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SMOOTH NORMAL APPROXIMATIONS
OF EPI-LIPSCHITZIAN SUBSETS OF R"*

BERNARD CORNET!? AND MARC-OLIVIER CZARNECKI#

Abstract. A sequence (M) of closed subsets of R™ converges normally to M C R™ if (sc) M =
limsup My = liminf M}, in the sense of Painlevé-Kuratowski and (nc) limsup G(Nyys, ) C G(Nys),
where G(Nys) (resp., G(Nyy,, )) denotes the graph of Njs (resp., Ny, ), Clarke’s normal cone to M
(vesp., My).

This paper studies the normal convergence of subsets of R" and mainly shows two results. The
first result states that every closed epi-Lipschitzian subset M of R™, with a compact boundary, can
be approximated by a sequence of smooth sets (M), which converges normally to M and such that
the sets My, and M are lipeomorphic for every k (i.e., the homeomorphism between M and M},
and its inverse are both Lipschitzian). The second result shows that, if a sequence (My) of closed
subsets of R™ converges normally to an epi-Lipschitzian set M, and if we additionally assume that
the boundary of M} remains in a fixed compact set, then, for k large enough, the sets M and M
are lipeomorphic.

In Cornet and Czarnecki [Cahier Eco-Maths 95-55, 1995], direct applications of these results
are given to the study (existence, stability, etc.) of the generalized equation 0 € f(z*) + Nps(x*)
when M is a compact epi-Lipschitzian subset of R™ and f : M — R" is a continuous map (or more
generally a correspondence).
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1. Introduction. A closed subset M of R™ is said to be epi-Lipschitzian if its
Clarke’s normal cone Ny (x) is pointed (i.e., if Nas(z) =Ny (z) = {0}) at every z €
M. This class of sets, introduced in optimization by Rockafellar [16], is of particular
importance since it includes both (i) closed convex sets with a nonempty interior and
(ii) sets defined by finite smooth inequality constraints satisfying a nondegeneracy
assumption (independence of the binding constraints). Closed epi-Lipschitzian subsets
M of R™ are equivalently defined as sets that can be locally written as the epigraph
of a Lipschitzian function (see [16]).

A sequence (My) of closed subsets of R™ converges normally to M C R”™ if
(s¢) M = limsup M} = liminf My in the sense of Painlevé-Kuratowski and (nc)
limsup G(Nys,, ) € G(Nyy), where G(Nyy) = {(z,y) € R* x R"|x € M,y € Ny ()}
(resp., G(Nyy,,)) denotes the graph of Ny (resp., Ny, ), Clarke’s normal cone to M
(resp., My).

This paper studies the normal convergence of subsets of R™ and mainly shows
two results. The first result (Theorem 2.1) states that every closed epi-Lipschitzian
subset M of R™, with a compact boundary, can be approximated by a sequence of
smooth sets (My,), which converges normally to M and such that, for every k, the sets
My, and M are lipeomorphic (i.e., the homeomorphism between M and M} and its
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inverse are both Lipschitzian). Moreover, we prove that one can additionally assume
that the approximating sequence (M) is internal (resp., external) in the following
sense: My C intMyy1 (resp., Mri1 C intMy) for all k € N. This result extends
previous ones in the literature (which do not consider the lipeomorphism properties);
see Benoist [1] and (with a different formalism, without the geometrical concept of
Clarke’s cones) Necas [15] (in Russian), Massari and Pepe [13], and Doktor [8].

In the above result, the lipeomorphism property is in fact a consequence of the
normal convergence of the sequence (M}). This is a consequence of our second re-
sult (Theorem 2.2), which states that if (M}) is a sequence of closed subsets of R™
which converges normally to an epi-Lipschitzian set M, then the sets My and M
are lipeomorphic for k£ large enough if we additionally assume that, for all k, bd My,
remains in some given compact set KX C R™. In fact, we shall show (Theorem 2.3)
that one can weaken assertion (nc) by only assuming that the convex hull of the set
{p € R"|(z,p) € limsup G(Nyy,)} is pointed for every z € M.

In [7], direct applications of these results are given to the study (existence, sta-
bility, etc.) of the generalized equation 0 € f(x*) + Njs(z*) when M is a compact
epi-Lipschitzian subset of R™ and f : M — R"™ is a continuous map (or more generally
a correspondence).

The paper is organized as follows. The definitions and the main results are given
in section 2. The proof of the approximation result (Theorem 2.1) is given in section
3, and the proof of the lipeomorphism result (Theorem 2.3) is given in section 4.

2. Definitions and statement of the results.

2.1. Preliminaries'. Let M be a closed subset of R" and let = € M. We define
Clarke’s normal cone to M at x, denoted Njs(zx), in two steps as follows. We first
call perpendicular vector to M at x every vector in the set

Lay(z) ={v € R"Fa > 0, B(z + av, afjv])) N M = 0}.

Then Clarke’s normal cone to M at x is the closure of the convex hull of the following
limiting cone:

NM(.’L') ={v € R"|3(zx)keny C M, Vk € N, Ty € Lps(x), (xx) — x, (vg) — v}

We now define Clarke’s tangent cone to M at z, denoted Ty (z), as the negative polar
cone of Nps(x), i.e.,

Ty (z) ={u € R"| Vv € Ny (), (ulv) < 0}.

We recall that a closed subset M of R™ is said to be epi-Lipschitzian if Ny (z) is
pointed (i.e., Nps(z) N —Nps(z) = {0}) for all x € M. We say that M is C*-smooth if
itisa C* (with k € {1, ..., 00}) submanifold with a boundary of R™ of full dimension,

We let Ry = {z € R|z > 0}. If 2 = (21,...,%n) and y = (y1,...,yn) belong to R, we denote
the scalar product of R™ by (z|y) = Z:zl z;yi, the Euclidean norm by ||z|| = \/(z|z); we denote
B(z,r) ={y € R"| [z —y|| <r}, B(z,r) ={y € R"[|lz —y|| < 7}, S(z,r) = {y € R"| ||z —y|| = r},

B =B(0,1), and S = 5(0,1). If X CR*, Y C R", and = € R", we let d(z, X) = infyecx ||z — y||
(also denoted dx(z)), and we denote by X +Y = {z + y|z € X,y € Y} the sum of X and Y,
B(X,r) = X + B(0,7), cIX or X the closure of X, intX the interior of X, bdX the boundary
of X, and coX the convex hull of X. If X and Y are two nonempty compact subsets of R",
8(X,Y) = max{sup,ex d(z,Y),sup,cy d(y, X)} is the Hausdorff distance between X and Y. A
correspondence ® from X C R™ to R™ is a map from X to the set of all the subsets of R™ and the

graph of ®, denoted G(®), is defined by G(®) = {(z,y) € X x R™|y € ®(x)}.
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i.e., if for all € M, there is an open neighborhood U of  and a C* function f : U — R
such that M NU = {x € U|f(z) <0}, and such that Vf(z) #0if f(z) =0. M is said
to be smooth if it is C'*°-smooth.

We recall the following definitions and properties associated with a sequence (M)
of subsets of R™ (see, for example, Kuratowski [12]):

liminf M}, = {zeR"3(zx) CR", 2 — x,2, € My, for all k};
limsup M = {xzcR"|3(xx) CR",Ip €T,z — x,21 € My, for all k},?
where 7 is the set of all increasing maps ¢ : N — N.

We recall that the inclusion liminf M} C limsup My always holds true; the se-
quence (My) is said to be set-convergent if lim inf My, = lim sup M. We say that the
sequence (My) is smooth if the set My is smooth for k large enough. We say that
it is increasing (resp., decreasing) if My C int Mp4q (resp., My C intMy) for all
k € N. If (My) is an increasing (resp., decreasing) sequence, then one notices that it
set-converges to some M C R"™ if and only if M = cl(UgenMy) (resp., M = NgenMy).
An increasing (resp., decreasing) converging sequence is also called an internal (resp.,
external) approximation of its set-limit.

2.2. Statement of the results. We give a stronger notion of set-convergence
which involves both the set-convergence and the convergence of the graph of the
normal cones in the following sense.

DEFINITION 2.1. We say that a sequence (My) of closed subsets of R™ is a nor-
mal approzimation of a closed subset M C R™ (or converges normally to M) if the
two following assertions hold:

(sc) (set convergence) M = limsup M}, = liminf My;
(nc) (normal convergence) limsup G(Nyy, ) C G(Nay).

Remark 2.1 (the convex case). Let (M) be a sequence of closed convex subsets
of R™. Assume that (M}) set-converges to some subset M C R™. Then one easily
notices that the set M is convex and that (My) is a normal approximation of M.

The next theorem shows the existence of internal and external smooth normal
approximations of a compact epi-Lipschitzian subset of R™, which satisfy additional
properties also of interest for themselves (in fact we weaken the compactness assump-
tion by assuming only that M is closed and that bdM is compact). We recall that
subsets M and N of R™ are lipeomorphic if there exists a map ® : M — N which is
a lipeomorphism, i.e., is a Lipschitzian invertible map with a Lipschitzian inverse.

THEOREM 2.1. Let M be a closed epi-Lipschitzian subset of R™, such that bd M
is nonempty and compact. Then there exists a smooth internal normal approxi-
mation and a smooth external normal approximation of M which both additionally
satisfy the following properties:

(lip)  the sets My, and M are lipeomorphic for all k;

(lip®)  the sets R™ \ int My, and R™ \ int M are lipeomorphic for all k;

(L) there is £ > 0 and a compact subset K C R™ such that, for all k,
bdM; C K and

(S(bde,bde+1) < Emln{”x — y” \ac S bde,y S bde+1}

Theorem 2.1 is proved in section 3. A general discussion about assertion (L) is given
in the next section.

2Equivalently, lim sup My = Nyencl(Up>, My). Note also that for every subsequence (M, of
pe >p P (k)

(My), one has that liminf M}, C liminf M,y C limsup M, (x) C limsup M.
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At this stage, it is worth pointing out that in Theorem 2.1 the two lipeomorphism
assertions (lip) and (lip®) are a consequence of the normal convergence of the sequence
(My) as is shown in the next result.

THEOREM 2.2. Let (My) be a sequence of closed subsets of R™ such that the
boundaries bd My, remain in a given compact subset K C R™. Assume that (My)
set-converges to some subset M C R™ and that

(%)  (My) converges normally to M, and M is epi-Lipschitzian.
Then, for k large enough,

(i) the sets M, R™ \ int M, My, and R™ \ int M, are epi-Lipschitzian;

(ii) My, is lipeomorphic to M and R™ \ int My, is lipeomorphic to R™ \ int M.

Theorem 2.2 is a consequence of the following result, which slightly weakens
assertion (x) by noticing that the condition (nc) of normal convergence implies that

{p € R"|(z,p) € limsup G(Ny,, )} = limsup Ny, (2') C Nps(z).

z’' —x,k—o0

THEOREM 2.3. Theorem 2.2 remains true if one replaces assertion (x) with the
following assertion:

(#x) colimsup,, ., . N (@) is pointed for all x € M.

The proof of Theorem 2.3 is given in section 4.

Remark 2.2. Theorem 2.2 and Theorem 2.3 may not be true if bd M}, does not
remain in a fixed compact set K. Consider M = R x Ry and the smooth internal
normal approximation of M defined by M), = Rx[1/k,o0)\ B((k,3/k),1/k) for k > 1.
Then, for every k, My, is clearly not homeomorphic to M.

Remark 2.3. Theorem 2.2 may not be true if the set-limit M is not epi-
Lipschitzian. Consider M = {0} in R and the smooth external normal approxi-
mation of M defined by M) = [-1/k,1/k]. Then for every k, M} is not home-
omorphic to M. Similarly, Theorem 2.3 may not be true without the assumption
that colimsup,_,, .o, N, (2) is pointed for all € M, even if one assume that
M is epi-Lipschitzian. Consider M = [1,1] in R and the smooth internal nor-
mal approximation of M defined by M) = [-1,—1/k] U [1/k,1], and notice that
co imsup,/ o x— 0o Naz, (2') = R.

Remark 2.4. Theorem 2.3 may not be true if we do not assume that lim sup My =
liminf My. Consider Moy, = B(0,1), Mapy1 = B(0,1) \ B(0,1/2) (or Mas+1 = 0),
and notice that B(0,1) = lim sup M.

2.3. General remarks about assertion (L).

Remark 2.5. There may exist a normal (external or internal) approximation
satisfying all the conclusions of Theorem 2.1 except for assertion (L). Consider the
subset M = [0,1] of R and the sets M}, = [~1/k, 1+ 1/2F].

Remark 2.6. If bd M is not compact, there may not exist an internal (or an exter-
nal) normal approximation of M which satisfies assertion (L). Consider the following
closed epi-Lipschitzian subset of R:

1 1 1 1
M= (R_ il k- ——k+— ik —k+—1].
< \U’“—1< k+1 +k+1)>u<u’f—1[ E+1 +k+1}>

Then, if (M}) is any smooth internal (or external) normal approximation of M, we
let the reader check that it does not satisfy assertion (L).
Remark 2.7. Note that the inequality

6(X,Y) 2 min{[lz —yll |z € X,y € Y}
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is always true if X and Y are two nonempty compact subsets of R". Hence, one
necessarily has ¢ > 1 in assertion (L) of Theorem 2.1.
Remark 2.8. If we additionally assume that (M}) is increasing or decreasing, then

(L") VE, §(bd My, bdM) < fmin{||x — y|| |z € bdM,y € bdMy}.

Indeed, one just needs to notice that §(bd My, bdM) < 372, §(bdM;, bdM; ;1) and
that

min{|jz - y| | € bdM,y € bdMy} > > min{|lz — y| |& € bdM;,y € bdM; 1}
i=k

Assertion (L') is no longer true if we do not assume that the sequence (My) is
increasing or decreasing. Consider the set M = [0,1], the sets My, = [—1/k, 1] and
Msg+1 =1[0,1+1/(k+1)] for all k£ > 1. Then (M}) is a smooth approximation of M
which satisfies assertion (L), but the above property (L) is not true.

2.4. Other concepts of normal convergence.

2.4.1. Involving the subdifferential of the distance function. We first
recall the definition of Clarke’s subdifferential of a locally Lipschitzian function.? Let
U be an open subset of R™ and consider f : U — R; if f is differentiable at x € U, we
denote Vf(x) the gradient of f at x. If f is locally Lipschitzian, its subdifferential
Of(z) at z € U is defined by

of (x) = co{klingo Vf(xk)|zr — x, xx € Dom(Vf)},

where Dom (V f) is the set on which f is differentiable. In the case of the distance
function djp; to a closed set M C R™, one can be more precise. Indeed, from Clarke
[4, Thm. 2.5.6],

(1) ddar(z) = co ((NM(x) nS)u {0}),

where N M () is the limiting normal cone defined previously and S is the unit sphere
in R™,

It seems natural to compare the normal convergence with the following concept
of 0-convergence, in which one replaces the normal cone by the subdifferential of the
distance function. More precisely, we say that a sequence (My) of closed subsets of
R™ O-converges to a closed subset M C R™ if it satisfies assertion (sc) together with

(0c) limsup G(9dyr,) C G(ddpr).

It is worth noticing that the d-convergence can be formulated only in terms of the
distance function, by noticing that assertion (sc) can be equivalently reformulated as
follows:

(s¢/)  Va e R", limg oo dpg, () = dps ().
The link between normal convergence and J-convergence can be summarized as

follows. It will appear that the concept of d-convergence is too strong (for a mat-
ter of normalization), even in the epi-Lipschitzian case. Indeed, in this paper we

3If X C R®, amap f: X — R™ is locally Lipschitzian if, for all z € X, there is a neighborhood

U of z and a real number K > 0 such that ||f(y) — f(2)|| < K||ly — z|| for all y and z in U.
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show that every compact epi-Lipschitzian set can be approximated in the sense of
normal convergence by a sequence of smooth sets. This result is no longer true with
the d-convergence as shown below (Proposition 2.2) by taking M = R? \ intR2.
Furthermore, in the epi-Lipschitzian case, the following proposition shows that the
O-convergence implies the normal convergence, a result which is no longer true in
general (see Remark 2.9).

PROPOSITION 2.1. Let (My) be a sequence of closed subsets of R™ which O-
converges to some epi-Lipschitzian set M C R™. Then (My) converges normally to
the set M.

Proof of Proposition 2.1. Let (x,p) € limsup G(Nyy, ). Then there is a sequence
(zx) converging to x, a sequence (pg) converging to p, and an increasing map ¢ :
N — N, such that z € My and py € N, (zg) for all k. Since Nas,, (7x) =
CI[U)\Z())\adMW(k)
and a sequence (v¥),cy in ddpr,,, (vx) such that Mevk converges to pr when r — oo.
Hence, without any loss of generality (using a diagonal argument), we may assume
that p = limy_,oo Avk, with A\ > 0 and vy, € 8dM¢(k)(xk) C B(0,1), and that the
bounded sequence (vy) converges to some v € R™. Then, from above and (1), for
every integer k,

(71)] (see Clarke [4]) for all k, there is a sequence (A\F),cy in Ry

vy € Ddar,,, (1) = co((NMW(xk) nS)u {0}).

Hence, from Carathéodory’s theorem, there are n+1 elements (v}, )\fc) (te{l,....n+
1}) in R™ x Ry such that v}, € N, (zx) NS C ddur,,, (1), Z?:Jrll A =1, and
ur € [0,1] such that

n+1
Ve = [k E ALV
i=1

Again, without any loss of generality, we may assume that (U,L...,’UZJA, (Abse s
AP ) converges to some element (vl ... v (AL AP p) € S x B x

[0,1], where ¥ is the unit simplex of R"*!. From assertion (dc), we get that v €
ddys(z) and that v' € ddy(x) for all i € {1,...,n + 1}. But for all 4, from above

vt e S and v’ € CO((NM(JJ) ns)u {0})7 noticing that

co((NM(x) ns)u {o}) NS = Nu(z)NS,

we deduce that v' € Nps(z) N'S. Then w = Y75 Nvt € co(Ny(x) N'S), which
does not contain 0 since M is epi-Lipschitzian; hence w # 0. Recalling that p =

limy oo ApUx = limp_ oo Akftr Z:fll vt the sequence (Aguy) converges to p =
Ipll/llwl]l, and p = pw with w € co(Npy(x) NS) C ddp(z); hence p € Np(x).
This shows that (M}) converges normally to M. d

Remark 2.9. Proposition 2.1 may no longer be true if M is not epi-Lipschitzian.
Consider the set

M = {(z,y) € R?|y < V/]z[}
and, for every integer k > 1, the set

My = {(z,y) € RQHy >0and y <+/|z| —1/k] or [y <0 and y < |kx| — 1/k]}.
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Then the sequence (My) O-converges to M (note that ddy(0) = [—1,1] x {0} =
limsup,/ g koo Odar, (¥')). But Himsup,, g o Nag, (2') = R x Ry and Np/(0) =
R x {0}; hence assertion (nc) is not satisfied. O

The next proposition shows that the concept of d-convergence is too strong (for
a matter of normalization).

PROPOSITION 2.2. The set RQ\intRi, i.e., the complementary of the interior of
R%r in R2, cannot be approzimated, in the sense of the 0-convergence, by a sequence
of smooth sets.

Proof of Proposition 2.2. Assume that it is not true, and let (Mj) be a sequence
of smooth subsets of R? which d-converges to M = R? \intR?‘_. From Proposition 2.1,
since M is clearly epi-Lipschitzian, (M) converges normally to M this implies that
(R? \ intM}) converges normally to R? \ intM = R2 (see Proposition 3.1) and we
shall prove later (Lemma 4.1) that this implies

Lr2 (0) C limsup Ng2\intar, (7).

rz—0,k—o0

Since v = —(1/v2,1/V2) € Lgz (0)(= —R?), the above inclusion implies that there
is a sequence (z) converging to 0, a sequence (vy) converging to v, and an increasing
map ¢ : N — N, such that, for all k, x;, € bd(R?\ int M) = bdMy ) and
vk € Nr2\int M,y (Tk) = —Nar,, (k) (since the set My is smooth). For k large
enough, v # 0; since the set M) is smooth, —vg/|lvx| is the unique element in
N, (z1) NS and hence belongs to ddas,,, (vx). Then the sequence (—vg/||vi)
converges to —v, which, from assertion (9c), belongs to ddys(0). Hence,

—v = (1/V2,1/v2) € 9dp(0) = co{(1,0),(0,1),(0,0)},

which is a contradiction. |

2.4.2. Involving the limiting normal cone. We now compare the normal
convergence with the following concept of N-convergence, in which one replaces
Clarke’s normal cone Nj; with the limiting normal cone Ny, (see Mordukhovich [14])
defined previously. More precisely, we say that a sequence (M}) of closed subsets of
R” N-converges to a closed subset M C R™ if it satisfies assertion (sc) together with
(fic) limsup G(Nas, ) € G(Nag).

The next proposition shows that the N -convergence and the d-convergence are in
fact equivalent.

PROPOSITION 2.3. Let (My) be a sequence of closed subsets of R™ and let M be
a closed subset of R™. Then (My) N-converges to M if and only if (My,) O-converges
to the set M.

Proof of Proposition 2.3 (N -convergence = J-convergence). Let

(z,v) € limsup G(ddyy, ).

Then there is a sequence (x) converging to x, a sequence (vg) converging to v,
and an increasing map ¢ : N — N, such that zx € M) and vy € 8de(k) (z) for all
k. Since from (1)

Ot (k) = c0 (N, (1) N1 ) U{0}),

from Carathéodory’s theorem, there are n + 1 elements (v}, \;) (i€{1,...,n+1}) in
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R™ x R, and an element p, € [0, 1] such that v} € NMW@ (zx) NS, SN =1, and

m—+1
Vi = [k E ALV
i=1

Without any loss of generality, we may assume that (v, ..., vt (AL, ..., AT,
k) converges to some element (v!,... v (AL AL ) € S x B x [0, 1],

where ¥ is the unit simplex of R"*1. From assertion (fic), we deduce that v* €
Nuy(z) NS for all i € {1,...,n+1}. Then v € co((Nar(z) N S) U{0}) = ddps()
from (1). This shows that (My) O-converges to M.

Proof of Proposition 2.3 (9-convergence = N-convergence). Let (z,p) € limsup G
(NM,C) Then there is a sequence (z)) converging to z, a sequence (pg) converging to
p, and an increasing map ¢ : N — N, such that zy € M) and py € NMw(k)(xk) for
all k. If p = 0, then clearly p € Nps(z). Assume now that p # 0. Then for k large
enough, py # 0, and py/[|px|| converges to p/||p||. Since pi/|lprll € Na,, (xx) NS C
dd,,,, (k) (from (1)), and since (Mj) d-converges to M, we deduce that p/||p[| €
Odp(z). Since

ddar(z) N S = co((NM(:c) nS)u {o}) NS = Nu(z)NS,

we deduce that p/||p|| € Nas(z) NS, hence that p € Ny(z). This shows that the
sequence (M}) N-converges to M. |

Remark 2.10. The proof of the equivalence between the J-convergence and the
N. -convergence relies heavily on the following equality:

ddar(z) = co ((NM(:E) nS)u {0}).

The difference between the d-convergence and the normal convergence might be ex-
plained by the fact that the inclusion

ddp (z) C co ((NM(x) nS)u {0})

may be strict, even in the epi-Lipschitzian case. Consider M = R?\ intR?.

3. Proof of the approximation result. The first idea to prove Theorem 2.1
is to smooth the distance function dj; by using a classical convolution argument.
Indeed, by doing so one directly gets the existence of a normal smooth approximation
of M. However, the lipeomorphism properties are more difficult to obtain and our
proof will consist of using a more refined argument of convolution (in fact, by using
the representation theorem in [6]).

The proof of Theorem 2.1 has three steps. In the first step, we show that (My) is
an internal (resp., external) smooth approximation of M which satisfies (lip), (lip®),
and (L) if and only if (R™ \ intM}) is an external (resp., internal) smooth approxi-
mation of R™ \ int M which satisfies (lip), (lip€), and (L). In view of this equivalence
property, it is sufficient to only show in the following the existence of smooth in-
ternal approximations of epi-Lipschitzian sets. In the second step, we improve the
representation theorem of Cornet and Czarnecki [6] when the epi-Lipschitzian set is
additionally assumed to have a compact boundary. In the third step, the previous
representation result allows us to get the approximating sequence. These three steps
are proved successively in the following three sections.
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3.1. Complementarity property of internal and external approxima-
tions.

PROPOSITION 3.1. Let M and My, (k € N) be closed epi-Lipschitzian subsets of
R™. Then the two following assertions are equivalent:

(i) (My) is a (resp., internal, resp., external, resp., smooth, resp., satisfying (lip),

resp., (lip®), resp., (L)) normal approzimation of M ;
(ii) (R™\ intMy) is a (resp., external, resp., internal, resp., smooth, resp., satis-
fying (lip®), resp., (lip), resp., (L)) normal approzimation of R™ \ int M.

Remark 3.1. Proposition 3.1 is no longer true if we do not assume that M is epi-
Lipschitzian. Consider M = {0} in R and My = [-1/k,1/k] for k > 1. Then (My)
is a smooth external normal approximation of M and (R \ intM}) is not a normal
approximation of R \ intA. Consider also the set M = {(z,y) € Ry > /|z[}
and the set My = {(z,y) € R?|[y > Oandy > /|z] — 1/klor [y < Oandy >
(k3/4)2% — (1/4k)]} for k > 1. Then (M) is a smooth internal approximation of M
but (R™\int M%) is not a normal approximation of R™ \ int M. Indeed, Ngn\in¢as(0) =
R x {0}; hence the set {0} x R, which is contained in lim sup G(Ngn\intar, ), is not
contained in G(Ngn\intar)-

Before proving Proposition 3.1, we prove a claim.

CLAIM 3.1. Let (My) be a sequence of closed subsets of R™ converging normally
to a closed subset M C R™. Then

(int) int M = UpeNint (ﬂkzpinth);
(sce) R™\intM = limsup(R™\ int M) = liminf (R™ \ int M}).

Proof of Claim 3.1. We first prove assertion (int).* Since
Upen Ni>p My, C liminf My, = M,
the inclusion Upenint (Ng>pint M) C intM is immediate. Let us consider
z € Int M \ Upenint (Ng>pint My) = int M N [Npencl(R™ \ Ng>pint My)].

Then there is a sequence (x) in R™ converging to x such that, for all k € N, z, ¢
Mi>kint M;. Without any loss of generality, we may assume that there is an increasing
map ¢ : N — N such that, for all k, 2 ¢ int M. Since z € intM C liminf My,
there is a sequence (yi) in R™ converging to x such that for all k € N, y;, € M}. Since
Yo(k) € My(r), there is zi € bd M) N [Tk, Yp(ry] and there is vy € Nar,, (21) NS (see
Clarke [4]). The sequence (zj) converges to z, and we may assume without any loss of
generality that v, converges to some v € S. Hence (z,v) € limsup G(Nys, ) C G(Ny),
which implies that v € Nas(x). The fact that Nps(z) # {0} contradicts that € int M.

Let us now prove assertion (scc). Since M = limsup My = Npencl(Ug>p M), we
get that

R" \ M= UpeNint(ﬁksz" \ Mk) C Upen Ni>p R"™ \ int My C lim Hlf(Rn \ inth),
hence that R™ \ int M C liminf(R™ \ int M) C limsup(R™ \ int M}). From assertion
(int), we get that R™\int M = Npencl(Up>pR™ \ int M},) = lim sup(R™ \ int M}). O

Proof of Proposition 3.1. Note that, without any loss of generality, we only need
to prove the implication [(i) = (ii)]. The implication [(ii) = (i)] can then be deduced

4In fact, we prove it in a more general setting later in this paper with a longer proof (Lemma 4.3).
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from [(i) = (ii)], applying the result to the set R™ \ int M, since R™ \ int M is epi-
Lipschitzian, since R™ \ int(R™ \ int M) = intM = M and R" \ int(R" \ int My) =
int M, = M, for all k.

In view of Claim 3.1, the sequence (R™ \ intM}) and the set R™ \ int M clearly
satisfy assertion (sc) of Definition 2.1. Let us prove that they satisfy assertion (nc).
Let (x,p) € limsup G(Ngn\int s, )- Without any loss of generality, we may assume that
p # 0, hence that z € limsup bd (R™\int M},) = lim sup bd M}, since bd (R™\int M},) =
(R™ \ int M) \ int(R™ \ int M) = int My, \ int My, = bd M}, for all k (since M}, is epi-
Lipschitzian). This implies that € M N (R™ \ intM) = bdM = bd(R" \ intM).
Then, since M}, is epi-Lipschitzian, Ngn\in¢ar, (2) = —Nag, (2) for all 2" € bd My,
hence (z, —p) € limsup G(Nyy, ), hence (2, —p) € G(Nys), which implies that (z,p) €
G(Nre\int i), since Ngn\inear(2) = —Nar(x). We proved that (R™ \ int My) is an
approximation of R™ \ int M. If (Mj) is a smooth (resp., internal, resp., external,
resp., satisfying (lip), resp., (lip®), resp., (L)) approximation of M, then (R™\ int M},)
is clearly a smooth (resp., external, resp., internal, resp., satisfying (lip), resp., (lip®),
resp., (L)) approximation of R™ \ int M. |

3.2. A representation theorem. We first state a representation theorem of
M when bdM is compact.

THEOREM 3.1. Let M be a closed epi-Lipschitzian subset of R™ with compact
boundary bdM. Then there is a function fp; : R™ — R which is a quasi-smooth

inequality representation of M in the following sense:
(i) fur is locally Lipschitzian on R™ and C*° on R™\ bd M ;

(i) M ={zeR"[fu(r) <0}

(iii) bdM = {x € R"|fy(x) = 0},°

(V) 0¢0fule) if furlz) = 0;

(v)  Nar(x) N —=Nrovine s (7) = Ur0Ad far () for all x € bd M.
Furthermore, one can assume that for some e > 0:

(Vi) fai ([, €]) is compact;

(vil) V€ fi/ ([~e,¢]), codfa(B(z,e)) N B(0,¢) = 0.

Proof of Theorem 3.1. The existence of a function f satisfying assertions (i)—(v)
is exactly Theorem 2.1 of Cornet and Czarnecki [6] (in which the closed set M is not
assumed to have a compact boundary).

Let f be a quasi-smooth representation of M on R™ (i.e., satisfying assertions
(i)~(v)). Let a : R*® — [0,1] be a C*° function such that a(x) = 0 if z € B(bd M, 1/2)
and a(z) = 1if z ¢ B(bdM,1). We define the function fps : R™ — R for all x € R”
by

fu(@) = (1 —a(@)f(2) + a(z)sgnf(z) if  f(z) #
fr(x) =0 it f(z) =

denoting sgn ¢t = ¢/|t| if t € R\ {0}.

Proof of (1)-(iii). The function fj clearly satisfies assertions (i), (ii), and (iii) of
Theorem 3.1.

Proof of (iv) and (v). Let x € bdM. Since o = 0 on a neighborhood of x, one
gets that 0 fa(x) = Of (z); hence assertions (iv) and (v) of Theorem 3.1 are satisfied.

0,
0,

5This is a classical result on epi-Lipschitzian sets (see, for example, Cornet and Czarnecki [6]).
6This assertion is a consequence of assertions (ii) and (iv).
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Proof of (vi). Since f3,'((—1,1)) € B(bdM, 1), then cl(f;;'((—1,1))) is compact.

Proof of (vil). Tt is a consequence of the following lemma (taking m = n, K =
bdM = f;;({0}), and ® = 9fys) and of the fact that f;,'([~¢,¢]) € B(bdM,r) for
some ¢ € (0, 1] (since B(bd M, r) is an open set containing the intersection of compact
sets ﬁf;‘E(O,l]f[\_/[l([75’ 6}))

LEMMA 3.1. Let K be a compact subset of R™ and let ® be a u.s.c. correspondence
from R™ to R™, with nonempty compact convez values, such that 0 ¢ ®(x) for every
x € K. Then there exists v > 0 such that

co®(B(z,7)) N B(0,r) =0, for all x € B(K,r).

Proof of Lemma 3.1 (by contraposition). Suppose that there exists a sequence
(*) in R™ such that, for all k, ¥ € B(K,1/k) and

co®(B(z",1/k)) N B(0,1/k) = 0.

From Carathéodory’s theorem, there exist n+1 elements (z¥,y* A\¥) (i =1,... ,n+1)
in R™ x R™ x R, such that «¥ € B(z*,1/k), yF € ®(«F), X7 A =1, and

m—+1

> ARE|| < 1/k.

i=1
Without loss of generality, we assume that the sequence (z*, \¥, ..., )\fnﬂ, T 7yfnﬂ)
converges to some element (z*, A}, ..., f,;l, Ylse s Uma1) € KX XX R™(m+1) gince

the sequence belongs to the compact set B(K,1) x ¥ x ®(B(K,1))™*! where ¥ is the
unit simplex of R™*1 and the set ®(B(K, 1)) is clearly bounded (since ®(B(K,1))
is the image of the compact set B(K,1) by the u.s.c. correspondence ®). However,
for all i € {1,...,m + 1}, the sequence (z¥) also converges to z* (since from above
laf — 2| < 1/k).

Taking the limit when & — oo, we get 0 = Z::{l Myf and yf € ®(z*) for all
i€ {l,...,m+1}, since the correspondence ® is u.s.c. Consequently, 0 € ®(z*) since
®(x*) is convex. Since x* € K, this contradicts the assumption 0 ¢ ®(z*). 0

Remark 3.2. When bdM is not compact, assertion (vi) is clearly false for any
quasi-smooth inequality representation of M. The following example shows that as-
sertion (vii) may not be true if bd M is not assumed to be compact. Consider the set
M = {(z,y) e R?|(z <0) or (x>0and y € [-1/x,1/x])}.

3.3. Proof of Theorem 2.1. In view of Proposition 3.1, we only need to show
the existence of smooth internal approximations of epi-Lipschitzian sets. Let fjs be a
quasi-smooth representation of M satisfying the conclusions of Theorem 3.1 for some
€ > 0; we let

My = {z € R*|fm(x) < —e/k}

for every integer k > 1. We shall prove that (M}) is a smooth internal approximation
of M satisfying the conclusions of Theorem 2.1.

It is clearly an increasing sequence, and the set-convergence assertion (sc) is im-
mediate. The sets My are clearly smooth, since fys is C* on {z € R"|fy(x) # 0}
and since V far(x) # 0 when x € bd My, (in that case, far(z) = —e/k, fu(x) € [—¢, €]
and 0 ¢ Ofn(z) = {Vfm(x)} from Theorem 3.1, assertion (vii)).
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Proof of the normal convergence assertion (nc). Let (x,v) € limsup G(Nay,).
Then there exist two sequences (xx) and (vg) in R™ and an increasing function ¢ :
N — N, such that (z) converges to x, (vx) converges to v, and, for all k, x, € My,
and vk € N, (zx). Then, for all k, there is A\ > 0 such that vy = AV far(ag).
Since fas is Lipschitzian on a neighborhood of x, the sequence (V fys(x)) is bounded.
Without any loss of generality, we may assume that it converges to some u € R™. Since
the correspondence 9fy; is w.s.c., u € dfa(x), hence u # 0 since 0 ¢ dfpr(x). This
implies that the sequence () converges to A = ||v||/||u|| and v = Au with A > 0 and
u € Ofp(x). Hence v € Nps(x).

Proof of the lipeomorphism assertions (lip) and (lip®). Let us now prove that the
sets M and M}, are lipeomorphic for all k. In view of Bonnisseau—Cornet [2, Theorem
2.5],7 assertion (lip) is a clear consequence of the following facts:

My, = {z € R"|fym(z) < —g/k} for every k,
M = {z e R"[fu(x) <0},

far ([—€/k,0]) is compact,

0 ¢ Ofp(x) when fa(x) € [—¢/k,0].

The proof that the sets R™\ int M}, and R™ \ int M are lipeomorphic is a consequence
of the same result, since R” \ int My = {z € R"|fy(z) > —e/k} and R \ it M =
{z € R"|fu(x) < 0}.

Proof of (L). In view of assertion (sc) of Definition 2.1, since the sequence (Mj)
is increasing, and since bdM is compact, there clearly is an integer kg such that
bd M, € B(bdM,¢) for all k > kq. Let us consider k > kg, and let L be the Lipschitz
constant of fy; on B(bdM,e). We first prove that

e[(1/k) = 1/(k+1)] < Lmin{|z — y||,z € bd My, y € bdMj11}.

Indeed, if x € bd M}, and y € bd M1, then far(x) = —e/k and fp(y) = —¢/(k+1).
Then €[(1/k) = 1/(k+1)] = |fm(x) — fam(y)] < L||lx — y||. We now end the proof of
Theorem 2.1 by proving that

8(bd My, bd My 1) < [(1/k) — 1/(k + 1)].

We first consider € bdMj. Since fys satisfies Theorem 3.1, assertion (vii), we
can separate the compact convex sets codfy (B(z,¢)) and B(0,e). Hence there is
p € S(0,1) such that (ply) > ¢ for all y € codfar(B(z,¢)). Then, considering the map
t— far(z +tp), from the mean-value theorem (see Clarke [4]) one easily proves that
fau(z +tp) — far(x) > et for all t € [0,e]. Then fu(x +ep) > —e/k+¢? > 0 (if k
is large enough), hence there is ¢ € [0, €] such that fas(x + tp) = —¢/(k + 1). Hence
et < fu(z +tp) — fu(x) =¢€[(1/k) — 1/(k + 1)]. This implies that d(z, bdMj41) <
Itpll < [(1/k) — 1/(k 4+ 1)]. One proves that d(x,bdMy) < [(1/k) — 1/(k 4+ 1)] for all
x € bd M1 in the same way. Hence §(bd My, bdMy41) < [(1/k) —1/(k + 1)]. 0

Remark 3.3. From the above proof, we note that assertion (L) is satisfied by
the sequence My = {z € R"|fum(z) < ek}, where fy; : R" — R is a quasi-smooth
representation of M and () is a strictly decreasing sequence of positive real numbers
converging to zero. However, there may exist normal converging sequences which
cannot be represented as above. Consider the example in Remark 2.5.

"Bonnisseau and Cornet [2] prove a homeomorphism result, but only a slight change in their
proof gives a lipeomorphism result.
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4. Proof of the lipeomorphism result. In view of Proposition 3.1, the proof
of Theorem 2.3 has three steps. We first show that the sets M and Mj are epi-
Lipschitzian for k large enough. In the second step, we show the existence of a
Lipschitzian transverse field between M and M, in a sense that will be explained
later. In the third step of the proof we show that, if there is a such transverse field
between two sets M and N, then M and N are (epi-Lipschitzian and) lipeomorphic.
These three steps are proved successively in the following three sections.

4.1. The sets M and M} are epi-Lipschitzian.
PROPOSITION 4.1. Let (M) be a sequence of closed subsets of R™ such that
bdM; C K for all k, for some fixzed compact subset K C R™, and such that

(#%) colimsup, ., x oo Nas, (2') is pointed for all x € lim sup M.

Then the set M = limsup My, and the set My, for k large enough, are epi-Lipschitzian.

Proof of Proposition 4.1. We first prove that My is epi-Lipschitzian for k large
enough. Assume that it is not true. Then there is a sequence (z) in R™, a sequence
(pr) in S, and an increasing map ¢ : N — N, such that, for all k € N, zx € M), pr €
NMw(k)(xk), and —py, € NMW(k)(xk). Then x € bd M) C K; hence we may assume
without any loss of generality that the sequence zj converges to some x € K and
that the sequence py converges to some p € S. Then x € M (since M = limsup My,)
and p and —p belong to limsup,, ., . N, (2'), which contradicts the fact that
co imsup,/ ., .o Nar, (¢') is pointed for every x € M.

We now prove that M is epi-Lipschitzian. Let x € M. Then, since the set
co imsup,/ ., 1o Nar, (2') is pointed, it is sufficient to prove that Ny (z) C co
limsup,, ., 0o Nas, (') for all x € M, which we do in the next lemma, which gen-
eralizes Lemma 6.2 from Benoist [1] (see also Kruger and Mordukhovich [11, Theorem
P.3] and Ioffe [10, Theorem 3]).

LEMMA 4.1. Let (My) be a sequence of closed subsets of R™, and let M =
limsup My. Then, for all x € M

(i) Lar(z) Climsup, ., oo Nagy ()8
(i)  Nm(z) Cecl (colimsup,, . N (2'));
(iii) if we additionally assume that the set co imsup,,_, .o, Nar, (z') is

pointed, then we can suppress cl in the above assertion, i.e., formally

Ny(z) Cco limsup Ny, (27).

z’' —x,k—o0

Proof of Lemma 4.1. Proof of (i). Let T € M and p € L (%) \ {0}. One easily
notices from the definition of L /(Z) that, for g > 0 small enough,

(2) B(x + pp, plpl) N M = {z}.

We define the function 1 : R™ — R by ¢(z) = (1/2)||lz — (T + up)|>. Then, for all
integer k there is a solution x; € R™ of the following minimization problem:

P) { minimize 1(z),

x € My.

Then, from (2), T+ up ¢ M. Hence, since M = limsup My, T + up ¢ My, for k

80ne can easily replace assertion (i) with Ls(x) C lim SUD,/ 4 koo L0, (') OF, equivalently,
G(Lnr) C limsup G(Lyg, ). However, without the convexification of the right-hand side, assertion
(iii) does not hold in general.
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large enough; hence xz; € bdMj. Then xj, satisfies the following first-order necessary
condition associated with (Py) (see Clarke [4]):

(3) —2k + T+ pp = —Vi(zx) € Nag, ().

Let us show that the sequence (zj) admits a bounded subsequence. Since T € M =
lim sup My, there is a sequence (T ) converging to T and an increasing map ¢ : N — N|
such that T, € M) for all k. Then, for every k, Ty, satisfies the constraint of (P,));
hence

(4) (@) = (1/2)lzor) — T — ppll* < o(@) = (1/2)|Tk — T — 1p]|*.

Because the sequence (Ty) is convergent, hence bounded, this implies that (z,x)) is
bounded. Without any loss of generality, we may assume that the sequence (z,))
converges to some z € R"™. Since x,) € My for all k € N, we get that » € M.
Since the sequence (Zy) converges to T, ¥(F)) converges to (1/2)u?||p||?, hence (4)
implies that ¢ (x) < (1/2)p?||p||? and hence that z € B(ZT + up, p||p||). In view of (2),
since additionally » € M, we get that » = Z. Letting p,x) = (1/1)(—2 ) +T + up),
we proved that p = limg o Py With poy € Nar, ) (T )-

Proof of (ii) and (iii). Since A = limsup,, .z ., Na, (2') is a cone, since the
correspondence x — limsup,, ., ¢ N, (2') is closed at T, we get that Ny (Z) C
cl(coA), which proves (ii). If we additionally assume that coA is pointed, then
cl(coA) = coA, since A is closed (recalling that coA is closed, when A is a closed
cone such that coA is pointed). d

4.2. A transverse field between M and M.
PROPOSITION 4.2. Let M and (My) satisfy the hypothesis of Theorem 2.3. Then,
for k large enough, there exists a Lipschitzian transverse field between the two sets M
and N = My, in the following sense:
There is bounded Lipschitzian map F : R™ — R"™, such that
(a) M \intN and N \ intM are compact;
(T) (b) Va € bdM (resp., bdN), F(z) € intTh(x), (resp., F(x) € intTn(x));
(¢) for all x in an open neighborhood U of M \ int N U N \ int M,
3(t,t") € R%, p(t,z) € bdM, p(t',z) € bdN .7

Remark 4.1. From [5], the assertion Vo € bdM, F(z) € intTy(z) is equivalent
to the weaker one, Vo € bdM, F(z) € int7ys(x), where Tps(x) is Bouligand’s tangent
cone to M at x.

Note that from Proposition 4.1 the sets M and Mj, are epi-Lipschitzian for k large
enough. Before proving Proposition 4.2, we prove some preliminary lemmas.

4.2.1. Preliminary lemmas. The first lemma gives an extended Gauss corre-
spondence, an essential step to the construction of the transverse field.

LEMMA 4.2. There is r > 0 and a correspondence G from R™ to R™ which is
u.S.c., with nonempty compact convexr values and such that

(i) Gm(x) = Ny(z) NS € G(z) for all x € bdM ;

(ii) G, (x) = Nag, (z) NS C G(z) for all x € bd My, for k large enough;

9Where ¢ is the flow of the following differential equation:
(B) 2(t) = F(z(t)), (0) ==,

ie., ¢ : R xR®™ — R” is the unique C! map such that t — (¢, ) is the (unique) maximal solution
of (E) (and is defined on R since F' is bounded).
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(iii) 0 ¢ G(x) for all x € B(lim sup bd My, ),
recalling that S is the unit sphere of R™.
Proof of Lemma 4.2. We let

Goo(x) =co (co( limsup Ny, (x’)) N S) for all « € limsup bd M.

z’' —x,k—oo

CramM 4.1. The correspondence G, from limsupbdMy to R™, is u.s.c. with
nonempty compact convex values and 0 ¢ G () for every x € limsup bd M.

Proof of Claim 4.1. The correspondence z +— limsup, _, 1,00 Nas, (2') has a
closed graph, hence the correspondence x +— limsup,, ., .o N, (z) N S is ws.c.,
with compact values. We now show that it has nonempty values. Let x € lim sup bd
M. Then there is a sequence (xy) in R™ converging to z and an increasing map
¢ : N — N such that x; € bdM,,) for all k. Then there is a sequence (py) in
S such that py € N, (zx) for all k (see Clarke [4]). Let p be a cluster point of
the sequence (pg). Then p € limsup,, ., ;o Nas (2') NS C Goo(x). We proved
that the correspondence G, is u.s.c., with nonempty compact convex values. Finally
0 ¢ Goo(x), for all x € limsupbdM, C M, since colimsup,,_,, x .., Na, (2') is
pointed. 0 -

In view of the extension theorem of Cellina [3],'” we let G, be an extension of
Goo on R™ which is u.s.c., with nonempty compact convex values. For r > 0 we
define the correspondence G, from R™ to R™ by

10
)

G, (x) = coﬁ(é;(ﬁ(x,r)), r).

It has clearly nonempty convex values. Also, the correspondence G, has compact
values (since it is the sum of a compact set and of the convex hull of the image of
a compact set by a u.s.c. correspondence). The correspondence G, is clearly u.s.c.
(recalling that, if ® is a u.s.c. correspondence with convex values from R™ to R™ and
if » > 0, then the correspondence co®, and the correspondences ®; and &5, defined
by ®;(z) = ®(B(x,r)) and ®(z) = B(®(z),r), respectively, are also u.s.c.).

Proof of (i). Since M = limsup M}, and since colimsup,, ., ;o Nas (@) is
pointed, then Ny (z) C colimsup,, ., o Nag, (2') for all x € bdM (Lemma 4.1).
Since M = limsup My, then, from Lemma 4.1, bd M C limsup bd M}, (this can also
be proved more directly). Then assertion (i) is a direct consequence of the definition
of G,.

Proof of (ii). We now prove that, for k large enough, Ny (z) NS C G,(x) for
all z € bdM}. Suppose that it is not true, then we may assume without any loss
of generality that there are two sequences (1) and (pg) in R™ such that, for all k,
xp € bdMy, pi, € N, () NS, and p ¢ G (xy). Since the sequence (zy, pr) belongs
to the compact set K x S, without any loss of generality, we may assume that it
converges to an element (r,p) € K x S. Then x € M (since M = limsup M},) and
p € limsup,, ., oo Nag, (2/). For k large enough, z € B(x,r) and p, € B(p,r),
hence py, € Goo(B(xk, 7)) + B(0,7) C Gy (), which is a contradiction. O

Proof of (iii). Since limsupbdM; C K, it is compact. The end of the proof
consists of choosing r > 0 as in Lemma 3.1 (taking m = n, considering the compact

10Tet ® be a u.s.c. correspondence, with nonempty compact convex values defined on a closed
set X C R"™, with values in R™. Then there is a u.s.c. correspondence ¢, with nonempty compact
convex values, defined on R™ with values in R™, such that ®|x = ® and such that ®(R") C co®(X).
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set limsupbd M}, and the correspondence Go,), recalling that 0 ¢ Goo(x) if = €
lim sup bd M}, (Claim 4.1). O

The second lemma is a consequence of Lemma 4.2 and eliminates the situation
where M = B(0,1) and My = M \ B(0,1/k) for k > 1 (see Remark 2.3).

LEMMA 4.3.

(int) intM = UpeNint(ﬂkzpinth).

Proof of Lemma 4.3. We recall that the inclusion Upenint (Ng>pint M) C int M is
an immediate consequence of the equality lim inf M = M. We now prove the converse
inclusion. Let z € int M. There is € > 0 such that B(z,e) C M, and from Lemma 3.1,
such that 0 ¢ coG(B(x,¢)). Assume that ¢ Upenint (Ng>pintMy). Then there is a
sequence (xy) converging to x and a subsequence (M (y)) such that, for all k, 2} €
bd M) (see the proof of Claim 3.1). Hence x € limsupbd M) C limsup bd M.
From a classical separation argument, there is p € S and a real number a > 0 such
that (p|ly) > a for all y € coG(B(x,e)). We may assume without any loss of generality
that a = . Then, since coG(B(x,¢)) is bounded (it is the convex hull of the image
of a compact set by a u.s.c. correspondence), there is ¢’ > 0 such that (p'|y) > 0 for
all p’ € B(p,¢’) and for all y € coG(B(x,¢)). Without any loss of generality, we may
assume that ¢’ = €. Then —p’ € intTyy, (¢') for all 2’ € B(x,e) N bd M), and for all
p’ € B(p, '), if k is large enough since, from Lemma 4.2, Ny, (') NS C G(2').

Then the following claim implies that, for k large enough, x + tp" ¢ M for
all p € B(p,e/2) and all t € (0,£/2), hence that B(z + (¢/3)p, (¢2/6)) N Mk = 0,
hence that = + (¢/3)p ¢ limsup M), contradicting the fact that M = limsup
Mw(k).ll O

CrLAaM 4.2. Let M be a closed epi-Lipschitzian subset of R™, let x ¢ int M, € > 0,
and p € S such that —p € intTy(z') for all 2’ € B(x,e) N M. Then x +tp ¢ M for
t e (0,¢).

Proof of Claim 4.2. Assume that z +tp € M for some t € [0,¢). Since = ¢ int M,
we may assume without any loss of generality that x 4+ tp € bdM. Then x + tp €
B(z,¢), hence —p € intThs(x + tp). We recall that from Rockafellar [16]

intTy(z+tp) ={veR"Ta>0,y+ \weM
for all (y,w, ) € (B(x +tp,a) N M) x B(w,a) x [0,a)}.

Let o > 0 be chosen as above. Then (z+tp) — (a/2)p € M. Hence (z+tp) — (a/2)p+
(a/2)p" € M for all p’ € B(p, a); hence z+tp € int M, which is a contradiction. d

4.2.2. Proof of Proposition 4.2. We now prove that, for k& large enough,
there is a Lipschitzian transverse field between the sets M and Mj. We recall that
bdM C limsupbdMj; C K, hence that it is compact. We let U = B(bdM,¢) for a
given real number ¢ > 0.

Proof of (a). Since B(M,e) = M U B(bdM,¢) and since B(R" \ intM,e) =
(R™ \ int M) U B(bdM,¢), the following claim clearly implies that M} \ intM C
B(bdM,e) = U and that M \ int M), C U, hence that My, \ int M and M \ int M}, are
compact, since B(bdM,¢) is clearly compact.

1 Recalling that the equality M = limsup M}, = liminf M} implies that M = limsup Moy =
liminf M, g).
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CLAIM 4.3. Let ¢ be a positive real number. Then, for k large enough,'?

My, - B(M,E);
R™\intM; C B(R"\intM,e).

Proof of Claim 4.3. Assume that the inclusion M} C B(M,¢€) does not hold for
k large enough. Then, without loss of generality, we assume that there is a sequence
() in R™ such that, for all k, x, € My, and d(xp, M) > e. If {z|d(x, M) =c} € My:
S(M,e)N My, # 0, we let yi, € S(M,e)NMj,. If S(M,e)N My = (), there is yi, € bd M,
such that d(yx, M) > €. Indeed, let x € S(M, €) such that ||z — z|| = d(zx, B(M,¢)).
Then x ¢ My, xp, € My, and hence there is y;, € (z, x;] "bd My, and d(yx, B(M,€)) >
0; hence d(yx, M) > . Then the sequence (yi) is in the compact set S(M,e) U K
(since S(M,e) C S(bdM,e), which is compact, and since bdM;, C K). We may
assume without any loss of generality that it converges to some x € S(M,e)UK. Then
d(xz, M) > g, but, since y € My, for all k, and since M = limsup My, we get that
x € M, which is a contradiction. To get the second inclusion, apply the first result to
the sets R™\int M and R™\int M}, noticing that assertion (int) (see Lemma 4.3) implies
that R™ \ int M = lim sup(R" \ int M} ), that bd(R™ \ int M) = int M \ int M C bd M,
and that bd(R™ \ int M) = int My, \ int My, C bdM;, C K. d

Proof of (b). We let F' : R — R™ be a map satisfying the conclusions of the
following lemma, which is a slightly different version of Lemma 3.1 of Bonnisseau—
Cornet [2] (its proof is left to the reader). Then, in view of Lemma 4.2, if we choose
e < r’, assertion (b) follows.

LEMMA 4.4. There is v’ > 0 and a bounded locally Lipschitzian map F : R™® —
R™, such that

Vo e BbdM,r"), YV ye G(z), (F(x)ly) >r'.

Proof of (c). We let f : R™ — R be a quasi-smooth representation of M satisfying
the conclusions of Theorem 3.1, i.e., such that f~!([—&g,¢0]) is compact for some
g0 > 0. Then from Lemma 4.4, since 0f(x) C Ny (x) for all z € bdM, since the
correspondence Jf is u.s.c., with nonempty convex compact values, and since bd M
is compact, there is " > 0 such that

(F(z)ly) >r" YaxebdM andV y € df(x).

Then assertion (c¢) holds, if we choose ¢ > 0 given by the following claim. O
CLAIM 4.4. Let f be a quasi-smooth representation of an epi-Lipschitzian subset
M C R™ such that f=1([—r,r]) is compact for some r > 0, and such that (F(z)|y) > r
for all x € bdM and for all y € Of(x). Then there are two real numbers € > 0 and
a > 0 such that
(i)  B(bdM,e) C f~1([~a,a]) C B(bdM,r);
(i) (9f(p(t,2))|(0p/0t)(t,2)) C [r,+00) V& € B(bdM,r) andV t € R such
that [ f(e(t, )| < a;
(iii)  the function f o ¢(.,x) is strictly increasing on {t € R||f(p(t, z))| <
a}Va € B(bdM,r);
(iv)  there are t and t' in R such that f(p(t,x)) < —a and f(p(t',2)) > a V
z € fH[~a,al),

12Note that these inclusions imply that §(M, M) < e and that §(bdM,bdM}) < e, defining
8(X,Y) = max{sup,¢ x d(z,Y),sup,cy d(y, X)} if X and Y are two subsets of R™ (not necessarily
nonempty compact), hence that §(M, My) — 0 and that §(bdM,bdM;) — 0. Conversely, the
assumption that 6(M, M) € R and converges to 0 implies that M = lim inf M}, = lim sup M.
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recalling that ¢ : R x R™ — R™ s the flow of the differential equation (E) ©(t) =
F(z(t)), (0) = x, where ¢(.,x) is defined on R.

Proof of Claim 4.4. Since the correspondence df is u.s.c. with compact convex
values and since the map F is continuous, the correspondence H defined by H(x) =
(F(x)|0f(x)) is u.s.c., with compact convex values. Then, from Lemma 3.1, there is
8 > 0 such that B(bdM, 3) C U and such that

(F(x)ly) > r forall z € B(bdM, () and for all y € df(z).

Then there is a > 0 such that f~1([—a, a]) C B(bdM, 3) (since B(bd M, 3) is an open
set containing the intersection of compact sets OQE(Oysg}ffl([—a, «)). Without any
loss of generality, we may assume that f~!([—a, a]) € B(bdM,r). Since f~1((—a, @))
is an open set containing the intersection of compact sets ﬁ6>0§(bdM, €), there is
¢ > 0 such that B(bdM,¢e) C f~!([~a, a]), which proves (i). Let x € B(bdM,r). We
define the function h, : R — R by h,(t) = f(¢(t,x)). Then, from Clarke [4],

Oha(t) < (0f (o (k)] (9 /OD)(E, ) )

ie., Ohy(t) C (8f(g0(t,x))|F(g0(t,:c))), which is minorized by r if |f(p(t,z))| < «;
this proves (ii). Hence from the mean-value theorem, the function f o ¢(.,x) = h, is
strictly increasing on {t € R||f(¢(t,x))| < a}, which proves (iii). If we additionally
assume that = € f~!([—a, a]), then (see, for example, Hirsch and Smale [9]; the fact
can also be proved directly) o(t,z) ¢ f~'([~a,a]) when t is large enough; hence,
from (ii), f(e(t,x)) > a when t — 4o00. In the same way, f(p(t,z)) < —a when
t — —oo. 0

4.3. The sets M and M) are lipeomorphic. In view of Propositions 4.1
and 4.2, the proof of Theorem 2.3 is finished if we prove the next proposition.

PRrROPOSITION 4.3. Let M and N be two closed subsets of R"™ admitting a Lips-
chitzian transverse field in the sense of (T). Then M and N are epi-Lipschitzian and
lipeomorphic.

Remark 4.2. One could reduce Proposition 4.3 to the smooth case. Indeed, since
bdM and bdN are compact, there are two smooth normal approximations (Mj) and
(Ni) of M and N, respectively. Then, for k large enough, there is a Lipschitzian
transverse field between the two sets M, and Ny, in the sense of (T). But the proof
would be identical. Proposition 4.3 can be proved directly, without using the notion
of normal approximation, as we do in the following.

Proof of Proposition 4.3. The set M is clearly epi-Lipschitzian, since the transver-
sality condition (T) implies that, for every x € bd M, int Ty, (z) # 0, hence that Ny, (z)
is pointed. Similarly, the set N is also epi-Lipschitzian. Let fy; (resp., fn) be an
inequality representation of M (resp., N) satisfying the conclusions of Theorem 3.1,
i.e., such that fy,'([—eo,e0]) (resp., fx'([—€0,€0])) is compact for some gy > 0. The
following lemma is a different version of Lemma 3.2 of Bonnisseau—Cornet [2] that we
prove for the sake of completeness.

LEMMA 4.5. There is a real number 8 > 0 and two Lipschitzian functions 7 and
0, defined from U x [—0, (] to R™, such that

() {o € R min{far (@), fv(@)} < B, max{ fur (@), fv(2)} = =8} CU
and such that, for all (z,6,t) € U x [—f, 8] X R, then
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(i) fulp(z,t) =6t =7(x,0);
(i) fn(p(z,t) =6 < t=0(,0).

Proof of Lemma 4.5. Note that, without any loss of generality, we only need to
prove assertions (i) and (ii). Since the set

{@ € RYmin{far(@), fv (@)} < 0, max{fas (@), fv(2)} = 0}

is equal to the set [M \ int NJU [N \ int M], which is included in the set U, we get the
inclusion

Moo { € R min{ far(@), fv()} < B,max{ (o), fu(@)} 2 —8} € U,

This implies assertion (i) for some § > 0 (since we have an intersection of compact
sets included in U). Then from the assumption (T), (b), there is > 0 such that
(F(z)|ly) > r for all x € bdM and for all y € fp(x). We may assume that 5 is
small enough and we thus satisfy the conclusions of Claim 4.4, given the function
far. Then fi,'([~8,8]) C U, and the function fas o ¢(.,x) is strictly increasing on
{t e R||fm(e(t,z))| < B} for every x € R™. Let us now consider € U. From the
assumption (T), (c), there is ¢t € R such that o(z,t) € bdM, i.e., far(p(x,t)) = 0. Let
(6,t) € [-8, 8] x R. Then there is one and only one ¢’ € R such that fas(o(t',z)) = 6.
We let ¢ = 7(x,8). Let us now prove that the function 7 is Lipschitzian. We let

Q= {(2,1,6) € A R[[fm(p(t, 2))| < B},

and we define H : Q@ — R by H(z,t,6) = fam(e(t,z)) — 6. The function H is clearly
Lipschitzian. The fact that 7 is Lipschitzian around some (z, §) is a direct consequence
of the implicit function theorem [4, p. 255], if we prove that t* # 0, for every element
(z*,t*,6*) € OH(x,t,6), where t € R satisfies H(x,t,6) = 0. In other words, if
m: R® X R x R — R is the projection defined by m¢(z,¢t,6) = ¢, if 0 ¢ m[0H (z,t,0)].
From Clarke [4, Proposition 2.6.2], we get that

ml0H (2,t,0)) © (0far (plt,2)) | F(o(t, ),

which is minorized by f if we chose # small enough (Claim 4.4). |
We then get the following property on the functions 7 and 6.
CLAIM 4.5. For all (z,6,t) e U x [—08,8] x R

1) fu(p(z,t) >6 <t >7(x,0);
(ii) fn(e(z,t)) > 6 <t >0(x,0);

If y € U is such that p(x,t) =y for some t, then 7(x,8) = 7(y,8) +t and 6(z,6) =
0(y,6) +t for all é.

Proof of Claim 4.5. The proof comes from Lemma 4.5 and from the Cauchy-
Lipschitz theorem for ¢, since fisop(x,.) is strictly increasing on {t € R||far(p(t, x))|
< G} 0

We are now able to build the lipeomorphism between M and N. Let us define
the map h: M — N by

hz) = = if € int(M_gNN_p),
h(z) = ‘p(x7iw(7'z—9z)/(7'm—iz)) if 2. € M\ int(M_zNN_g),
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where we let M_g = {z € R"|f;m(z) < -6}, Ng = {z € R"|fn(z) < =0}, 7 =
7(z,0), 0, = 0(x,0), and i, = inf{r(z, —p),0(x,—F)}. Let z € M \ int(M_gN N_g);
then fa(xz) < 0 and max{fa(z), fx(z)} > —03; hence x € U from Lemma 4.5.
Hence the map h is well defined. The map h has its values in N. Indeed, let = €
M \int(M_g N N_g). Then, recalling that = = ¢(z,0),

fule(@,0)] = fu(x) =2 =6 = fule(z, 7(z,=0))],
or  fnle(z,0)] = fn(x) = =6 = fnle(z, 0(x, —B))];

hence, from Claim 4.5, and 0 > 7(z,—f) or 0 > 6(x, —f3), which implies that i, <
0. The same claim implies that i, < 7, (since fuylp(z,7(x,—0))] < fule(z, 7)),
in < 0, (since filp(z,0(z,—B))] < fxle(e,0,)]), and 7, > 0 (since fulp(z,0)] =
fa(x) <0 = faulp(z,m)]). Then we get that iy (74 —65)/(Ts —iz) < 0, which proves
that fn(h(z)) <0, ie., h(z) € N.

CLAM 4.6. The map h is locally Lipschitzian.

Proof of Claim 4.6. The map h is clearly Lipschitzian on int(M_g N N_g).
From Lemma 4.5, the map = — inf{7(xz, —f3), 6(x, —()} is Lipschitzian and 7(x,0) —
inf{r(z,—0),0(z,—B)} # 0forallaz € M\(M_gNN_g). Then clearly h is Lipschitzian
on M\int(M_gNN_g). If x € bd(M_gNN_g), then far(x) = —f or fy(x) = —F; be-
sides, far(z) < —f and fy(z) < —B. This implies that 7(x,—8) = 0 or 8(x,—8) = 0,
and that 7(x,—03) > 0 and 6(z,—3) > 0. Hence inf{r(z,—3),0(z,—F)} = 0 and
h(xz) = x. This proves that h is Lipschitzian on M_g N N_g. Hence h is Lipschitzian
on M. O

CLAIM 4.7. The map h is one to one, and h™" is Lipschitzian.

Proof of Claim 4.7. Let us define the map k: N — M by

k(r) = = if z € int(M_g N N_p);
ki(.’l'}) = go(x,iw(ﬁm - Ta:)/(ew — Zw)) ifzeN \ int(M_ﬂ n N_ﬁ).

We let the reader check that k has its values in M and that it is Lipschitzian. Let us
now prove that hok = idy. Let us consider x € M. We let y = k(z); then i, = i, —t,
Ty = Tz—t, and 8, = 0, —t, where t = i(0,—7,)/ (0 —1is). Hence iy (r,—0,)/(1y—1y) =
12(Tz — 02)/ (02 — i), and hence h(y) = p(y, iy (7y — 8y)/(7y —1y)) = x. The fact that
k o h =1idys goes in the same way. 1]

Acknowledgment. We wish to thank an anonymous referee for suggesting that
we consider the link between normal convergence and the one considered in section
2.4.2.
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