy) =

~~~~~

ay{he € Hol hy = H™™Y, sy(hy) = supA(hs).

77777

so(ho) and for all hy € Hy\ Um}e{l
BR'(sy) = BR'(s}). Since &, =< sb, BR'(8,) C BR!(s,) and BR'(33) C BR!(s). (a)
implies A(32) and A(sy) exist. Pick arbitrary §; € BR'(33) with §;(h°) = a € A(S;) and
s; € BR'(sy) with s1(h°) = a € A(s2), 81V s; € BR'(s9) and 5, A s; € BR!(S,), in

particular, @ V a € A(sy) and a A a € A(S2). Thus A(S2) T A(sa).

1 J—
AsinfSY(H™ ) < 59 < supSY(H™?), strategic complementarities imply that A(inf Sk (H

A(sz) C A(supS5 (™). I

Now, consider player 2’s strategy that assigns a2 ! at h9. Some interesting common
structure on the corresponding best response sets arise. They are discussed in Lemma 7

and 8 in which Lemma 7 can be considered as a special case covered by Lemma 8.

1(2)

Lemma 15. For arbitrary s, € Sg(ﬁl(i)), so(H " N Hy) = a2 m: ¢ A2\ad ',

1(2)

a. If BRY(s5) N SY(H'"Y) £ 0, then BRY(s,) = ST (H'™" m2)UA UB

b. If BR'(s2) N ST(H'") = 0, then BR'(sy) = B
with Ay € {ST(H' " ")ja> € ANa? '} and B C {STH V)] af T < 0 ™ <
ay '}

1(4) 1(2)

Proof. a. Pick arbitrary §; € BR'(5;), as H  is off the path of (31, 5), let 5,(H "~ N
Hy) = a7 '. There exists s; € BR'(sy), 51(h°) = ay * as implied by the assumption.

Strategic complementarities and sy < 5, implies that s; A §; € BR!(sy), in particular,
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1(i)

(81/\51)(? ﬂHl) :(I% 1.

Thus there exists s; € BR'(sy) such that s; € Slr(ﬁl(i)) and sl(ﬁl(i) NH) =a}".

—1(i), m2 . —1(i), m3 m
And P ™ ig reached on the path of (s1, s3). Let SQ(Hl( ) m NHy) = ag’ 2

1(4),

I7 m3 . ~ - ,~=1(i), m2
Pick arbitrary 5 € BR(5y), as T ™ is off the path of (5, 5,), let 5 (7" ™

Hy) = a:l)” !, Strategic complementarities and sy < S, implies that s; A §; € BR'(s3),

,L) 17 ’lT

—=1(4), m32
in particular, (s; A 51)(H1( b e Hy) = a¥'. Pick arbitrary §, € ST(H ) C

2 —=1(i), m3 m’ .
BR'(s,). As '™ g off the path of (81, s,), let §1(H1()’ 0 H) = a) ! with

m3 e {1,..., n*}.

Thus for arbitrary ) ™ € A3, there exists s; € BR!(sy) such that s, € ST(H " ™)
—1(4), m32 m ), m2 .
and sl(Hl( b Hy) = ai” T And B ™ is reached on the path of (s1, s2). Let
(2 m ’m3 m m
82([_[ 1(i), m3,m3(m}) N HQ) 4 g'

t1m11

3
For arbitrary o) ™ € A3 a) € A"! suppose there exists s; € BR!(s)

t—2 t—2

such that s; € ST (H 10, e my (g )) and s, (H

t—2

1(i), m3,..., my i)

(m1

ﬂHl): t—1, my~

t—2

N Hy) = t_2’ ™2 Suppose

3 1(), m3,..., m5~(m}~%)

Let SQ(Fl(i)7 M2 N HQ) = a2’ mg, ceey Sg(ﬁ

t—2 t—2 t—1

SQ(H 1(4), m2, o My~ (my )ﬂH2> :a; 1, my

), m 1(3)

Pick arbitrary 5, € BR!(s,), as ™ and all b = H' Y™ are off the path of

t—2 t—2

—1(4), m2 —1(4), m2 i), m2 m m
(31, 5), let §1(H1()’ *QHHl) = sy (" ™ |y, s ("0 A gy =

t—2

— m2 m - 1), m2,...,
sl(H()’ Moo My (M ﬂHl) andsl(Hl()’ -

t—1 (mtfl

)ﬁHl) = a’ ', Strategic comple-

Z71(9), mg:--w mgy

mentarities and sy < S, implies that s;AS; € BR!(ss), in particular, (s;AS1)(H

7 2., 17T i), m2 me mi~t
1( )’ l yeeny l ) g BRl (§2) AS H ) 220y 2 ( 1 ) IS
t—1 t—1

—1(i), m3,..., m m mt . mt
off the path of (51, s,), let §1(H1( b e )ﬁHl) = ay ™ witha; ™ € AL, Strate-

Hy) = a’ '. Pick arbitrary §, € ST(H

gic complementarities and s, < s, implies that (s; A 51) V §; € BR'(sg). In particular,
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t—1 t—1

(51 A B1) Vo) (' 28 ™ M) oy gl

3 t
Thus for arbitrary ai” e A3 ab ™ e Al there exists s; € BR(ss) such that s, €

t—

m2,..., m{t(mt L m2,..., m} —2 mt —1(4), m2
ST (H e e )) andsl(Hl()’ e (1 )ﬁHl):atl’ 1. Let SQ(Hl() N

t—1

—1(), m2 m} ml m
HQ):CLi m%j cany <92(1T’.[1()7 Mo M ( r )QHQ) t L my

3 T —1(s 2
Continue until ¢ = T, for arbitrary a3 ™ € A3, al’ ™ € AT let 82(H1(1)7 "N H,) =

_1(1) m2, ,m2 (m,{ 2)

3, mg
a2 geeny 82(H

-1, mJ !

NHy) = a, , there exists s; € BR!(sy) such that

T—1
Z71(0),0, My

s1(h%) = ay Sl(ﬁl(i) NHy) =a "', si(H

(mi™")

T
NHy) =a, ™. As this

denote one complete path of profile of (s1, s5), it is easy to see that {s; € ST| s1(h°) =

_1( )1 ) mg 1(777,{_1)

a s (TN H) =d> . si(H NH) =a ™} C BRY(ss).

—1(3), m2 , mt —mi(m
Thus STH™ ™) = Uy vy - Unteqr,, wry st € ST si(h%) = ap ™, sy (H™™

2 —’ml(m}),..., m§71

H)=d""™, . si(H™

(mi™h

N Hl) = CLz17 m{} - BR1(52>.

A; can be proved similarly and B is implied by Lemma 3.

1(3), m

Lemma 7 implies for s, that allows Subgame H 3 to be reached on the path,

if Subgame H' is reached on some best response path of sg, then every subgames of

1(3), m3

Subgame H * that are consistent with s, can be reached on some best response path

of s5. And if Subgame H 1D, mi(mi) can be reached on some best response path of s,, then

2
1D, m3(mi) that are consistent with sy can be reached on

1(m)

every subgames of Subgame H

can be reached on some best response

1(m)

some best response path of s,. If subgame H
path of sy, then every subgame of Subgame H that are consistent with s, can be

reached on some best response path of s,.

_1()12 lt 1

mi
Theorem 2 implies that for s, that allows Subgame H "7 to be reached

on the path, if Subgame H' is reached on some best response path of sg, then every
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’L) 12 1t 17

i
subgames of Subgame H ™2 that are consistent with s, can be reached on some

1(3),12..157 1, mb (m}

best response path of s,. And if Subgame H can be reached on some

1(6),12..15 1, mb(md)

best response path of s,, then every subgames of Subgame H that are

consistent with s, can be reached on some best response path of sy. If subgame Fl(m)
1(m)

can be reached on some best response path of s,, then every subgame of Subgame H

that are consistent with s can be reached on some best response path of ss.

Once opponents’ strategy reaches critical decision nodes, player i’s best response must

have certain structure in order for the overall game to exhibit strategic complementarities

in player i.

Theorem 6. Fort € {3,..., T} and s, € Sg(ﬁl(i)’ﬁ"fil) with :ﬁ(ﬁl(i)’f"'ﬁi1 N Hy) =
@ " € Af\ag

a. If BR'(s5) N {s1 € ST| s1(R®) = @b} £ 0, then BR(sy) — SF(H Y~ mby |

Ay UA U B,
b. If BR (s5) N {sy € ST| s1(h°) = a} '} = 0, then BR'(s,) = B,
with Ay € {SF(O -7 mEDY o g1y, ¢ g O 1 0

. I (] ) .
t, ai’ m € Aﬁ\atl’ 1} and B € {Sf(Hl(ml)ﬂ a%’ b < ai’ m = a}’ 1.

Proof. To prove the theorem, we want to prove the following claims:
a. if BR (sy) N {s; € SI| 51(h°) = ay '} # 0, then

1(4),12 ... 161,
(i). Si(H

F C BRI (sy)
(ii). If there exists s, € BRY(sy), s; € ST (H

1(i),12..101 —1(i),1%.. 101

N Hy) and s;(H NH) =

A i R — 112 . mt (mt
CL;’ m} EAi, S{‘(Hl( )12 L1 mi( 1)) C BR1(82>

i —1(i), 12,..., 151
(iii). If there exists ¢t < ¢ such that there exists s; € BRl(sz)UBR1 (55), 51 € SIF(Hl( bl )

=1 1(mi)

and sl(ﬁl(i)"“’ ™ Hy) = ai’ ™ e Ai\a , then ST (H et ) C BR(ss).
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b. If there exists s; € BR'(s2), 51(h°) = ay ™ = ay *, then {s; € ST| s1(h°) = a; ™} C
BRl(SQ)
—nl(j),..., nT
a (i). Pick arbitrary §; € BR'(Sy) such that 5, € S} (H (G
0

), Lemma 4 indicates
such 3, exists. As H * are off the path of profile (51, 5,), assign a} ' to 5 (H 1 )ﬂHl) Pick
arbitrary §; € BR!(sy) such that §;(h°) = . Strategic complementarities imply that

§1Aé1 € BR(sy), in particular, (3,A8,)(h°) = & (R0)A& (h0) = ab 7, (5176 (H 'nH,) =

' Thus there exists s; € BR'(sy) such that s;(k°) = a; * and sl(ﬁl(i) NHy) =ay "
g : 1 0y _ 1(i) 21 —1(i),..., 162
uppose there exists s; € BR'(s3), s1(h°) = ay *, s1(H "'NHy) =a> '... s1(H N
3 Al —=1(i),..., 171
Hy) =a™" !, pick arbitrary §, € BR'(S,) such that §, € ST(H" @) T ) and 51(H1( b 0

Hy) = ai’ ' Strategic complementarities imply that §, A s; € BR'(s;), in particular,

1t—1 f, 1

(51 A 81)(ﬁ1(i)7m’ N N Hl) =

1(i)a12~-~lt 1 1(1)’ ’7t—1 5

Thus given so(H NHy) = A’ ms there exists s; € BRY(sy), s1 € ST(H

—n (). 7Tl i 1E=1 ot
Pick arbitrary §, € S| (H () ) C BR'(3,). As ' T e off the path of
U - grl(@)yen, 1T, mh i+1, 1 . g s
profile (51, 39), let §(H N Hy) =a] . Strategic complementarities imply

—1(s t—1 i R
that $; A s; € BR'(sy), in particular, §; A sl(Hl(l)""’ Bm g H)) = atlﬂ’ '

i —1 4T
Let 8, € BR'(s,) such that §, € ST(H @D 1770 1

—1(3)e., 11, b — (i) 1E-1
H 0™ e off the path of (51, s,), assign .§1(H1( b 15

), Lemma 4 indicates such §; exists.

i1, mitt

ﬂ H,) with a;

for mitt € {1,..., nit1}. Strategic complementarities imply that (5; As;)V § € BR(sy),

@ 1 b m2) and (51 A 81) V §1(H1(i)’m7 1

t+1 mtl7L1

(81/\81)\/81 GSF( ﬂH1>

2710,y 171, mi

Thus for every mi™" € {1, ..., n'*1}, there exists s; € BR!(s5), s1 € ST(H

—1(3).... t—1
and sl(Hl( s 1

)
) = o
t

Suppose for arbitrary mit' € {1... n'™}. mits=t € {1... nfts1}, let SQ(Fl(i)"' =N
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i1, mbt —1(0)... mb, mEF (mitL). mitem2(mite2) f+s—1’ -
Hy) = a, 2. so(H ms, My 5 7 Ny = d e
FA 0 1 md, mE* n{ ). gt m{ )

exists s; € BR'(s;) such that s, € ST (H

).

t+1( t;+1)

—1()... 1I=1ml —1(3)... mk, m
) C BRI(s,). As F-0 1 gt mb, s

)50 T

—n!
Pick arbitrary 5, € ST (H G

. 41, i+1 3 1, ¢ 1
F71()... mé? mQJr (m 1+ ) m2+s (m 1+S )

H

are off the path of profile (8,3,), assign §; with the

following action on those information sets: §1(ﬁ1(i)'" " NH) = sl(ﬁlm“'m2 N Hy),...,

—1(4).. mt+s 2(m£+s—2 t+s—2, t+1-2

s@EO T ) gy =@ "™ ) Hy) and 5

t+s 1( {+s—1)

" N

Hy) = ai“ ', Strategic complementarities implies that §, A s; € BR!(s,), in particular,

—1(3%)... m§+s Lmits—h

§1A81(H ﬂHl) :CL?—’—S7 !
i 17-1 1T —1(8)... 18-V mE —1(3).... mE, miti(mit?
Pick arbitrary §; € ST (H 7 ) C BR(s,). As R 2 e e e ),...,
_1( ) . t+1(mi1+1)7 " mg+371(m§+871)

H are off the path of profile (s, s,), player 1 is indifferent

among the choices on those two information sets. Assign §; with the following actions

1 1) mi
on those information sets, in particular, let §1(H1(1) -} NHy) = (Hl(z)'“ "N Hy),...,
1/ t+s 2/ i+s—2 (s t+s—2, t+s—2 1/ tts—1, t+s—1
@O T gy = @ gy and (@Y™ ™M
i+s, m?rs i+s its . .- . .

H)) = o , mi® € {1,..., n'™ — 1}. Strategic complementarities implies that
—1(0)... mbFeT (mbte Y its

1

(51A81)V8; € BRY(s3), in particular, ((51As1)V$;1)(H NH,y) = t+8 ™

Thus for arbitrary mi™ € {1... nt*1}... mi*s € {1... n'**}, there exists s, € BR!(s,)

(s i—1 I 11 +1 11 tts—1, t+s—1

such that S1 € SF(1¥1(2)7W7 1 m; ) 51(]¥l ﬂHl) H'l ml Sl(Hl yeees Mg (mq )ﬂ
i+s, mits

Hl) = a4 !

Continue until # + s = T, for arbitrary mi™" € {1 nft1Y . omT e {1... nT}, there

1( Joews 171 mb, mETH (mith), mgT(mlT))

exists s; € BR!(sy) such that s; € ST(H, Since each

—=1(4),e, 1571, mb, mbT (mith)

—=1(3),.., mT(mT) | . T
H is an ending node, S} (H

ey (M) 1
) C BR (82).

7 7 f+1, m?rl
Thus Umt;+1€{1m itty o Unreq. nrp{st € St(h)] si(h) = a . s1(h]) =
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R L A ~ h m£+1 - K
a" ™Y ¢ BR'(s,) with h = H' ot (hg) = ah e e AL pit? =
_rnt+1(mt+1) Tt mT-1 —1(5).... i—1 m£
: B T e e T B s e TV R e
BRl(SQ).

(i) Proved similarly as Theorem 1(iii)

(iii). From Theorem 1(iii), Sf(ﬁl(i) """ o 1(mi)) C BR'(s,).

—1(4),..., 1171, 1(m§)>

Pick arbitrary 8, € S (H and § = infSY(H "t ™) s, < s,

and strategic complementarities imply that §; V §; € BR!(s,), in particular, §; V 5, = ;.

1(),..., 11

Thus ST (H My = BRI(sy).

b. It is implied by Lemma 3. 1

1, nt

Corollary 9. Consider sy € Sy with so(h°) = ay

Y Yy
a. For sy € SY(H (J)), so(H v

)

2 2 . )
NHy) = ay ™ e AN\a> ™, if there exists s, €

BR(s3), s1(h°) = ay 7, then Sr(ﬁnl(j)’ mg) C BR'(sq) and if there exists s; € BR(s3),

n'(5)

ss(H" Y nHy) =a? ™ e A2, then SY(H" i m2(ml)) C BR!(ss).

=2 =t—1

. —nl(j),n%..n . t, m}
) with so(H NHy) =ay, *€

(§),n2..mt—1

b. Fort € {3,.., T} and sy € Sg(ﬁn
AiNak ™ i if BRY(s5)N{s1 € ST|s1(RY) = a" 7} # 0, then BR(s,) = ST(H™ O™ 7 Ty

Ay U A UB i If BRl(SQ) N {s; € ST|s1(h°) = a; '} = 0, then BR(s) = B,

ﬁtfl

with Ay € (SO OV b e Ay, € (ST

t

. . 1 ) )
t, af mi € Aﬁ\atl’ nl} and B € {S{(Fn ml))] a}’ b < ai’ m < a%’ 73

Proof. Proved similarly as Theorem 3. §

Theorem 7. For all sy such that sy(hY) = ay ',
i B(sy) € B(s2) © BlsupS} (7)),

if BRY(s5) N {s; € ST| s1(h°) = ay '} # 0, BR'(s,) € BR'(sy) and moreover, if
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B(s,) # 0, BR'(s5)\B(s;) = BR'(52)\B(s2).

Proof. (i). Directly obtained from the definition of strategic complementarities.

) l27"'7 lT

(ii). Let sq = meIF(ﬁl(i) ), Theorem 3 implies s; € BR'(sy). Pick arbitrary
s) € BR!(s,), strategic complementarities and s, < s, implies s; V 8] € BR'(ss). As

51V 8| = s, BR'(sy) € BR'(s3). Thus BR'(sy) N {s1 € SI| s1(h°) = ay *} € BR'(s2) N

{s1 € ST| s1(h°) = ay '}

Assuming B(s,) # 0, pick arbitrary {s; € S| s1(h°) = ay m%} C B(sy). Let 8 =
sup{s1 € ST| s,(h%) = ay m%}, then 8, € BR!(s,). Pick arbitrary §; € BR!(sy) N
{s1] s1(h%) = a;’ '}. s, = s, and strategic complementarity implies that §; A5, € BR'(s,),
in particular, 5 = §; A ;. Thus BR'(sy) N {s; € ST| s1(h°) = a; '} € BR'(s,) and
BR'Y(s3) N {sy € S| s1(h%) = ap '} € BR(s,)) N {sy € SI| s1(h°) = a;'}. Thus

BR'(5,)\B(s,) = BR(52)\B(s2). I

Corollary 10. For all s, € {ss] s2(h3) = ab ™'}, B(inng(ﬁﬁl)) C B(se) C B(ss) and if
BR'(s3)N{s; € ST| s1(h°) = ay 7} # 0, BR'(52) € BR'(s3) and moreover, if B(3,) # 0,

BRl (SQ)\B(SQ) == BRl (52)\3(52) .

Proof. Similarly as Theorem 4.1

Theorem 8. Under differential payoff to outcome assumption, the only two-player multi-
stage (t > 1) game that can exhibit strategic complements is the class of two-stage games

with first stage game being a 2 X 2 game.

Proof. Consider player 1 only, the cases for player 2 is similar. The proof consists of

two parts. First, we prove that the class of two-stage games with first stage game being
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a 2 x 2 game can exhibits strategic complements. Second, we prove that the rest of the

classes cannot.

Suppose we are considering a two-stage game with the first stage game being a 2 x 2
game and second stage game being a m X n game, m, n > 2. The way to show it
can exhibits strategic complements is similar to the first part in Chapter 2 when we
characterize strategic complements for the two-stage 2 x 2 game. Under differential payoff
to outcome assumption, it is easy to check that strategic complements can be generated

in the following scenario.

2, 1. : 2,2 2,3 2, my 2,1 22 2,
e a;’ insubgame 1 dominates {a]" ~, ay’ °, ..., a7’ "'} insubgame 1 and {a}" *, a7’ ..., a7’ "'}
. 2, m . : 2,1 2,2 2, m—1
in subgame 3, and a” " in subgame 2 dominates {ay’ *, a7’ 7, ..., a] } in subgame
2,1 2,2 2 :
2 and {ay , a7 °, ..., ai” "'} in subgame 4.
2, 1. : 2,2 2,3 2 : 2,1 2,2 2
e a;’ insubgame 1 dominates {a]” *, ay’ °, ..., a7’ "'} insubgame 1 and {a}" *, a7’ °, ..., a7’ "'}
: 2, m . : 2,1 2,2 2, m—1 -
in subgame 3, and a;” " in subgame 4 dominates {a]’ *, a7’ 7, ..., aj } in subgame
2,1 2,2 2 :
4 and {ay” ", a7 °,..., a;’ "'} in subgame 2.
2, 1. : 2,2 2,3 2, my 2,1 22 2,
e a7 insubgame 3 dominates {ay’ °, ai” °, ..., a7’ "'} in subgame 3 and {ay’ *, a7’ 7, ..., a7’ "'}
. 2, m . : 2,1 2,2 2, m—1
in subgame 1, and a;” ™ in subgame 4 dominates {ay’ *, ay’ 7, ..., ai } in subgame
2,1 2,2 2 :
4 and {ay” *, a7 7, ..., a7’ "} in subgame 2.

Secondly, consider multi-stage games that does not belong to the classes discussed

above.

First, consider a multi-stage game with the first stage being a m x n game, m > 2 and

n > 3. Pick arbitrary s, € S} such that sy(h9) € A\{ay ', ay "}, then Theorem 5(1)
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indicates that more than one terminal nodes can be reached on the best response path.

Thus differential payoffs to outcomes assumption will be violated.

Second, consider a multi-stage game with ¢ > 2. Pick arbitrary s, € S} such that
so(h) = ay " and sy(h3) = A2\ay '. Lemma 15 indicates more than one terminal nodes
can be reached on the best response path with respect to s, thus differential payoffs to

outcomes assumption will be violated. i

4.3 Example

Now consider the general two-stage game below.

hO
11 1,2
a; a;
h em———-
11 1,2 1,1 1,2
a; a, a;, a;
A2 H, H'nH,
_ af b a’? a?tf a?*
1 -
H:nH, _——— AinH, 3
H2NH, - -—— - H“NH,
2,1 2,2 2,1 2,2
1 K 21 21 2,2 ar &
HinH. - ay 2 ay a 7_
2 2 [a; 2 2 I HnH,
21 2,2 2,1 2,2
a; a; ay/ a; 21 = S 21 \g22 21\ 42
1= N H, A21nH A0 H, HInH, a; 2 2
22 22 =1 =13
H2nH Elng H22n Hy H2n0H,  glzaH, HZnH
HLl - 1 21N L2 I . J— =33
HY¥nHy 1 HY*nH, A2inH, H?2nH, A>T nH, H*? N H,

Figure 12: 2 — stage extensive form

i. Let infslGBR1(§2)31(h0) = a}’ L and supsleBRl(EQ)sl(ho) = a}

1
Thus for all sy € SQF, BR(sy) C {s1 € 51F| s1(h9) = a}’ 1}-

Consider s, € ST such that sy(h9) = al '

bl
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_117 12

For s, € S}, Theorem 1 implies that BR!(s,) = S} (H
—11. 12
{0, sp(E ")),

) U Ay in which A; €

For s, € S5 (H" )\ 55, BR'(s5) = BR'(s,)

For s, € Sg(ﬁl) and SQ(ﬁlm H,) = a3 %, Theorem 4 implies BR'(s,) € BR!(s,).

It A; = 0, then cither BR(s,) = BR!(ss) or BRY(ss) = ST(H"). Then the corre-
sponding payoffs are 1 (> %), rp 2(>rp N > P L b 2 b3 b A

If Ay = ST (ﬁll’ ! ), then BR'(s,) = BR'(s,). The corresponding payoffs are 1" (=

3,1 3,2 33 34

! 3) v 2( ; 4) > o, T, 7‘17 y T

o) (5T
For s, € S, Corr 1 implies that BR!(5,) = Sf(ﬁgl’ §2)UAl in which 4; € {0, S{(Fg’ 2)}
For s, € SY(H> )\ 55, BR'(s5) = BR(%,)

For s, € Sg(ﬁz) and SQ(ﬁZm H,) = a3 ', Theorem 4 implies BR'(3) € BR!(s,).
If A; = 0, then cither BR'(S;) = BR!(ss) or BRY(ss) = ST(H?). Then the corre-

sponding payoffs are 7 *(> r2 ?),r7 3(> 2 Yy > P Lol 2 e R b

It A, = SY(H> %), then BR(S;) = BRY(sy). The corresponding payoffs are 1> !(=

2,3\ 2 2 2, 4
), ( )

- 4,1 4,2 4,3 4,4
)T (=

>ry o,y Ty, Ty

Under these payoff restrictions, the two-stage game satisfies strategic complementari-

ties.
2

ii. Let infs cppi(s,)s1(h’) = ap ' and SUPs, BRI (52)51(h°) = ay

(i). Suppose for all s, € S} such that so(h) = ay >, BR(sy) C {s; € SI| s1(h°) =
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1,2
a; “}.

Under this assumption, consider all s, € S} such that so(h9) =

Theorem 1 implies BR'(5;) = S} (FZ ?

Ay =0, then ay *(> ay ®) > a7 2, o} !, if A} # 0, then o} *
For s, € Sg(ﬁf), SQ(Fzﬂ H,) =a> ' and SQ(Fjﬂ Hy) =

If A; = 0, then either (1). BR'(sy) = BR'(S,), that is, r}
2,1

4,1

(2). BR'(s2) = BR'(5,) U ST (H " 7), that is, vy (= 7y 1)

If Ay = ST(H™ %), then BR'(sy) = BR\(5,), that is, r (

For s, € SY(H ) 32(H N H,) =ay * and 32(H NHy) =

If A =0 and (1), then BR'(sy) = BR'(S,), that is, r}’

If Ay = 0 and (2), then BR'(sy) = BR!(s5,) U Sf(ﬁi

2,2 24
Tl 7T1 3

If A, = ST(H” 2), then BR'(sy) = BR'(5,), that is, 1 (
For s, € ST(H ) 52(H N H,) =ay ' and 32(ﬁ§ﬂ H,) =

BR'(sy) = BR'(3,), that is, if A; = 0, then r}" *(> r}

4,4, 2,1 2,3
then r] (—7“1 )> o, T

Now consider all s, € ST such that s,(h}) = ay ',

Theorem 1 implies BR'(s,) = Sf(ﬁl’ l) UA UB.

For s, € SY(H ) 52(H NH,) = ay * and 32(H NHy) =

3, either BR!(s,) C BR'(s2) or BR'(s3) = B.
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(*al )>a1 y g

4, 1 , ,
o) > oy,

, 1

3(> ry

4’1 9 b
o) > oy,

2, 2

) >

1, 2

)U Ay with A; € {0, S{(ﬁi’ %)}, that is, if

2, 4

2, 1

2,3

3(> rf’ 1) > 'rf’ ' ry °, or

2,1 2,3

7T1

2,1 2,3

I

2,2 2 4
)> Ty, Ty

’l), that is, ri" 3(: Ty 1) >

2,2 2,4

Y

21 2,3 .
ry o, oy 7, it Ay #£ 0,

3’ 2. As implied by Theorem



If A(sy) = 0 and B(s,) = 0, then either (1). BR'(sy) = BR'(s,), that is, r;" *(>
PEY) s B2 34 00 (9). BRY(ss) = BRY(sy) USD(HY ), that is, - X(= 1l Y >
2t or (3). BR'(sy) = BRY(s,) U B, that is, ri” 2(> ") =22 =P or
(4). BR'(sy) = BR'(sy) U Sg(Hl’ YU B, that is, 7' (= ") = P 2 =+ or (5).

BR'(sy) = B, that is, v > =P 4 > 2 rp L

It A(sy) = ST(H” I) and B(s,) = 0, then either (1). BR!(sy) = BR!(s,), that is,
7‘} 2(— 7‘} 4)) > T:f 2, 7“:1)” 4, or (2). BR'(sy) = BR'(s,) U B, that is, 7’} 2(— 7’} 4) =

3,2 _ 34 is, 3 2 — 73 1,2 1,4
rd? =r> % or (3). BR'(sy) = B, that is, > > =% 4 > P2 4

If Ai(sy) = 0 and B(s,) = ST (H ) then either (1) BR'(sy) = BR!(s,), that is,

rb 2(> ri 4) = ri” 2 - r?’ 4, or (2) BR!(sy) = B, that is, r:f’ 2 ri” 1S r%’ 2, ri’ 4

If Ai(sy) = Sf(ﬁl’ 1) and B(s,) = ST(H ) then either (1) BR'(sy) = BR!(s,), that

1,2 _ . 1,4_ 3,2 _ 34 1oy s, 2o phds L2 L
is, r; “=ry " =r] " =r]" ", or (2) BR'(sy) = B, that is, " * = >

For s, € Sg(ﬁl’ l) such that SQ(HTQ H,) = ay *, either BR'(s,) U B = BR!(s;) or

BRl(SQ) = B.

If Ay = 0 and B = 0, under (1), BR'(s;) = BR'(s,), that is, 7' '(> r'?) >
r¥ 2 % under (2). BR'(sy) = BR'(sy), that is, 77 (> r1"®) > ¥ 2 2 % under
(3) and (4). then either BR'(sy) = BR!(s,), that is, ri" '(> r1'®) > v % 2% or
BR'(sy) = BR'(s,) U B, that is, ri" '(> %) = % = ¥ %, under (5). then either
BR'(sy) = BR'(s,), that is, 7" '(> 7 %) > 7P %, r> % or BR!(sy) = BR'(s,) U B, that

( 13) 3, 2 3 1,3

is, 7y '(> 1Y) =rP 2 =¢P Y or BR(sy) = B, that is, v 2 =% 1 > P (> %),

It A, = SY(H" ') and B = 0, under (1), BR!(ss) = BR(s,), that is, 7> '(= r1* %) >

'ri” 2 ri” 4; under (2). BR!(sy) = BR!(s,), that is, r%’ (= r} 3) > ’rf’ 2, ri”4 or
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BR'(sy) = BR(s,) U B, that is, r;" (= %) = " ? = +¥ %, under (3). then either
BR'(sy) = BR'(s,), that is, 7" '(= > *) > ¥ 2 #® 1 or BR'(sy) = BR(s,) U B, that

is, ri 1(— 7’} 3) = ri” 2 - ri” Y or BR!'(sy) = B, that is, ri” 2 = T?’ s 7“1 (> r} 3).

If Ay =0 and B = SIF(ET)7 under (1), BR'(s3) = BR!(s,), that is, ry’ (> 11’ °) =
ri” 2 _ ri” 4= r:f’ = rif’ % under (2), either BR'(sy) = BR(s,), that is, 7‘1 (> 7“% 3) =

3,2 _ 3,4 03,2 _ 34 1,1 1,3
ry “=ry " or BRY(sg) = B, thatis, ry" " =71y " >ry 0, "

If A, = SP(H" ") and B = ST(H), under (1), BR(ss) = BR\(s,), that is, r" (=
ry %) =12 % =¥ % under (2), either BR'(sy) = BR'(s,), that is, v (= 1y %) =3 * =

3,4 is, 1 2 = P L1 1,3
rv*or BR'(sy) = B, that is, vy > =2 4 > pp 1l 2,

For sy € Sg(ﬁl), SQ(Hlm H,) = a3 ? and SQ(HTH H,) =a> .

If Ay = 0 and B = (), under (1), BRl(SQ) = BR'(s,), that is, ;" (> ") >
ro b % 3 under (2). BRY(sy) = BRl(SQ)USF( ) that is, ri" (= ri ) > ¢t ¢33,
under (3) either BR'(sy) = BR(s,), that is, ;" (> r ") > ' #% 3 or BR(sy) =
BR'(s,)UB, that is, r;” (> r1" *) = ¥ ' = v¥ 3, under (4). either BR'(s;) = BR(s,) U
ST(E" ), that is, rP 2(= rb %) > 031 032 or BRY(s;) = BR'(sy) U ST(H" *) U B,
that is, v (= 71’ *) = ' = %%, under (5). either BRl(sz) = BR!(s,), that is,

r 2> b s 3 Y p3 3 or BRY(sy) = BRY(s,) U ST(H* ) that is, 1’ *(= ' *) >
ot r? 3 or BRY(sy) = BR'(s,) UB, that is, r *(> 1" ) =2 ' =123 or BR(sy) =
BR'(sy) U Slr(ﬁl’ )U B, that is, 7y *(= 1 ) = > ' =+ 3 or BR!(sy) = B, that is,

3,1 _ .33 1,2 1,4
o=y >y T,y .

If A, = ST(H" ') and B = 0, under (1). BR'(sy) = BR(s,), that is, 1" 2(= 1 %) >

r P % under (2). either BR'(sy) = BR(s,), that is, r (= ri" %) > #i 1 r% 3
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or BR'(sy) = BR'(sy) U B, that is, 7y *(= ") = v " =+ %, under (3). either
BR'(sy) = BR'(s,), that is, 77" *(=rp ) > 2 1 423 or BR1(82> = BR!(s,) U B, that

1,2, 1,4 3,1 _ 33 3,1 L2 1,4
is, 7y (=1 ) =rP ' =rP % or BR'(sy) = B, that is, r>" " = % > pp % 4

If Ay =0 and B = S{(ET), then under (1). BR!(sy) = BR'(s,), that is, ;" *(>
Ti’ 4) = ri” - rf’ 3; under (2). either BR!(sy) = BR'(s,), that is, 7"1 (> r} 4) = ri” 1 _

3,3 1 _ .31 33 1,2 14
ry P or BR'(sy) = B, that is, ry "=y >rp) % rp .

If A, = ST(H" ") and B = SY(H'), then under (1). BR(sy) = BR'(s,), that is,
’I“i’ 2(— ri 4) = 7’?’ 1 r?’ 3; under (2). either BR!(sy) = BR!(s,), that is, ’I“i’ (= ri 4) =
ri” 1 r:f’ 3 or BR!(sy) = B, that is, 7“:1)” 1 - 3 3 r} 2, r}’ 4

Thus under those conditions, the game yields strategic complementarities.

(ii). Suppose there exists s, € S¥, s5(h9) = ay * such that BR(s2)N{s; € ST| s1(h°) =
ay '} # 0. Then for all s, € SY such that sy(h9) = ay ', BR(sy) N {s; € ST| s1(h°) =
ay '} #0.

For all s, € S, s5(h9) = ay *, the conditions to generate strategic complementarities
is similar to the analysis of s, with so(h9) = ap " in (i).

For s, such that s,(h9) = aj ',

Theorem 1 implies BR(s,) = SF( ) UA UB.

For s, € ST(HY), so( N Hy) = a2 % and so(H' N Hy) = a2 *. BR'(sy) C BR'(s5).

If Ay(s,) = ) and B(s,) = (), then either (1). 331(32) — BR!(s,), that is, r;" *(>
Ti’ 4)) > r:l)’ 2, r:f’ 4, or (2). BR(sy) = BR'(s,) U Sg( ) that is, r} 2(— r} 4) >

2 3 or (3). BR'(sy) = BR'(s,) U B, that is, 7" *(> ri" Y =P 2 =27 or (4).
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BR'(sy) = BR'(sy) U Szr(ﬁl’ T) UB, that is, rp (= Y =P 2 =15 4

If Ai(sy) = Sf(ﬁl’ T) and B(s,) = 0, then either (1). BR'(sy) = BR'(s,), that is,

ry 2(: ry 4)) > 7“:1)” 2 7":1)” * or (2). BR'(sy) = BR!(s,) U B, that is, ry 2(: ry 4:) =
SR

If Ai(s,) = 0 and B(s,) = SY(H'), then BR(s;) = BRY(s,), that is, r' 2(> rI' 1) =

If Ay(s,) = ST(H" ') and B(s,) = ST(H'), then cither (1) BR'(ss) = BR!(s,), that
. 1,2 1,4 3,2 34
is,r " =ry =ry =1y .

For s, € ST(H" ) such that sz(ﬁTﬂ H,) = a2 ?, either BR'(s,) U B = BR'(s,).

1,3

If Ay = 0 and B = (), under (1), BR'(sy) = BR'(sy), that is, 7" ‘(> r'?) >

3,2 3,4

1,3 ) 4.
) > ry 7, ry 5 under

r 2 2% under (2). BR'(sy) = BR(s,), that is, " (> 7

(3) and (4). then either BR'(sy) = BR!(s,), that is, r1" '(> r1"?) > v 2 2 % or

BR'(sy) = BRY(s,) UB, that is, r;” (> ] *) =) 2 =2 4

If A, = Slr(ﬁl’ T) and B = 0§, under (1), BR'(sy) = BR(s,), that is, r; (=

3, 2 3, 4

Ti’ 3) > 7":1)” 2, rif’ 4; under (2). BR!(sy) = BR'(s,), that is, r}’ 1(: r}’ 3) >y S, ry " or

BR'(sy) = BR'(s,) U B, that is, r;” '(=r ®) = rP 2 = ¢ 4,

If Ay =0 and B = Slr(ﬁi)7 under (1), BR'(sy) = BR'(s,), that is, rp (> r" *) =

3,2 3,4 31 _ 33

If Ay = Slr(ﬁl’ 1) and B = Sf(ﬁT), under (1), BR'(sy) = BR'(s,), that is, r;" '(=
1,3y _ 3,2 _ 34
re ) =ry =1y,

For sy € Sg(ﬁl), SQ(FLH H,) = a3 * and SQ(FTH Hy) =a> '
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If Ay = ¢ and B = (), under (1), BR'(sy) = BR'(sy), that is, 7' >(> r1’*) >
rd P % under (2). BR'(sy) = BR(s,) US{(FL 5), that is, r; (=1 ) > rP 1, #P 3,
under (3) either BR'(sy) = BR!(s,), that is, " *(> r» ") > ' #2 3 or BR'(sy) =
BR'(s,)UB, that is, r;" (> i ) =73 ' =% %, under (4). either BR'(s,) = BR(s,) U
S{(ﬁl’ §), that is, r;’ 2(= 1" ) > > ', r% 3 or BRY(sy) = BR'(s,) US{(HL i) U B, that

.12 1, 4 3,1 3,3
is,r (=ry ") =01y ="

It A, = ST(H" T) and B = (), under (1). BR'(s;) = BR'(s,), that is, r;’ >(=r;" *) >
7“:1)” 1, Ti” 3; under (2). either BR'(sy) = BR'(s,), that is, ri’ 2(: Ti’ 4) > T%’ 1, rf’ 3, or

BR'(sy) = BR'(s,) U B, that is, r} (= rp ) =3 ' =43,

If Ay =0 and B = Sf(FT), then under (1). BR'(sy) = BR'(s,), that is, ;' *(>

1, 4 3,1 _ .33

If Ay = S{(ﬁl’ T) and B = Sf(FT), then under (1). BR'(sy) = BR!(s,), that is,
1,2/ 1,4y _ 3,1 __ 33
(=) ==

4.4 A Special Case

Assumption 1. For every sy € {sy € SY| s2(h) = ay ™}, there exists a; ™ € Al such

that BR(s2) C {s1 € ST| s1(h%) = a}’ "}

Under this assumption, for arbitrary s, € S} with s5(h%) = aj ', there exists a;” * € Al
such that BRY(s;) C {s1 € ST| 51(h°) = ay ‘}. Thus for sy, a7’ ' = infsenri(s,s1(h°).
For arbitrary s, € S} with s5(h°) = ay ™ there exists ay? € Al such that BR'(sy) C
{s1 € S¥| s1(h°) = ay'’}. Thus for 3y, a;’’ = sups,cpri(s,)s1(h°). Thus the results in

Lemma 2 applies here.

100



Lemma 16. For arbitrary §s, 3, € {so € SV| s3(h3) € AN{ab !, ab ™} such that

§2(hg) < §2(hg), BR1(§2) C BR1(§2)

Proof. Lemma 6 and Assumption 1 indicate that there exists a; ™, a} ™ € Al such
that BR'(3,) = {s; € ST| s1(h°) = a;’ ™} and BR'(3,) = {s1 € ST| s1(h°) = a} ™},
both of them are complete lattices. Let 55,5, € Sy, since 35(h3) < 32(h9), 52 < 55. Thus
for arbitrary §; € BR'(3y) and 5, € BR!(3,), strategic complementarities imply that
41V 8, € BR'(3,), in particular, (1 V 5)(h°) = a;’ ™ Vay ™ = a} ™. Thus 7 < m. Thus
BR'(5) C BR(5).

Assumption 2. Consider s,, 5o € S :

lT)

T

—nl(j), A%,..., @
b. BR'(3y) = ST(@" V",

12

a. BRY(s,) = ST(H'"

(i), 1%,..., 1771

Assumption 2(a) requires Subgame )i to be reached on all the best re-

sponse paths of s, and a;’ ' is assigned to be played in that subgame by player 1. 2(b)

T—-1

n2,.., n
b e to be reached on all the best response paths of 55, and

—nl(j
requires Subgame H G

a{’ " s assigned to be played in that subgame by player 1.

. i), 12 10 r o _ 1,4 Z71() N
Notice here, S} (H ) = {s1 € S| s1(h?) = ay", s51(H "N H') =

_1(2)9 lzv'“: lT_l n? aT

—1(7 2 —nl(4), n3,..., 7
a%’ 1, sl(Hl()’ + NH') = a‘z” 1, oy s1(H NHy) = alT’ 1} and ST (H @), A% )=

3 —nl(G), m

- .
7 NHY=d>", ..., s,(H

—nl(

T s (BO) = gl 7 TN g1y = g2 " T
{s1€ Si|s1(h”) =ar”, s NHY) =ay ™, s

’I'LT
Hl) = CL,{’ }

Assumption 3. For arbitrary t, 1 <t < T, for 3, such that

Yy 2 il1 (s 2 [ —
a. For s = supST(E 1 Y, BRY(8,) € ST(@' ™ Ho By
.), ﬁ2,.4., ﬁ{_l l(j)’ ﬁ2r“7 ﬁi_l) Tf

b. For sy — infSL(H" Y ), BR'(3,) C ST(H" )
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Lemma 17. Consider the following:

—1(¢), 12... 1t-1

—1(3 2 . " £
a. If so € SF(HI( h L 1 ) and so(H NHy) = ay™ € At\at ' then

l(z S
)

17\ =2 —f—1 ~ » R . .
) and sy(H" @, 7 T Hy) = a5 ™ € Al\as ™, then

BRl(SQ) SF(

(), m2... at—1

b If sy € SS(H"

=2 =t—1 ==t

BR!(s,) = ST(E" Y "L

i L 12, 11 701 12, 1t-1

Proof. a. Form 8, = supSy (H ), Theorem 1 indicates that S (H

18-1 pt
BR!(3,). Assumption 5 implies ST(H e ) = BRY(3,).

As sy < &y, for arbitrary s; € BR'(sy) and §; € BR'(3,), sy V §; € BR'(5,). Let

S1 V §1 - §1. As S1 j :‘;1, Sl(ho) ‘< Sl(ho) = i’ i, Sl(ﬁl(i) N H1> j §1(F1(Z) N Hl) ==

! —1(3), 12... 1171

@' e 1A NH) =ap ' Sosi € {si € ST si(h) = ol ', so(H'" 1

—1(3), 12... 1t-1

Hy) =a>'.. s (H YN H) = db 'Y Thus BRY(sy) C {s1 € ST s1(h0) =

— 12... 181

ay’, s (Hl(Z N Hl) —a> ' sl(Hl(i)’ - NHy) = at;’ "}, Thus Theorem 1 implies

i

,m).

1%—1

BR(s) = ST(I' "

b. proved similarly as a. I

4.5 Conclusion

For a general multi-stage 2-player game to exhibits strategic complements, interesting

structures on the corresponding best response sets arise.

For example, if player 2 chooses the lowest possible strategy in this game, that is, at
each player 2’s information set, the lowest action is selected. Once player 1’s first stage
choice is fixed, player 1’s best response set must include those strategies that select the

lowest action on each player 1’s information sets reached on the path of play. Suppose a
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higher action is chosen at the information set reached on such path of play, a diverge from
original path of play occurs. Strategic complements will require player 1 to be indifferent
among all the actions on the information sets reached after such information set thus

generating more paths of play.

Thus, in response to different classes of player 2’s strategies identified by the action
selected in the first stage decision node, to maintain strategic complements, player 1’s
corresponding best response sets must include all the strategies that can generate the

paths of play identified in the paper once the conditions are met.
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